AN EXPLICIT UPPER BOUND FOR L(1,x) WHEN y IS
QUADRATIC

D. R. JOHNSTON, O. RAMARE, AND T. TRUDGIAN

ABSTRACT. We consider Dirichlet L-functions L(s, x) where X is a non-principal
quadratic character to the modulus q. We make explicit a result due to Pintz

and Stephens by showing that |L(1,x)| < %Iogq for all ¢ > 2-102% and

[L(1,x)| < % log g for all ¢ = 5105,

1. INTRODUCTION AND RESULTS

A central problem in number theory concerns estimates on L(1,y), where x
is a non-principal Dirichlet character to the modulus ¢, and where L(s,x) is its
associated Dirichlet L-function. Bounding sums of x(n) trivially leads to the bound
|L(1,x)| <logg+ O(1). The Pdlya—Vinogradov inequality allows one to improve
this to (1/2)loggq + O(1). An interesting history of these developments is given by
Pintz [27].

Explicit versions of the above results date back to Hua [9]. See also work by
Louboutin [21] and the second author [31], [32] for finding small pairs ¢, gy such that
L(1,x) < (1/2)logq + ¢ for all ¢ = qo. It appears difficult to improve on these
bounds for generic gq.

When ¢ is prime, the best result is due to Stephens [36], namely that |L(1, x)| <
1(1 — e Y2+ 0(1))logq, where (1 — e~/2) = 0.1967.... This result has been
extended to arbitrary moduli by Pintz in [28, 27]. We aim at making the Pintz—
Stephens result partially explicit in the following theorems.

Theorem 1. Let x be a quadratic odd primitive Dirichlet character modulo q >
2-10%3. We have L(1,%) < (logq)/2.

For even characters, this is proved for ¢ > 2 in [3I] after several papers by
Louboutin, the last of which is [2I]. Bounds relying on additional constraints on
the characters at the small primes have been investigated by Louboutin in [22], by
the second author in [32], by Saad Eddin in [35] and by Platt and Saad Eddin in
[29]. On taking ¢ to be larger, we can improve on the factor 1/2 in Theorem

Theorem 2. Let x be a quadratic primitive Dirichlet character modulo q. The
inequality L(1,x) < (9/40)logq holds true when x is even and q = 2-10% or yx is
odd and q =5 - 105,

We note that, on the Generalized Riemann hypothesis much more is known.
Littlewood [20] showed that L(1,x) « logloggq. This has been made explicit for
large ¢ in [I4] by Lamzouri, Li and Soundararajan, and then for all ¢ in [I6] by
Languasco and the third author. Finally, although we do not consider lower bounds
on L(1,x), we direct the reader to a survey of explicit and inexplicit bounds of
Mossinghoff, Starichkova and the third author in [24], and to the recent work [I5].

The outline of this paper is follows. In §2] we collect the necessary explicit
results on character sums. In §4 we prepare the technical preliminaries to Stephens’
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approach, and analyse these in Our is purely centred on the optimization
in (an improved version of) Stephens’ method, and contains no number-theoretic
input. Finally, in §7] we prove Theorems [I] and [2]

We use the notation f(z) = O*(g(z)) to mean that f(x) < |g(z)| for the range
of = considered. We also make use of the following notation. We define

) -y AW -y AR

n<HY n<HY
as well as
_ ¥ ) (T ppa= > X @)
@ s@=- 3 F(w)—J()f(t)dt—néHmnlogH o

Our aim is to majorize F(l) We further define

(3) =HY Z n)logn.
n<HvY

It is also convenient to introduce the points

logm

4 m=1— .

) v log H

2. PRELIMINARY RESULTS
We now list a trivial result that follows immediately from partial summation.
Lemma 3. When x >0, we have ), _, 1/y/n < 2y/x.
The following result is slightly more subtle.
Lemma 4. Whenz >y > 1, we have 3}, _, ., 1/n <1+ log(z/y).

Proof. Using Euler-Maclaurin summation one can show that

2; 10gw+v+( {}) O*<8;>,

whence

(5) — log(a/y) + O (1 T A 12> .

2¢ 2y  8x2 8y

3\'—‘

YSN<T

The lemma is clearly true when x = 1. Therefore, for z > 2 and y > 1 we have, by
([ that Diy<n<an - —log(x/y) = 0*(29/32), and we are done. O

We now list some bounds related to the prime number theorem. The first is (a
simplification of) a classical result from Rosser and Schoenfeld, see [34, Thm 12].

