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An application of counting ideals in ray classes
by

SANOLI GUN (Chennai), OLIVIER RAMARE (Marseille) and
JYOTHSNAA SIVARAMAN (Bengaluru)

Abstract. We prove a fully explicit generalized Brun—Titchmarsh theorem for an
imaginary quadratic field K. More precisely, for any finite family of linearly independent
linear forms with coefficients in Ok, we count the number of integers at which all these
linear forms take prime values in Ok.

1. Introduction and statement of the theorem. Throughout this
article, K will denote an imaginary quadratic field with discriminant dk, hk
the class number of Ok and |uk| the number of roots of unity in Ox. We
will denote by (k the Dedekind zeta-function of K, and its residue at s = 1
by ak. Further, we use Pk to denote the set of prime ideals of Ok, and Q
for the set of all prime elements of Ok. A non-zero element o of O which
is not a unit is said to be prime if it generates a prime ideal. Two prime
elements a and B in Ok are called associates if there exists a unit u € Ok
such that o = uf. While associate primes generate the same prime ideal,
we will count primes in Ok along with their associates. For example, when
K = Q, we will count both the associate primes 3 and —3 in Z. We will
denote by wk(b) the number of distinct prime ideals of Og which appear
in the factorization of the ideal b in Ok, by 9N the (absolute) norm and by
7K (r) the number of prime ideals of Ok with norm at most .

Our aim is to prove a fully explicit generalization of the Brun—Titchmarsh
theorem for several linear forms taking values in Q. This is a natural gener-
alization of the problem of finding an upper bound for the number of prime
values that can be taken by a set of n linear forms simultaneously. This
question has been addressed in considerable detail in the literature.
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The study of such generalizations finds its origin in the twin prime and
prime k-tuple conjectures. However, the problem has been placed in the more
general context of linear forms by Dickson’s conjecture [5], which states the
following.

CONJECTURE 1 (Dickson’s conjecture [5]). Let Fi, ..., F, € Z[z] be dis-
tinct irreducible linear polynomials with positive leading coefficients. Also
suppose that the product [];; Fi(x) has no fixed prime divisor. Then the
polynomials F;(x) simultaneously take prime values infinitely often.

A quantitative version of Dickson’s conjecture was given by Bateman—
Horn in 1962 (see [1, 2]). For any polynomial F' € Ok[z] and prime ideal p,
let us first define

pr(p) = #{m € Ok /pOx : F(m) =0 mod p}.
We now state the Bateman—Horn conjecture.

CONJECTURE 2 (Bateman—Horn conjecture [1,2]). Let Fy, ..., F, € Z[z]
be distinct irreducible linear polynomials with positive leading coefficients.
Also suppose that the product [ ; F;(z) has no fixed prime divisor. Then

£ () ()} o

1<k<z p
F;(k)is prime Vi

as r — 0.

The only case in which these conjectures have been resolved is that of
a single linear polynomial, which is same as the prime number theorem for
primes in arithmetic progressions. For other well known cases, finding even a
lower bound in place of the asymptotic is notoriously difficult. For instance,
the case of the polynomials

Fi(x) =2 and Fy(z)=x+2

is nothing other than the twin prime conjecture. More generally, for an ap-
propriate choice of a k-tuple (hq,. .., hx), the polynomials

Fl(az) =x+hy, ..., Fk(ﬂj) =x+ hg
give the Hardy-Littlewood k-tuple conjecture. The case of the polynomials
Fi(x) =z and Fy(z)=2z+1

amounts to finding Sophie Germain primes.

However, upper bounds close to the one suggested by the asymptotic
are known using Selberg sieve techniques. For instance, one may find the
following theorem in [8, pp. 157-159].
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THEOREM 1. Given distinct irreducible linear polynomials Fy, ..., F, in
Z|x] with positive leading coefficients, let F(x) = [[;—, Fi(x). If pr(p) < p
for all primes p, then

2. 1
1<k<z
F;(k) isprimeVi

<IH{C-5) (o) has (o (M)

In this article, we show that an analogous bound can be obtained if
we consider prime elements in an imaginary quadratic field instead of the
rationals. Further, our bounds are fully explicit. An application of such a
bound is presented in [9]. On the other hand, the current paper demonstrates
an application of the main theorems of [7].

