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Abstract.  When restricted to some non-negative multiplicative function, say f, boun-
ded on primes and that vanishes on non square-free integers, our result provides us with
an asymptotic for ), .y f(n)/n with error term O((log X)* —h=l+ey (for any positive
& > 0) as soon as we have ZPSQ f(p)dog p)/p =«log Q+n+O(1/(log 2Q)h) for
a non-negative « and some non-negative integer 4. The method generalizes the 1967-
approach of Levin and Fainleib and uses a differential equation.

Keywords.  Average orders; multiplicative functions.

2010 Mathematics Subject Classification.  Primary: 11N37.

1. Introduction

In 1908, Landau [8] was the first to obtain an asymptotic formula for the number of integers
up to a given number that are sum of two coprime squares. He used analytical method,
which involves considering the square root of some analytical function and avoiding its
pole through Hankel contour. Later, this procedure was further developed by H. Delange
and A. Selberg allowing them to obtain asymptotic for partial sums of arithmetic functions
whose Dirichlet series can be written in terms of complex powers of the Riemann ¢-
function. This is now often referred to as the Selberg—Delange method. In [9], Levin and
Fainleib established the logarithmic density of the same set by an elementary argument
under more general conditions. When combined with the earlier method of Wirsing [19],
as was done in [13], this leads to the determination of the natural density as well.

In [18], Serre used Landau’s method to examine several other cases and deployed it to
encompass not only the main term but also an asymptotic development, leading to a better
error term. Extending the Levin and Fainleib approach in a similar fashion would allow
for a more general hypotheses as well. This is the aim of the present paper. To express
our results, we take a non-negative multiplicative function f and, following Levin and
Fainleib, we associate to it the function A 7(n) which is O when n is not a prime power
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and which is otherwise defined by the formal power expansion:

ZAf(P) (Zf(p)logp>/zf( ‘ W

k=0 p k>1 k=0

We recall some of its properties in Section 2. To handle the uniformity in our result, we
recall that we use f = O*(g) to mean that |f| < g and f = Oa .« (g) to mean that
|fl < C(A, k, h)g, where the constant C (A, h, k) depends only on the stated parameters.
Here is our main theorem.

Theorem 1. Let f be anon-negative multiplicative function. Assume that, for some integer
h > 0, one has

vo=1, Y Afnim) — «clog O + no + O*(A/ log" 20)) (Hp)
m=<Q

for some constants k > 0, A and no. We further assume that |ng| < A. Then there exist
constants C and (ai)1<k<n such that, when X > 3, we have

M h+1 k+h+1 ) ap
n;( —(ogm)"*! = C(log X) ( - gX +.o 4 —(logX)h)

).

(h+2)(h+l)

+ O4 .1 ((log X)“ (loglog(3X))

e I((0-5) Z57)

v=>0

where

We have the same error term for the sum

f(n) X h+1
Z " <log;) .

n<X
We can also obtain anX @(logn)k for any k € {0,...,h} with an error term
O((loglog X) 2 +l)/(log X)*1=k) " by summation by parts, but some additional

loglog X term may appear in the development when « is an integer, which is why we
state our result in this manner. The non-negative assumption is not essential in our method,
nor is the fact that f is real-valued (but « has to be a real number). We may instead assume
that

D 1f )] < (log X)** )

n<X

for some parameter «* and modify our error term O((log X)* (log log X)) to O((log X)* :
(loglog X)¢). This is for instance the path chosen, when 2 = 0 in Theorem 1.1 of the book
by Iwaniec and Kowalski [6]. We did not try to optimize the power of loglog(3X) that
appears. It is likely that no such term should be present in fact, but in practice, when our
assumption holds for 2 > 1, it holds for any /. Using the result for 42 4 1 removes this
parasitic factor.



Proc. Indian Acad. Sci. (Math. Sci.) (2023) 133:1 Page 3 of 14 1

To measure the relative strength of our theorem, let us consider 4 = 1 and f(n) =
—u(n), where p(n) is the Moebius function, hence Af(pk) = (=1 logp, k > 1.
Then the estimate Zpix(log p)/p =log X + ¢+ O(1/log X) verifies (Hy,) withx =1
and implies that ), _y u(n)/n < (loglog X)3/log X. The case h > 1 yields another
proof of the results of Kienast in [7].

We started this project several years back, and got sidetracked by several events. In
between Granville and Koukoulopoulos in [5] considered a similar question which they
attacked via the Landau—-Selberg—Delange method. Their work has been improved upon
by de la Bretéche and Tenenbaum in [2]. The results obtained by this mean are more
extensive than the ones we present here. However the main difference truly comes at the
methodological level: our proof stays in the realm of real analysis and is rather ‘elementary’.
The readers may also consult [16, pp. 183—185], [15] and [10] on related issues.

The proof relies on a recursion on 4. It is however easier to assume a more complete
hypothesis.