Lemma 5. When x > 0, we have ¢(z) < 1.04x.

We note that the result of Rosser and Schoenfeld gives 1.03883 in Lemma [5]
which is an approximation to ¥ (113)/113. To improve the bound in Lemma [5 it
would be necessary to take x > xg > 113, which, while possible, would complicate
greatly the ensuing analysis for only a marginal improvement.

The second is an explicit bound of the form ¢ (x) — z = o(x) coming from [3]
Table 15] by Broadbent, Kadiri, Lumley, Ng, and Wilk.

Lemma 6. When z > 10°, we have |1(z) — x| < 0.64673 z/(log z)?.

On the Riemann hypothesis we have 9 (z) — 2 = O(x/2*¢). The following result,
from [5l, Thm 2] of Biithe, gives an explicit version of an even sharper bound for a
finite range.
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Lemma 7. When 11 < 2 < 10, we have |¢(x) — 2| < 0.94+/.

We remark that slightly weaker versions of Lemma [7 but ones that hold in a
longer range of z have been provided by the first author in [II]. We require the
following result to be used in tandem with Lemma [7]

Lemma 8. When e < x, we have [¢(x) — 2| < 1.994 - 1078 z.

This is obtained directly from [3, Table 8]. The key feature here is that e? < 1019
so that Lemma [ and Lemma [8 between them cover all values of z > 11. Better
results are available when z is very large, say logz = 1000 — see [30] by Platt and
Trudgian, and [12] by the first author and Yang — but Lemmas [7] and [8| suffice for
our needs. ~

We now turn to estimates on 9 (u) := >, _, A(n)/n to aid in the evaluation of
h(x,y) and h(1,y) in (I). To obtain such estimates we correct a result of the second
author in [33].

Lemma 9. For x > 71 we have

Z % logz — + w(xl— z 0.\(;;7 N log(27r)x+ 1074 + B(a),
n<wz
where
1.75- 10712, 1<z <2Rlog?Ty
ble) = {M V(Ql:gx)/Rexp(f2 (logx)/R), == 2Rlog>Ty,

wit] R = 5.69693 and Ty = 2.44 - 1012,

Proof. As discussed by Chirre, Simoni¢, and Valas Hagenin in [6], by fixing a couple
of small typos, Lemma 2.2 in [33] can be replaced by

A - p=1

y An) :logz_wm_zxi

= on x = p(p—1)
* log 2m + % log(1 —u=2

[l o,
- u
Following [33} §5], we have
P! 0.047

; plp—=1)

Finally, since x > 71,

0 1 a2 o —2
J log 27 + 5 log(1 — u )du‘ < log(27) N [log(1 —7174)|

- u? x 2x
—4
< log(27) + 10 . 0
x

Lemma 10. We have
(6) Z A(n)/n =logz — v + O*(1.3/log” ), x> 1,

n<x
(7) Y An)/n=logz — v+ O*(1/vx), 1<z<10".

n<x

IThe value of R comes from work by Kadiri [13] on the classical zero-free region for the zeta-
function. This can be lowered using more recent results [25] and [26], respectively by Mossinghoff
and Trudgian and by Mossinghoff, Trudgian and Yang, but it is inconsequential for our purposes.
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Proof. Using Lemma [9] with the bounds from Lemmas [6] and [7} we obtain that,

5 A;n) — logz—~ + OF < 0.27)

log” x

n<x

> #:bgm—wO* (\/15)

n<x

for > 10°, and

for 10° < x < 10'°. We then extend these estimates to smaller values of x by direct
computation, giving @ and . O

An immediate consequence of this result is as follows.

Lemma 11. We have

2 A(n)/n < logz — 0.545, x> 103

n<x
> A(n)/n =logz —0.576, x> 10°.
n<w

We now examine the weighted average of >, _ A(n)/n.

Lemma 12. We have

* A d
J Zﬂflogu+’yfu<0.411.
I e U
This integral may be of interest in its own right. While the true value of this
integral seems close to 0.41, we have no idea of the conjectured limiting value of

the integral. To this end, see a similar problem discussed in [2].