THEOREM 2. Let u be a positive real number, n > 1 be an integer and
a; € Ok \ {0} for 1 < i < n be distinct. Assume that (a;0k,b;0k) = Ok
for1 <i<mn, (a;0kx :1<1i<n)=0k and

E = Hal H (aibj — ajb;) # 0.
= 1<i<j<n

Further, let F' = 1]} (a;x + b;) and let Q denote the set of prime elements
of Ox. Then for u > [U(K,a1b1)]*, we have

bn! |k u
1< - S- ,
Z 204 T hk (log Cul/4)n

N((a))<u
Vi, bi+a;a€Q
where
1 1L
UK, arby) — exp(18(n + 1)Lk)

C )

nlr

TN (arbn) o /Il

Lk = nwk((E)) + nwK( H p) +10n% 4+ n

28|dk |1/ log |dx|

N(p)<n K
s= (I i) T0 (50 ) (- a)

The paper is organized as follows. In Section [2| we will state some nota-
tions and preliminaries required for the proof of our main theorem. In the
same section, we will also recall the results used from [7]. In Section 3| we
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will prove some auxiliary lemmas, and finally we will use them in Section
to prove our theorem.

2. Notation and preliminaries. Let K be an imaginary quadratic
field and Ok be its ring of integers. For an ideal q € Ok, let Hq(K) de-
note the ray class group modulo q, and hk 4 denote its cardinality. When
q = Ok, the ray class group modulo Ok is Clk. In this case, we denote
hx ok by hi. Throughout the article, p will denote a prime ideal in Ok and
p will denote a rational prime number. Further, we use ¢(q) to denote the
Euler-phi function:

) e =@ [T (1~ 5 )

plg

Throughout this article, given an arithmetic function f and a positive arith-
metic function g, f(z) = O*(g(z)) means that |f(z)| < g¢(z). For any
embedding o of K, the Minkowski embedding 1 of K to R? maps z to
(R(o(2)),S(o(x)))-

Let us begin with a counting theorem proved in [7].

THEOREM 3 (Gun, Ramaré and Sivaraman). Let a,q be coprime ideals
of Ok, € be the ideal class of aq in the class group of Ok, and A(aq) be the
lattice 1 (aq) in R?, where 1 is defined above. Also let

Sp(a,q,t%) = {a € a: [¢(a)]* <t?, o= fmod q}

for some fixed B € Ox. Then for any real number t > 1, we have

= (1) oe(1000N(E)
@ ISiea )= o= 0 (Mt 1)

where
1

" peest [((0)[12°

One can ignore 1 in the error term when q = Ok.

NnEe 1)

The Dedekind zeta-function. For s = o > 1, the Dedekind zeta-

function is defined by
1
CK(S) - Z m(q)s7

aCOx

where a ranges over the integral ideals of Ok. It has only a simple pole at
s =1 of residue axk, say. When K is an imaginary quadratic field, we know
from the analytic class number formula that
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2mhk

aK = ———,
Ik |V ]dk |

where hk, dx and |uk| are as before.
The next lemma is used to estimate the error term in Theorem [Bl

LEMMA 4 (Debaene [3]). Let by, ba,... be integral ideals of Ok, ordered
so that (by) < MN(bg) < --- . Then for any real number y > 2,

(3)

Y
> n(b;) 12 < 1292 (logy) /2.
=1

Finally, we recall two estimates which will be used in the course of our
proof.

LEMMA 5 (Debaene [3]). For any real number y > 16, we have

1
> = <0.666 +loglogy.
p<y p

LEMMA 6 (Rosser and Schoenfeld [12]). For any real number y > 1, we
have

1
Z — > loglogy.
p

p<y

3. Some intermediate lemmas. Selberg sieve. Let n > 2 be an
integer, and a;x + b; for 1 < ¢ < n be n distinct linear forms with a;, b; €
Ok \ {0}, (a;0k,b;0k) = Ok and (a;0k : 1 < i < n) = Okg. We further
assume that

n

EZHCLZ‘ H (aibj—ajbi) and H = H p.