Recursion Hypothesis (for h). For each £ € [0, k], there exists a polynomial P, of degree
£ such that

(h+1 )(h+2)

Z f( ) (Pg(log X) + O((loglog X)

n<X

))ogX)*.  (3)

We show during the proof that we may as well assume a similar hypothesis with
(log(X/ n))¢ rather than (log n)t: thisis a consequence of the functional relation we prove
at the beginning of our proof, see (11). The Levin—Fainleib theorem gives a proof of this
claim when 7 = 0 (and even better as the loglog(3X) is absent in this theorem). We
provide in Section 8§ a survey of the proof.
Notation. We set for typographical simplicity g(n) = f(n)/n. Next, for a non-negative
integer j define

Gj(X) =) gmlog/(X/n). Go(X) = G(X). @

n<X

For k > 0, we define Hi(log X) = G (X).

2. On the function A ¢

Let F denote the formal Dirichlet series of f, namely

Fo)=) fn(?).
n>1

Note that Euler product formula gives

F(s)=n(1+2f( )

p=2 k=1
On taking the logarithmic derivative of F (s), we find that

F'(s) f(p ) o f(p")
_ - log 1

= Z Zp(s)logp.

p=>2

-1
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Further, expanding the second product in Z, (s) and changing the order of summation, we
find that

Kok kiy. .. £(pke
Zps) =Y fp(]f?Y )Z(_l)rz 3 f™) esf(P )

k>1 r>0 >0 ki +ky+-+k =L P

-

Yo RGO P - F )

m>1 k+k1+-+k,=m
Thus
F'(s) A
~F(s) _; ns )
where
Ap(p™ = Y EDRFPFP - () Togp 6)
k4ky4-+kp=m

and A y(n) = 0 when n is not a prime power. Note that A ¢ (p™) depends only on the local
factor of F(s) at prime p. In particular, A{(p™) = A(p™). Moreover, when f(p™) =
1pep, we have A r(p™) = A(p™) - f(p™) (here 1x = 1 if X is true and O otherwise).
For example, let us select P = {p = 1 (mod 4)}. As mentioned above, the definition of
A r(p™) depends only on the local factor at prime p, hence we readily see that A ¢ (p™) =
A(p™) for p =1 (mod 4) and 0 otherwise. Note that when f is supported on square-free
integers, we get A ¢ (p™) = (=D)L £ (p)™log p.

Lemma 1. Let h be a non-negative real number. Then for any k < h, there exists a constant
Nk, such that, under the assumption (Hy,), we have

Z Af(n)logkn K

— 1 k+1 E , A
; . og" " O +ni + Ern(Q) (A)

n<Q
where E; ,(Q) < 1/1og"*20Q) for k < h and Enn(Q) < loglog(30).

Proof. Denote the sum on the left-hand side of (A) by S;(Q). Then using partial summa-
tion, we have

e d
SK(Q) = 56(Q) log" Q — k/l ot logh~" 1 2.

Further, when k < h, we may apply (Hj,) to get

Sk(Q) =

Q loghk—Ltds
log“*! 0 + 1o log" © — nok / log” _rdt

k+1 1 t

o logh=! tdr
—k (So(t) —klogt — ’@f

*° dlogt
10gh kQ h k+1t
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whence
K
SK(Q) = 7 log"™! 0+ i+ 01/ log"*20))
as announced. Analogous argument gives the result for k = h. ]

3. Generalizations of A ¢

We will use the next formula several times.

Lemma 2 (Faa di Bruno formula). We have

d"f(g(x) _ 3 n!

s ﬁf(ml-i-mz-i--"-i-mn)(g(x))
X mypmpl---my!
mip,mp,..., my >0,

my+2my+--+nmy=n

ﬁ (g(j)(x) >m./'

=i !

Here is a combinatorial identity, which is an immediate corollary of [14, Theorem 2.1],
itself being a straightforward consequence of the Faa di Bruno formula.

Lemma 3. Let F be a function and denote Zp = —F'/F. We have

(i—=Dk;
F .

Fh+h _ Z (h + DI(=1)Xiki HZ
Vea! oo Nk N
iz iki=h+1 kilkol--- (IDfI@Y% -

Notation Zg_l)ki denotes the (i — 1)-th derivative multiplied k; times by itself.

Proof. This is an immediate corollary of [14, Theorem 2.1] with F = 1/G and hence
Zr =—Zg. |

When i = 1, this gives F” = F(lep — Z). We thus define

Agp(n) h RY(—1)2iki (i—Dk;
J = (-1 Z ! 7
; n’ =1 Zi>§f2h kilka!- - (IDk @Yk ... 1;[ F @

so that

flogh =fxAgp.