Proof. We define A(u) = 3
we compute directly by using the fact that ¢(u) is constant on [n,n + 1) and that,
with 7 = ¢)(n) + ~, the integral Sn+1 |A(u)|du/u is equal to

A(n)/n —logu + 7. When the variable u is small,

nsu

log?(n+1)—log?n n+1l
2

—7log *F

2 2 2

log=(n+1)+log” n—27
2

when 7 < logn,

+ 7(27 — log(n? + n) when logn < 7 < log(n + 1),

_logz(nJrl)flogzn n+1l
2

+ 7log ™L when 7 > log(n + 1).

The second case is treated by splitting the integral at u = e”. We compute in this
manner that

106 du
f A )] 22 < 0.408.
1 u
We use Lemma [I0] to infer that

10%° du (1 2 2
Aw)| 22 < —du < —— = —— = 0.002.
LOG A LOG W32 S 106~ 1000

We now use Lemma and Lemma |§| to show that, for some z; > 10'?,

o1 du TL/2.1078  0.05
Alu)| = < =) d
LOW ‘ <U)‘ u L()IQ < U u3/2) Y

2 2
=2-10"%(logz; — 191log 10) + 0 0

VIO o
To handle the integration beyond z; we use @ in Lemma whence the total
integral is
0.2 0.2 1.3
VIO i logn

0.408 + 0.002 + 2 - 10~%(log 1 — 1910g 10) +
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Choosing 7 = exp(500) gives the result. O

We remark that we could further divide the range to use more entries in the
tables in [3], but the above result is sufficient for our purposes.

3. CHARACTER SUM ESTIMATES

The work of Stephens and Pintz relied on the Burgess bound from [4]. Explicit
versions of this are known but are still numerically rather weak. When the mod-
ulus is prime, such bounds have been provided by Francis [7] improving on work
by Trevifio [37] and McGown [23]. If we restrict our attention here to quadratic
characters to prime modulus congruent to 1 modulo 4, we may rely on the slightly
stronger bounds of Booker in [I]. Recently, Jain-Sharma, Khale and Liu have pro-
duced in [I0] an explicit version of the Burgess inequality for a composite modulus,
but only for ¢ < expexp(9.6).

Instead of the Burgess bound we shall rely on versions of the Pdlya—Vinogradov
inequality. We first require an explicit version of the Pélya—Vinogradov inequality
due to Frolenkov and Soudararajan in [8, Corollary 1]. In both lemmas that follow,
we let V' denote the bound on the character sum. We shall, depending on the
conditions, invoke these bounds for V' later in the paper.

Lemma 13. When g = 100 and x is a non-principal Dirichlet character modulo g,

we have
> x(n)

A<n<B

1
< ——=+/q(logg +6) + =V
3 Viloga+6)+/a
The following is from [I7, [I8] by Lapkova, which makes a small improvement on
the earlier result from [8, Theorem 2] by Frolenkov and Soundararajan.

Lemma 14. When q > 1 and x is a primitive Dirichlet character modulo q, we
have

S x| < {FVAloRa 06T T+ 1668 =V when X(-1) =1,
XIS L alogg +0.8204,/g +1.0286 = V. when x(—1) = —1.

A<n<B

When A =0 and x is even, we may divide this bound by 2.

Here is a smoothed version of the Pélya—Vinogradov that we take from Levin,
Pomerance and Soundararajan in [19].

Lemma 15. Let x be a primitive Dirichlet character modulo ¢ > 1. Let M and N
be real numbers with 0 < N < q. With H(t) = max(0,1 — |t — 1]), we have

oD ()|

M<n<M+2N

Lemma 16. Let x be a primitive Dirichlet character modulo ¢ > 1. Let M and N
be real numbers with 0 < N < q. When x is odd,we have

DI

M<n<M+N

< V2Ng'/4 + NGB

When x is even, we have

<VNgt* + %\/&

> x(n)

n<N
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Proof. We may assume that M is an integer. Notice first that the lemma is trivial
when N < ,/q, so we may assume N > ,/q. Let K > 1 be an integer and let
A = N/K. Keeping the notation of Lemma we first notice that