i=1 1<i<j<n N(p)<n

For an integral ideal b, let pp(b) denote the number of solutions of
n
F(z) = [[(aiz + b;) = 0 mod b.
i=1
Applying the Chinese remainder theorem, we deduce that pp(b) is a multi-
plicative function. Further, we observe that for any prime p, pp(p) < N(p)
when 9(p) > n. Let us define the multiplicative functions

(@) 0= @ AG= 3 uf(3).
aCOk

Let z be a positive real number. We may assume that pp(p) < 91(p) when
N(p) < z since otherwise no prime of norm greater than z would be counted
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in our sum. We have f; > 0 on the set of non-zero square-free integral ideals

coprime to H. Also, f(Ok) = 1. Further, for an ideal ¢ of Ok coprime to H
and an integer n > 2, we define

2
Pe)= [ b S= 3 LW

n<M(p)<z N(a)<z, fi(a)®
(a,eH)zOK
f(e)S (‘ﬁ(e))
G =5 ¢ SFAATEIAR
(2) = Soxc () =1l et

PROPOSITION 7. For any ideal b| Pk (z), we have |Ap| < 1.

Proof. For an integral ideal b dividing Pk (z), we have

Sox (2 ZM (¢)/ fi(c) Z ;ﬂ(a)

o @z 1
(ﬂ,bH)ZOK
aQOK

2
>ZM (¢)/ fi(c) Z (o)

m @<z T
(a,bH)zOK
aC(’)K

=5 (s) 2509
f1<b>S< ?b))‘

The last step follows from the fact that b is square-free and coprime to H.
To see this, note that

p2(a) 1 ~ 2apf1(@) f(b)
< A ‘H(” fl(p)> ~ A T Ae)

We now recall a special case of a result of Lee [10, Theorem 1.1.3].

THEOREM 8. Let K be an imaginary quadratic field and x > 2. We have

287 11/3
Z log M(p) “logz+ O <2'52 L8 |dk|"/* log dK’)
N(p) oK

N(p)<z

Using the above theorem, we can prove the following asymptotic.
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LEMMA 9. Let x > 2 be a real number. Then

pr(p)log N(p)
2 N(p)

n<N(p)<z

2810k |Y/3 log |d
=nlogw+0*<n<wK(E)+wK(H)+2.52+e ’K’a 8| K‘))
K

Proof. We first note that since a;0x and b;Ok are coprime, we have
pr(p) < n. We can replace the sum on the left-hand side of the assertion by

3 pr(p) log N(p)

N(p)<z N(p)

if we add an error term
O*(nwk (H)), where H = H p.
N(p)<n
If (a;) is not divisible by p, then the linear congruence a;x + b; = 0 mod p
has a unique solution modulo p. Further, two linear congruences a;x + b; =
O mod p and ajz + b; = 0 mod p give the same solution modulo p if and
only if
b _ bj

= — mod p or in other words, b;a; — a;b; =0 mod p.
a; a;

Therefore if (p, (E)) = Ok then pr(p) = n. Hence,

n<N(p)<z N(p)<z

where wgk (F) denotes the number of distinct prime ideals of K dividing the
ideal (E) in K. This proves Lemma/[9] u

3.1. An estimate to control the error term
LEMMA 10. We have
8n
Z Aoy Aoy | pr([bi, b)) < (3n)47rK(2n)CK <3> 2.

b1,b2[Pic (2) N([b1, b2]) 2
MN(b;)<z

Proof. The sum above equals

3 N(9) T Aoy Aoz | P (01) pr (b2)

oire PP e (b1b2)
N(0)<z 0=(b1,b2)
N(b;)<z

From the definition of A, and substituting y = z/91(0), we get
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3 [Aaclpr(c)
N(c)

2
ORI SR AON L] 4-(m)
N(e)<y r( )fl( ) )%:/m(c) fim)
(C,@H)ZOK (m CaH)ZOK

() 4 (m) TRGNELG
S GO0 2 Rm 2 A
(m,H)=0x (¢,H)=0xk
Vi) p?(m)
= GO0 2 Fimyam

(m,H)=0xk
\f‘ﬁ( ) (p)
= P OHE) m}l <1 R >>>'
Thus
e | LE(b1, b2])
bl,b2|279:K(z)| bk N([b1, ba])
N(b;)<z
pr(9) Zm(a) 1 pr(p) 2
<8|7§ N(9) ( m(pl_)[>n< i N(p) (’WP)-W(P))))
N(d
? pr(p)/N(p)
;o)>n(1Jr PF(P))) <1+ (m(P)—PF(P)V).
Consider
1 pr(p) .
m£[< TR () - pF<p>>>