H(t(MA/2)> +H<t(M+A/2)) +M+H<t(M+(K1/2)A)>

A A A
H(W) when M — A/2 <t < M+ A)2,
=<1 when M + A/2<t< M+ (K +1/2)A

H(W) when M + (K — 1/2)A <t <M+ (K +1/2)A

Therefore
t—(M+ (k—-1/2)A) 4
S - X Saw( u <1 Y
M<n<M+N 1<k<K n 1<a<A/2

which is readily seen to be of size at most % + 1. On using Lemma we get

KA A N
(8) ' x(n)| < K\qg——+ - +1< K\f——+—+1
M<n§M+N Va2 va 2K

We let K = 1+ [¢~'/*\/N/2] and write K = ¢ + ¢~ /*\/N/2 with ¢ € (0,1]. We
find that

N N \/a
KJqg+——=\—"T+c g+ ———+—.
VItag =N Ty VIt o SN
By computing the derivative with respect to ¢, we check that this quantity is max-
imised at ¢ = 1. The lemma follows readily. (|

Lemma 17. We have L(1,x) = F(1)log H + O*(VH™!), where V is defined in
Lemma [13.

Proof. By summation by parts we find that

J i
27
H H<n<t t

L(1,x) = F(1)log H + f(1 fH ()%
H<n<t

1ogH+zfdt j 3 X

n<H H<n<t

n>H

hence

logHJrJ Y x(n)-; = F(1)log H + O*(V/H). O

n<t

4. PRELIMINARIES TO STEPHENS’ APPROACH

From and in it follows that

g - 5, e (o),

m<H=®

We now recast this for greater ease of use in what follows.
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Lemma 18. We have

tx)
logH

- J: fw)H"du/H*.

If H>V =1 we also have Sé fw)H"du/H = O*(1/log H) and

x(m)A(m) «( Bx(H,V.q)
(10) mgH Wf(xm) =f)+0 (logH)
where
(11)

(3.66 + log(VQ/q))g + log(4€2\/qH/V?) 35 when x is even,
RX (H7 V7 q) =
(7.2 + 1og(V2/q)) ¥ + log(2¢2/gH/V2) Y. when x is odd.

The final proof uses only the upper bound part of , see .

Proof. We find that

" dt
> xlogk = 3 ablos) - X ) [ &
k<H® k<H®=

x logt dt
= Hiwflw)log H - J logH) t

= H"zf(x)logH — L f(w)(log H)H"du

and the first part of the lemma follows readily. Concerning the upper bound for
| So w)H"du|/H, we proceed as follows.

Case of even characters. By Lemma and we have three upper bounds
for |f(u)|: either 1, ¢"/*H="/2 + %ql/zH_“ or V/(2H"). We have ¢q'/*H~%/? +
%qlpHﬂL < 1 when H"/\/g > 1 + /3. We momentarily set V* =V /2. We define

log(1++/3) + 2 loggq

12 =
(12) Uo log H

Define the real parameter a by (1 — a)log H = log(+/\/gH/V*). We get

a

1 uQ a 1
J |f (u)| H"du < f H%du + f (¢V*H"? + 1¢')du + f V*du
0 0 uo

H' —1  2q(H*2 - H"?)  a—uy A2 4 (1— )V
2

log H * log H

\/a 2q1/4 /H V*
<Y (1+v3+24/1++3

logH( Y3+ +\/>)+ logH /\/qH

N log q(1+\f) q log(\/gH/V’&)
log H log H

<l\gcl<1+\f+2\/1+\f+log(1‘fif3))

2V*  log(y/qH /V*?) -
log H log H '

V*
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Case of odd characters. Again by Lemma [14] and we have three upper bounds
for |f(u)|: either 1, ¢"/*V2H %2 + ¢"2H~* or V/H". We have ¢"/*/2H"/? +
q"?H~* <1 when H"/,/q > 2 + /3. We define

log(2 +/3) + 2 logq
log H '

Define the real parameter a by 2(1 —a)log H =log(4/2/qH/V). We get

(13) "y =

uQ a
f |f(u)|H“du<J H“du+f (q1/4\/§H“/2+q1/2)du+f Vdu
0 0 uo a

H®o — 1 24/2 1/4 Ha/2 _ Hu0/2
< V24 ) +(a—up)g"? + (1 —a)V

log H log H
Ja 2 NE
< —/——(2+V3+2vV2\/2+V3) +
log H ( V3 +2v2 \/7) logH  \/2\/qH
V2
L 8apivE o ls(2vaH/V?)
log H q log H
NG V2
< 2+ V3+2vV2¢/2+V3+log———
logH( g?q(2+\/§))
N 2V log(2,/qH/V?) v
log H log H

Resuming the proof. Inequality follows: indeed, by @, the left-hand side is
£(1)/log H which we compute with the first formula of the present lemma. We

complete the proof by using the bound above for Sé |f (w)|H" du. O

Lemma 19. We have

<x - 10g1H>F(x) - L F(z —y)dy

x(m)A(m) . logm x 2
+m;{z mlog I Flx log 11 + O0*(1/log” H).