We break this into two products, one over prime ideals with norm < 2n and
the other with norm above 2n. For the first product, we use

1 pF(p) 1+n<2n.
TR ) e S

For the second product, since pp(p) < n < 2n < N(p), we use

N(p) — pr(p) = N(p) —n > ““;p)
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Therefore,

pr(p) 2n
o) (M) —prp)) | Mp)E

Finally, by the binomial theorem we have

1 + 2777‘ < (1 + 1>2n
N(p)3/2 ~ N(p)3/2)
Hence,

pF(p) n K (2n) 2n
11 (” ) <m<p>—pF<p>>> < (n) 11 (”wpw?)

e R(p)>2n

Similarly,

< JI a+»v™e) [] <1+9A(;§g/2>

n<N(p)<2n N(p)>2n

3 4n
< e (3)

This completes the proof of Lemma [I0] =

3.2. Estimating G(z). We repeat the proof of Levin—Faimleib [6] as
described in Halberstam-Richert [§] in the number field setting with the
additional condition 0| Pk(z). This can also be done using the methods of
[11, Theorem 13.3|. Let

2 2
G(z,z) = 'l; ((58))) and Gp(z,z) = IL; ((58)))
- (0.p)=0x

LEMMA 11. For positive real numbers x, z with z < x, we have

(1 - §<(§>>>Gp (m<p>>
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Proof. For an integral ideal 0 coprime to H, let

~p2(0)
(5) o) = Fa)

The function h is multiplicative. From the definition of G(z, z), we have

zz)= > h@)= Y K@)+ Y. h0)

0|Pk (2) 0[Pk (2) 0|Pk (2)
N(9)<x N(9)<x N(9)<z
(0,0)=0k plo
ST oh@) +hp) D h(D)
0[Pk (2) 0|Pk (2)
N(9)<x N(9)<z/N(p)
(0.9)=0k (0.0)=0k

Multiplying both sides by 1 — pgr(p)/I(p) we get

(1~ o

= (1 G )t + (1= 5 ) (52
From () and (), we know that

hp) = fjp) and  fy(p) = f(5) — f(Ok) = f(p) — 1.
Therefore,
pr(p) pr(p)) 1
© (1 ~ N(p) )h(p) - (1 - ‘ﬁ(p))fl(p)
_ (1 - ﬂF(P)) L1
Np) /) fp)—1  fp)
This gives

(1= ) o = (1= G )&t + 757 (7).
Replacing @ by o in Gz, 2), we get
(1‘ <( >)> (mfp ) 1
(1 )% (s72) * 77 ()

This yields Lemma [T1] =




An application of counting ideals in ray classes 11

LEMMA 12. For an integral ideal 0 and a real number x > N(0), we have

> h(p) < n(rk(2n) +9),

V& /M) <N(p) <z /N(9)
ptOH

where Tk (x) denotes the number of prime ideals of Ok with norm at most x,
and n > 2 is the number of linear factors of F'.

Proof. Let y := x/M(9). We have
2 MDD S

VI<UP)<y VI<N(p)<y
ptoH nOH
Then

n n
T< Y Y

< T T
\/ﬂ<‘ﬁ(p)§y (p) pF(p) \/37<m(]3)§y (p> PF(P)

N(p)<2n N(p)>2n

For the second term above we note that pp(p) < n < 2n < N(p). Hence,

n 2n
S TP SN )

VI<N(p)<y VI<N(p)<y
ptOH pfOH
N(p)>2n N(p)>2n
2n
< —_—
P> 9(p)
VI<N(p)<y
ptoH
Therefore,
2
T < Z —‘ﬁ(p) il ) + Z 79,{(7;) =: Ty + To.
i PEWR) - Jgemp)<y
N(p)<2n pto

For Ty, since pr(p) < n and for p1 H, 9N(p) > n, we see that N(p) — pr(p)
is an integer greater than or equal to 1. Consequently,
n
Z ———— < nmg(2n).
MN(p) —
Jiaiy<y P = pr(p)
ptH
N(p)<2n
For Ty, since K is a quadratic field, M(p) is either p or p2. If N(p) = p, then
V¥ < p < y. On the other hand, if M(p) = p?, then p < /y. Further, if
N(p) = p, there are at most two primes above pZ, and if N(p) = p?, there is
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exactly one such prime. This gives us

S ) <nrk(@n)+2 0 2”+Zj§.