Proof. On joining (9) and Lemma [18] we get

(14) ff JH du/H® =) meg(H)f(mEiZ)'

m<H®

This is the equivalent of [36, (55)] by Stephens. The next step is to integrate the
above relation:

T T ry u—y _ X _ logm

m<HY
x(m)A(m) [ logm
B Z mlf)g(lT{)Jloyrlf(y_logH)dy
m<H=
- x( )A(m)F(I logm>
me e mlog H log H

As for the left-hand side, we first check that

(15) fw@@—ww—fﬂmw@
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And finally
T Yy T T
J f fw)HY Ydudy = f f(u)H“J H Ydydu
o Jo 0 u

v H“*—H™* F(x)
- HY du =
L fu) log H “ log H

by bounding | f(u)| by 1. O

+ O*(1/log” H)

Lemma 20. We have, when x = 0
m)

v A( logm v 0.411
Flz —y)dy — Fla— _F * .
L (= y)dy Z mlog H (x log H) (z) log H +0 log> H

m<H?ZT

Proof. We start from the right-hand side:

logm
A 1 A T Tog H
3 A F(Iog?n>: 3 A iy
My mlog H log H gy mlogH ),

_(f A(m)
7Lf(t) S e gt

mgHm—t

We approximate z/?(HI*t) by (z — t)log H — v, getting the main term and this is
§o F(t)dt — F(x) -1 and treat the error term by bounding | f(t)| by 1:

log H
xT 7 — x| 7 o
Y(H") g f (H") v
At —t———— |jdt < | |t —x—t— ——|dt
J;) f()< log H ‘ log H o| logH * log H
| ,7 t
<J YHH v |
o | log H log H

HT
~ du
< u —10 u — —_—.
L (00~ logu— |5

We then majorize this last term by Lemma it is not more than 0.411/ log? H. O

Lemma 21. We have, when x = 0,

A(m)(1 + x(m)) logm 1—~ o 1.411
Flz) = SR T X - 28T L R .
k() m;I mlog H T gt ) P iogm T O log® H

Proof. Join the first equality of Lemma [19| together with Lemma O

5. A COMPARISON AND THE MAIN INEQUALITY

This section is devoted to the comparison between

il mlog H

and F(1). The important observation, essentially due to Stephens, is that since
f has tame variations, both should be about equal. One look at the final proof
discloses that it is enough to bound the initial sum from below by F(1) plus some
error term.

We first connect F(1) with the bounds on character sums, that is, with the V'
from Lemmas [[3] and [[4l

Lemma 22. We have, for any D > 1,

x(n) — f(Q1) « (D—1)V/H
FQ) = Z nlogH logH 0 < log H >

n<H/D
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Proof. We have

54, 8 ol E )

n
H/D<n<H H/D<n<H n
H
dt 1
[ Y Gy Y
H/D g/p<n<t H/D<n<H
Using that |3}, <5 x(n)| <V yields the desired result. O

Lemma 23. Let Dy > 1, and As be such that
(16) [¥(z) — x| < Agv/z, Dy <z < 10'°.
We then have, for any D = Dy,
D1 x()A(m) = H(F(xp)log H+f(xp))+0*(1.6:10"° H+2A, HD~'/>+1.04DV).

mn<H
Please notice that we would need only the lower estimate in the last bound.