VIS vi<rsy T p<ym
P

Note that
> ey
p
\/y<p<y p<y <y

The first sum on the right is estimated using a result of Debaene [3] (see
Lemma [5) and the second using a result of Rosser—Schoenfeld [12] (see
Lemma @ This shows, for x > 1691(9), i.e. y > 16, that

T
E § i < — —

p<y p<\f

< 2n(0.666 + log 2) < 2.8n.
If x < 16M(9), i.e. y < 16, then

Z Z ?<27n

p<y p<\f p<16

Finally, since

22 s%s 29,

we get
> h(p) < nrk(2n) +5.6n +3.29n < n(rk(2n) +9). =
VI<N(p)<y
ptoH
Let

T(x,2) = |G(t, 2) %

1

It follows from the definition of G(t, z) that

S wte S o | 2o S oty
1m N@)<z ) NO)<z
|77K(Z) Pk () 0Pk (2)
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LEMMA 13. Let z > 1 be a real number. Then

3" h(9)log (D) = T(w,z)—nT(Z,z)

N(0)<z
0Pk (2)

28| 7 (1/3
+O* <<wK(E) +wic (H) +10n% + & ’dK|a log ‘dK’)nG(x,z))
K

Proof. We have

S= Y h(0)> logN(p) = Z h(p)logM(p) > h(m)

< plo n<N(p 9N(m) <z/N(p)
0Pk (2) m| Pk (z)
(mvp):OK
= Z h(p Gp( ) log N(p).
n<N(p (p)

Applying Lemma and using @, we get
pE (p) log N(p) ( x )
S == G )y %
2 ‘ﬁ(p) N(p)

n<N(p)<z
+ > (p log‘ﬁ(p) > h(m).
n<N(p)<z a/MN(p)><N(m)<z/N(p)
m|Pk (2)
(mvp):OK

Using the definition of G(z, z) in the first sum and interchanging the sum-
mations, we get

s= % o) 3 or) o (p)

N9)< <N( i m(p)
<z n p)<min(z/N(0),z)
9Pk (2)

G 3 pr(p)h(p)log N(p)

/22 <N(0)<z V/2/N(8) <MN(p)<min(z/N(D),2)
0Pk (=) (p,0H)=0x

Applying Lemma [T2] we get

T pr(p)h(p) log N(p)

. N(p)
/(D) <N(p) <min(z/N(D),2)

<n > h(p) < n®(mk(2n) +9).

z/N(D)<N(p) <min(z/N(d),2)
ptoH
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Combining the above, we get

s= Y wo) > fﬁ((;)) log N(p)

N0)<z n<N(p)<min(z/MN(9),z)
9Pk (z)

+ O* (n*(mk (2n) + 9)G(z, 2)).
For the first term, we get

pr(p)
IG) 3 ;;(p) log N(p)

N(0)<z n<N(p)<min(xz/N(9),z)
0Pk ()
= e Y Z®gmg
N(d)<z/ < N(p)
<wz/z n<N(p)<z
0Pk (2)
+ 3w Y ’;”((5)) log N(p).
z/z2<N(0)<z n<MN(p)<z/MN(9)
O|P(2)

We now apply Lemma [9] to deduce

pr(p)
1
g h(0 E Np) og N(p)
<z n<‘ﬁ(p)§m1n(x/‘ﬂ(8),z)
8\731( (2)

X
I I *(L
> h(@)logz+ > h(d)log 70 + 0*(L1G(x, 2)),
NO)<z/z x/2<N(0)<z
APk (z) 9Pk (z)

where

28|dk |1/ log |dx |

L1 = wK(E) + wK(H) + 2.52 +
aK

Combining the above, we get
3 h(d)log Z h(9) log 12
s ( N(9)