Proof. We write

ST x(m)A(m)

S oxm) Y Agm)

mn<H n<H/2 m<H/n
(17) = 2 x(m) Y x(m)+ Y Am) Y x(n).
n<H/D m<H/n m<D H/D<n<H/m

By Lemma 3, the last sum over n is bounded in absolute value by V. It then follows
by Lemma || that the second summand of satisfies

Z A(m) Z x(n) < 1.04DV.
m<D H/D<n<H/m

Concerning the first summand of , we use three steps. For the first step, we
restrict to the range H/10'® < n < H/D and use . Note that Lemmatells us
that we can take As = 0.94 provided Dy > 11. A quick calculation also shows that
Ay = /2 works for Dy =1, or As = 0.956 works for Dy > 7. Now,

15{9 <n<& m<H/n
= > x(n) > A(m)
m%<n<% m<H/n
n H

= H & + O* Z Aor | —
H H n H H n
ToI0 <NSp 1019 <NS T

- H X(n) | o« (24.HD12)
Hg<n<$ "

where for the second equality we used Lemma
For the second step, we use Lemma and consider the range H/A < n < H/10'9,
where A > exp(40) is to be chosen later. That is,

doxtn) > Am)=H )] @ﬂo* 193378 -107° ] i

g N

1019

H

X<"<10L19 m<H/n H < H_ %<n<

(18) - " M1 4 o (1.93378 - 1073(1 + log(4/10'%)) H) .

n
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where for the second equality we used Lemma [4]
For the third step we consider the sum over n < H/A. First, if H < A then
there is nothing to add. On the other hand, if H > A we use Lemma [f] to get

19 Txm S am=n 3N 0| 3

n<i m<H/n n<i n<i
Since nlog®(H /n) is increasing when n < H/e?, we have that

Z 1.83H  _ 183H JH/A 1.83dt
nlog?(H/n)  log?H 1 tlog?(H/t)

n<H/A
1.83H

1 1
1.83H -
log® H * <1og A log H)
1 1 1
1.83H — .
(log2 H " log A log H)

Since the above is decreasing in H, and H > A, we can set A = exp(574) to bound
the O* terms in and by 1.6 - 107°H. O

Lemma 24. For any D > Dy > 1

N

B log H log H

5 A(m) Fam) — F(1) £(1) ‘ _ 161075 +24,D"Y2 4+ (204D — YVH"!
mlogH’ ™" =

m<H

where As is as in Lemma[23,
The main proof only requires a lower bound for Y}, _ ; A(m) f(zn)/m, see (23).
Proof. By using the definition of f, we get

A(m) x(n)A(m)
Z mlong(xm) - Hlog H

m<H mn<H

and we appeal to Lemma 23] This leads to

mlog H nlog H log H

m<H n<H/D

Note further that, by Lemma [22 (we need only the upper estimate), we have

e xS . ((D-)V/H
(20) F(l) = ng%/D nlogH logH +0 < log H >

We are now in a position to prove the following crucial lemma.

Lemma 25. Let H > 10° and x > 1/2. Then we have
h(1,z) + h(x,z)
log H

as well as, if H also satisfies H >V,
)

h(1, z) + h(x, )
R A S S S — - = 7
log H 2= F)+ f(1) log H
L L5+ 3.81A273(V/H)'/3 —VH= + R\ (H,V,q)
log H ’

where Az is as in Lemma |25 when D is taken to be (2%4%)2/3 (see (24)).

0< < 2z

3 A(m) )= Y x(n) +0*(1.6~10—5+2AQD—1/2+1.04DVH—1>

)
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This is the equivalent of [36, Lemma 2] by Stephens.

Proof. The first inequality follows by Lemma Concerning the second one, we
proceed as follows. Define

A(m) x(m)A(m)
21)  S= mgH log 7 (L @) = mgH “log i (1~ F(am)).

Since |x(m)|, |f(zm)| < 1, we have S > 0. Furthermore, on expanding and using
the second part of Lemma [I8] we find that

A(m) A(m)

(22) S= - ————f(Tm)
mgH mlog H nish mlog H
h(x;1) Ry (H,V,q)
o ) 1 %k X y ¥y )
log H ) +0o < log H
Now we use Lemma Since S > 0, this leads to the inequality
hix,1) h(1,1 1
(e) ALY g S
(23) logH " logH log H
L L6 107° +2A4,D7Y2 4 (2.04D — 1)VH™' + R, (H,V,q)
log H '
We select
Ay H\2/3
24 D= (2=
@4 (a1 v)

so that the expression in ((23)) involving D is minimised. This then gives

h(x,1) _h(1,1) f)
g — —
logH " logH FQ) log H )
L 16-107° 4 3.81A73(V/H)'/3 ~VH=' + R (H,V,q)
log H
Let us extend this inequality to h(x,z). We simply write
x(m)A(m
Men) = h(n 1) -y, AR
Hr*<m<H m

hence the result, since 2h(1,1)/log H < 2 — 2 x 0.576/log H by Lemma 11| and
1.6-107° — 2 x 0.576 < —1.15. (]
6. A RESULT IN OPTIMIZATION

This section contains a refined version of a theorem of Stephens. No further
arithmetical material is being introduced. We start with a technical lemma.