< 9)<z/z
3Pk (2) BIPK( )

+ 0O ((wK(E) +wk(H) + 252+ n(mk(2n) +9)

28 1/31
+ € |dK‘ Og|dK|>G(l‘,Z>>
aK

28| 7 (1/3
+ O* <(wK(E) +wic (H) + 1002 + & |dK|a log |dK‘>G(a§, z)). .
K
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Note that G(z,z) = G(z) and T'(z,2) = T(2).
COROLLARY 14. For any real number y > 1, we have
G(y)logy = (n+1)T(y) + G(y)r(y) logy,

where

e®|dk|"*log [dk |\ 7
aK logy’
Proof. Using Lemma |13| and adding T'(x, z) to both sides, we get

)| < <wK<E> ¢ () + 1007

G(z,y)logz = (n+ 1)T(z,y) — nT@ y>

28 7o [1/31
+ O* <n <wK(E) + wr (H) + 10n* + ¢l | " log |dK|)G(m,y)>

aK
Putting x = y, we get the corollary. m

From now onwards, for any real number y > 3, we denote

n+1
Uk (y) = log( — T
K(Y) 0g<logn+1 , (y))

and

e®|dx| /3 log |dx |
aK .
LEMMA 15. For a real number z with log z > 3(n + 1)Lk, we have

G(z) = ck,rlog" z<1 +O* (9(”+1)LK>>

log 2z
for some positive constant ck r depending on K and F.

(7) Lk = n(wK(E) + wK(H) + 10n? +

Proof. We first observe that for log z > 3(n+ 1)Lk and any real number
Yy > 2, we have

, n+1  T'(y) n+1 G(y) rly) n+1
V) = |- 2 = | s = s
ylogy — T(y) ylogy  yT(y)| [1—-r(y) ylogy
ylog®y
This implies that the integral of Uy (y) from z to oo is convergent. Further,
T 2(n + 1)Lk
_ / < —— < 1.
’ § Uk (v) dy‘ S log = <
Recall that

l(gntllzT(z) = exp(Uk(2)) = ck, F exp (— S Uk (y) dy)

z
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for some constant ck r. We now observe that

eXp(—?Uk(g;)dy) :1_°S°U (y )dy+21'(s Ui (y )dy>2_...

z z

and therefore

2n+1LK 2(n+ 1)Lk \°
log 2z log =

(
—1+o*< 2n + 1)Lk )
*

exp(—SU{(( ) dy —1+O*

z

logz—2(n+ 1)Lk

(n+1) LK>

=1+0"
log 2z

Further, we have

1 r(2) Lk 2Lk

=1 =14+0"(———— ) =1+0"
1—7r(2) + 1—7r(2) + <logz—LK> * (logz
since log z > 3Lk. Applying Corollary [14] and combining the above, we get
n+1
Gz)= ——7+~———T
(2) (1 —=7(2))logz (2)

= excplog 2(14 07 (2H) ) (14 o (B0t Dixc
| log 2 log 2

= cKyplog"z<1 + O* <9(n+1)LK>> ]

log z

REMARK 16. If one wants alower bound for G(z) in the case n = 1, one can
use a simpler method that avoids relying on the sum pp(p)(log9(p))/N(p)
as in [4, Theorem 30].

We conclude this section by computing the constant ck r.

LEMMA 17. We have

acr = ] (1 - sn?m)nn(l 4 h(p))(l - mim)n

N(p)<n ptH

Proof. For a real parameter s > 0, consider the series

h(9)

M= .
2 oy
97#(0 )

(0,H)=0
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In the region Rs > 0, we have M =[], (1+h(p)/MN(p)*). Applying partial
summation, we obtain

h(0 z _o. h(0
V- Tim <Zm V<o, (8,H)=05 M )+SS Zm(a)gt,(a,ﬂl)foK ( )dt>
Z—500 s ! ts+
. (Gx) [G(t
= 2jll>1r1010< e +8§ pres dt>

By Lemma E, we have G(z) < log""!z and hence M = s{° tsﬁ? dt. We
now split the integral into two parts. Let 23 = 3(n + 1)Lk, where Lk is as

in . Then

o S Gt

TG
t+1 S s+1d

21

dt +s t.