Lemma 26. We have
T 0 T
- 4f (z —u)logudu + 2f udu + J 20du
0 z—0 0
= 2x(x —zlogz — 0) + (22 — 0)0(1 + 21og 9).
Proof. Notice that 2 {ulogudu = u?logu — (u?/2) and thus

4J (z —u)logudu = 4x(xlogx —x — Ologf + 0) — 222 log x + 2 + 26% log § — 62
0

= 4a(—0logd + 0) + 2% log x — 32 + 26% log  — 6°.
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Next,

6 T
QJ udu—i—f 20du = 6% — (x — 0)* + 20(x — 0) = —2” + 426 — 207,
z—0 0

and thus

T 0 T
74J (xfu)logudquQJ udu+f 20du
0 z—0 0

= 42(0logh — ) — 22% logx + 32% — 267 log § + 6% — 2% + 420 — 202,
whence the lemma follows after some simple algebraic rearrangement. O

Lemma 27. Let H > 1 be a real parameter. Suppose we are given a sequence
of non-negative real numbers (Um)1<m<n and a continuous function G over [0, 1].
Assume we have, for every x € [0,1], that

(Ho) G(z) <z,
that for some parameters a and €2, we have, when x > 1/2,
U logm
H G(z) < Glz— ,
(Hq) (x4 a)G(x) m;{m Tog 1 (a? logH> + &9
that
unl

(Hz) 0< <2z

m;{’” log H

and that, for some parameter €1 we have, when x > 1/2,

Um
(Hs) m;ﬁ g & < 2-G(1) +e.
Then either G(1) < 2(1 —1/4/e) or
(25) 2a01og 0 — 20(1/+/e — 0)(2 + logf) + &1 + 2 =0

where @ =1 — G(1)/2 belongs to [1/2,1/+/€].
Proof. Set
(26) 0=1-G(1)/2, ¢(y) =2(y —ylogy —0).

The function ¢ is increasing (its derivative is —2logy) on (0,1] and takes the
positive value —20log6 at y = 6. Note that § > 1/2 since G(1) < 1, and that
when 6 > 1//e, our result is immediate. Let us assume that 6 < 1/4/e so that
0 + 26logH < 0. Assume that, when 6 < y < Z, we have G(y) < ¢(y). This latter
inequality translates into

G(1) —G(y) = 2(1 —y +ylogy).

Our initial remark is that 0 is such a number.

Proof. Indeed, if it where not, we would have
G(1)=G()+G(1) —G(0) <6 +2(1—6+0logh)

since G(z) < z. We notice next that G(1) = 2 — 26, so that the above inequality
can be rewritten as G(1) < G(1) + 6 + 201log 6 < G(1) by the inequality assumed
for 0, leading to a contradiction. O
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We define for this proof
(27) 9(y) = D, tm/logH.

m<HY

We find that, for Z > z > 6,
U, logm U logm
— < —
Z logHG(x 1ogH) mZ logH(p(x logH>

m<H® <H=—9
Uy, logm
* Z log H (x log H)

He=0<m<H®

by bounding above G(y) by y (Ho) when y < 6. We study separately the two rlght—
hand side sums, say S; and Ss. First we note that, on recalling the definition
of g:

log m
T~ Tog H

Y i) f@dut g —000)

m<H179

S

T

gz — 0)p(0) — 2L g(z —u)logudu

while

um T B T B B
SR 4 L IRCORF R

Hx—60<m<H?T

and this amounts to

Sy + Sy :g(x—Q)(@(G)—H)—ZL

T T

g(x — ) logudu + J g(u)du.
z—0

In the first integral, we bound above g(x — u) by 2(z — u) by (Hsz). We split the
second integral at u = 0; between x — 6 and 6, we bound above g(u) again by 2u
while in the later range, we bound above g(u) by 20 + ¢; by (H — 3) (valid since
u =60 > 1/2). We infer in this manner that

S1+ Sz < gl —0)(v(0) —0)

T 0 T

—4f (x—u)logudu+2j udu+J (20 + €1)du.

0 z—0 6

By Lemma [26) and noticing that ¢(6) —

above g(x — u) by 2(z — u) by (Hs))
zo(z) + (9@ —0) + 60 — 22) (0(0) — 0) + &1

<
< zp(z) + 0*(1 + 2logh) + €.

0 = —0(1+2log ), we get (again bounding

By (H;) and the above, we infer that
(z + a)G(x) < zp(x) + 0%(1 + 2log ) + 1 + o
We also find that, when 6 < 1/4/e, we have
1/ve

0—92(1+2log9)=f 2u(2 4 logu)du = 20(1/+/e — 0)(2 + log 8).
6

Hence, we get
(x +a)G(z) < (x + a)p(x) — ap(x) —20(1/v/e — 0)(2 + logh) + &1 + e2.
We can now use ¢(z) = ¢(0) = —0log 0, getting
(x +a)G(z) < (z + a)p(x) + 2ablog 6 — 20(1/y/e — 0)(2 + log 0) + &1 + €.
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When 2a0log 6 —260(1//e—0)(2+1ogf) +e1 +e2 < 0, we would have G(z) < p(x).
However the function G is continuous and G(1) = ¢(1), there exists an xy between
0 and 1 for which G(z9) = ¢(z0) and G(z) < ¢(z) for = between 6 and z¢. The
above inequality then leads to a contradiction. Hence we have

2a0log 6 — 20(1/y/e — 0)(2 +10og ) + &1 +e2 = 0. O
7. PROOF OF THEOREMS [I] AND
We use Lemma 27 with G(z) = F(z) and u,, = (1 + x(m))A(m)/m.
Initial upper bound. Lemma |17 gives us
(28) L(1,x) < F(1)logH + %

Hypotheses (Hy), (H1), (Hz) and (Hs). Hypothesis (Hp) is granted by the bound
|f(u)] < 1. By Lemma [21) we can then set
-1 1.411
a< = <t
log H
and this gives us Hypothesis (H;).

Lemma is enough to grant Hypothesis (H3). Finally, by Lemma and
provided that H > max(V,10°), Hypothesis (H3) is satisfied with

(1) =115+ 381AY3(V/H)Y/3 — VH' + R (H,V,q)
< f(1) -
(80) er < f(1) log H * log H

We will further majorize f(1) by V/2 when x is even and by V/H when x is odd.

(29)

Using Lemma[27 So we infer that

(31) L(1,x) <2(1—0)logH + %

where 6 € [1/2,1/4/e] satisfies

(32) 2a01og 0 — 20(1/+/e — 0)(2 + log ) + &1 + 2 = 0.

Since a < 0, if this inequality is satisfied for Hy then it remains true for H > H,.
We select H = BV, for some parameter B, and bound |f(1)| by V/H. Therefore,
for ¢ = qo we have that

AyB 2/3
> (222) =D
(33) D (2.04> Dy

So, here are possible choices:

(34) B >+/2/2.04 > Ay = V2,
(35) B > 39.6 > Ay = 0.956,
(36) B >1795— Ay = 0.94.

Setting the numerics. We can now prove Theorems [I|and [2l We use the expression
for V given in Lemma[l3] We take H = BV which we assume to be > 10, we also
assume that ¢ > ¢g so that V' > V. Given a choice of B, we select

37) a—= 21

" log(BVp)’
(38) &5 — ML
2 7 log(BVy)?’

(39) e1 = o) o) ks 3.8143°B~1% — B! 4 R(BVy, Vo, q0)

B Blog(BV) log(BVp)
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where §(x) = (3—x(—1))/4. We then compute the smallest solution 8* to and
infer that

(40) L(1,x) <21 _0*)logB+logV0 1

log q log qo Blogqo
Result for x even and primitive: We select B = 51, and infer that L(1, x) <
1 log g when ¢ > 7-10%2. But this is already known for all ¢’s by [31]. Even more is
true if we combine the theorem of Saad Eddin in [35] together with [32] Corollary
1]

We select B = 80, and infer that L(1,x) < 2—90 log ¢ when ¢ > 2 -10%.

Result for x odd and primitive: We select B = 90, and infer that L(1, x) <
1logq when ¢ > 2-10%.

We select B = 145, and infer that L(1, ) < 5 log ¢ when ¢ > 5 - 10°C.

Acknowledgements. We are grateful to Enrique Trevino for some preliminary
discussions on this topic.
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