To estimate the first integral, we observe that for real s > 0, we have

TGt TGt
S tsil) dt <s S Lalt = sT'(z1).
1 1

Recall that

Z h(0) log (a><logz1 Z fl() =0(1).

0)<z N(0)<z1
8|PK(z1) 6\73K(z1)

For the second integral, applying Lemma we have

TGO 4 oxrlog”t+O(log" 1)
S $s+1 t= S ts+1 t
zZ1 Z1

[ee] n n—1

ck,rlog™t + O(log" " t)
=5 S pres) dt + O(s).
1
We now use the fact that for s > 0,
Tlog"t . I'(n+1)
S $s+1 dt = gn+l

Therefore

M= H<1 + ;{“L) — ot +O<Fn(”1)> +0(s).

S
ptH
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It immediately follows that

h
CK,F = 71 lim s" (1 + m(P) )

This completes the proof of Lemma[17] =

4. Proof of the main theorem. Let z be a real number such that
z > 4. We use 9((«)) to denote the absolute norm of the principal ideal («a)
and Q to denote the set of all prime elements of Ok. Recall that

filx) =a;x+b; forl1<i<n and F(x)= Hf,(x)
i=1

We want to estimate

D:Z1§21+Zﬂ:21+21

(e <u ()<= =1 ()< =<9((a)<u
fi(a)eQforalli fi(e)eQforalli fi(a)eQforalls (F(o),Pr(z))=1
< Z 1+ 2uk|nz + Z 1,
N((@) <z z<N((a))<u
fi(a)eQforalli (F(o), Pk (2))=1

where |uk| is the number of roots of unity in Ok.

To estimate the first sum, we observe that for u,v € Ok \ {0}, the norms
of u, v are positive and

Nk g(u +v) = Nk g(u) + Trg o (uv) + Nk /g (v),

where ¥ denotes the complex conjugate of v. If Og = Z[v/—d| and uv =
a + byv/—d, then

Trx /o(uv) = 2a < 2(a® + b*d) < 2Nk g(ud).

Similarly, if Og = Z[HTH] and uv = a + % + @, we have

B b b\? b2 B
TI‘K/Q(UU) =2 a+§ SQ a+§ +T SQNK/Q(U?})

Indeed, this is clearly true when a—i—% <O0Oor a—i—% >1.Nowif 0 < a+% <1,

then a + % = % and b # 0 and therefore 1 < 2(% + b%d). Thus in both cases

Nk /g(u + v) < 4Nk g(uv). Therefore, the first sum under consideration
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satisfies
Z 1< Z 1< S‘NK‘m((aiobio))nzﬂ
N(()<z N((fig (@))) <40 (aigbig )2
fi(a)eQforalli fi(a)eQforalls

where MN((ai bi,)) = min{N((a;b;)) : 1 <i < n}. Hence,

D < 10|pk[N((aibi )z + > L.
2<N((a)) <u
(F(a),Pk ()=

Let us now consider the sum

o= (X s X (X N

N((a))<u N((a))<u bl(F(a),Pr(2)) N((a))<u b|(F(a),P(2))
(F(e),Pr(2))=1

Rearranging the terms, we get

Z( 3 >\[,>: S e > L

N((a))<u bl(F(a),P(2)) b1,b2|Pr(2) N((a))<u
N(b;)<z [b1,b2]|F ()

2

Let b = [by, ba]. To estimate the inner sum, we need to count o € Ok such
that « lies in one of the pp(b) classes in Ok /b. If b| Pk (z) and bg is the
largest divisor of b which is coprime to E = [ a; ngKan(aibj — a;b;),
then we can write pp(b) =n“®0) pp(b/bg). Applying Theoremwith a=0k,
q = b, we deduce for z < \/u that

(8) > A, Y. 1

b1,b2| Pk (2) N((a))<u
N(6;)<z [61,b2]| F ()

_ cxpr (b1, bo))u |, —u
B Z )\bl)\bZ < m([bl, 52]) +0 <1014pF([bl, bQD ’J'I([bl, b2])>>’

b1,b2|Pk(2)
fﬁ(bi)gz

where ck = 27/+/|dk|. Note that the main term is
> Few
ovopee (s (01,02])
where f is as defined in . Hence,

)\bl)\bzf((bla b2)) . )‘b1)\b2
S I R N Z fi(a

b17b2|'PK(Z) b17b2|'PK() b ,b2)
A\
= 2 A 2 5 )

a|Pk(z) alc

o|Px(2)
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Further, we observe that

p(c) 1*(g)
c|7,z f c|73'z( fi(c) (o) ;/m © f1(g)
alc (g,cH)=0k

Writing ¢ = ha with (b, a) = Ok, we get

N(Q)G(z)fl 3 11(b) 3 1(g)

fi(a) 2(6) <2/ (a) fl(h) <z/‘ﬂ(hu) fi(g)
Pk (2) (g haH)
(hva):OK

:M(a)G(z)_l > > u(h)ﬂ2(gb)-

fi(a) N(h)<z/MN(a) N(g)<z/MN(ha)
(h,a)=0Ok

Setting a; = gh gives
(@) o\ 1 (a1) —1 p(a)
7= h@CE T 2 ey ) =CGE T s
[Pk (2) N(a1)<z/N(a) bla
alc (a1,0H)=0xk
Therefore the main term in (§) is cxuG(2) 1. Applying Lemmas |15/ and
for log z > 18(n + 1) Lx we have

G(z) = OffleQ - %)nﬂu + h(p)) (1 - mzp)y

ptH

X log”z<1 + O* <9(n+1)LK>>
log z

To deal with the error term, we use Lemma
Combining everything, for z < \/u we get

D < exuG(2) 7 4 10| px | N((ai,biy ) )nz + 1014 (3n) 1<) ¢y (3

2) " V.

We now simplify the above expression to get
2
D< \/‘%uG(z)—l + 351 100 (g5 by, )) 2/,
K

Therefore, if we choose
/uG (u)~! < T /uG(2)™!
|dxc 3617 n16n N ((aiybiy ) ~ 24/]dxc 36170167 N ((aiybiy )
for log z > 18(n + 1)Lk we have

D§§~ 27

4 \/ldk|

G(2) tu.
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We now compute the lower bound for u. Note that

n V.

> /4,
log™ u

(4n)"

Hence, for

gt o (0T8I (b o
- nlmexp(—18(n + 1)Lk)

n

<TI(1-565) T+ 060 (1- 55 )

p|H ptH
we have
5(HP\H(1 - ﬁ)in [Ty (1 + h(p)) (1 - ﬁ)fn)n!mmu
7y/uG(u)™! ’
2/|dic| 301701070 ((as biy))

)

D <

2a"K*1hK log"

Now we consider the product

[To+nen(1- o) =T1(1+ 5

ptH ptH

:1;((

mip )

\/

\_//\

We see that

<1 * M) (1 - vt?p)) B <1 * m<p><me<(§>) - ;F@»)

1 n—1
< (1+ Smm =)
This gives
1 n 1 n(n—1)
lyk”m”@‘mw>fﬂg@+m@wwwwﬂmﬂ |
Finally,

21
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Therefore the constant satisfies

H(l + h(p)) (1 _ (ﬂz(lp)>n < 2n(n71)TrK(2n)CK(2)2n(n71) < 26713'

ptH
Thus, for
/d 23n3,_ 17n i bz n
u1/4 Z eXp(lS(n + 1)LK) ’ K’ 3 n m((a 0 0))aK ,
nlr
we have

5 ([T (1= 51k7) ™" Ty (1 4+ 0) 71 (1 = b))l e

nlmy/u :
Vx| 327 16N (s, biy ) o log™
Further, since u!/(*") > logu!/(") | we get

1] 223n3, 1Tn . n
u1/4 > exp(18(n + 1)LK) ’dK| 3 n m((aloblo))aK’

nlr

D <

2a”K*1hK log"

and consequently

(HPIH(1 - ﬁ)_n Hp{H(l + h(P))_l(l — %)_n)n!mKW.

5
D= 1/4

nlru

VIdk | 3237 TN ((ai, by, ) ) ol

Note that by relabelling a;’s and b;’s for 1 < ¢ < n, we can choose ig to
be equal to 1.

200 Lhi log”
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