When f = 1, these functions have their origin in the work of Selberg [17] around an
elementary proof of the Prime Number Theorem. They have been generalized as above
by Bombieri in [1], see also the papers [3] and [4]. Incidentally, Lemma 3 gives a non-
recursive description of the functions A, = A7y, something that is missing from the
aforementioned works.
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Lemma 4. Let 01 and 6, be two functions on the integers that satisfy, fori € {1, 2},

3" 6:(n) = Ci(log X) + 0;(log X) + O(1/(og2X)"~),

n<X

where d; > 1, Q; is a polynomial of degree at most d; — 1 and 4 is some fixed parameter.
Then

di!d>!

@+ a0

> 01m)ba(n) = C1Cy

mn<X

1
+0(log X) + o(—(log T )

where Q is a polynomial of degree at most d; + d» — 1.

Proof. We use the Dirichlet Hyperbola formula. We split the variables at /X to get the
announced error term. In order to compute the main term, it is enough to consider

X\
S= 0 — .
D0 (mC (log n)
n<X
An integration by parts gives us

X/n ldt
S=Ca) i) / (log )~ —
1

n<X

—Cd/ E 01(n)(log )** l_t
p— n (0] N
243 ' 1 g P

n<X/t

so that the principal part of the main term is given by

X xX\% dt
M = C\Cads / (log 7) (1ogt)dz—1T
1

1
= CiCadaog )7 [t =
0

di\dy!

(dl = dz)' (log X)d] +d;

=C1C

by the classical evaluation of the Euler beta-function. ([
On iterating the previous lemma, we get the next one.

Lemma 5. Let (0;); <, be r functions on the integers that satisfy, fori € {1,...,r},

> 6:(n) = Ci(log X)% + Q; (log X) + O(1/(log 2X)" ),

n<X
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where d; > 1, Q; is a polynomial of degree at most di — 1 and h is some fixed parameter.
Then

dy!---d! di+-+dy
Z Hgi(mi)zncim(logX) i

my--m<Xi<r i<r

+Q(logX)+(9< ! ),

(log2X)h—di——dy

where Q is a polynomial of degree at mostdy +dy + ---+d, — 1.

Lemma 6. Under (Hy,), we have

S A kD Gtk D
n k!
n<X
loglog(3X)

where Q is polynomial of degree at most k — 1.

Proof. Lemma 5 tells us that the sum reads

Af,k(n)_ k!
2 no 2 kilka!-- - (I @2Dk2 ...

n<X > izliki—_k
kijiki (1 )k loglog(3X)
k" it (log X oglog(3X
_ 1} loeX)+ O ———————). (8
iki k! Qllog X) ((logZX)h‘H_k> ®

i

The main term simplifies into

PRI, § L
RTINS B 77 b

2z iki=k L

The i-th derivative of g(x) = —k log(1 — x) is (i — 1)!x/(1 — x)' so that k/i is also
¢ (0)/i!. The Faa di Bruno formula for the k-th derivative of exp(g(x)) = (I — x)~*
tells us that

Z k! l—[ ki kD) (k= 1)
ol .- (1 — )ik — )kt :
ST k1lka! ; @1 —x)b) 1—-x)
We evaluate this equality at x = 0. ]

4. Auxiliary results

Lemma 7. Fork > 1, we have

X dt
Gr(X) =k'/l Gk—l(f)7~
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Proof. Notice that by a simple change of variable = log(u/n), we have

1 X k log(X/n) X k—ld
— (log —> = / *ldr = / <log Z) —u.
k n 0 n n u

Using the above together with the definition of Gy, we directly compute

X dt X k=1 gy
/1 Gk—l(t)7=Zg(n)/n <log£> —

n<X

1 X\*  Gix
=;Zg<n>(1og;> =$

n<X

as claimed in the lemma.

O

Here is a direct consequence of the previous lemma, on recalling that H; (log X) = G (X).

Lemma 8. When £ € {0, ..., k}, we have

H () = k —0)!

Gr—e(e").

Lemma 9. When k > 0, we have

k+1
3" gnlogm = (Hiw ) ®.

n<et

Proof. This lemma is true for k = 0. For k = 1, we find that

u? (Hy () /)" = uH{ () — Hyw) = Y g(n)(u — (u — logn))

n<e"

as required. For general k, write

u

k
> smogmt = 37 gm) (1 —log =)
= <k.>uj(_1)ijk—j(€u)
0=j=k
— Z <k‘)uj(_1)k—ju]-]]§j)(u)_
- J k!
0<j=<k

‘We next notice that

d* 1 (=D

dutu  utt!



Proc. Indian Acad. Sci. (Math. Sci.) (2023) 133:1 Page 9 of 14 1

so that
k+1 .
u k k=D
> gllogn) = =—— >~ <J.)(—1)k S B )
n<e" 0<j<k
yk
= ——(H(w)/u)®
k!
as announced. |

5. Approximate solutions of an Euler differential equation

Popa and Pugna in [11], and building on [12] studied perturbation of an Euler differential
equation, say

wyOwy+ Y buy® ) ©)
O<i<r—1
for a function y that is in C” (1) for some interval / C [0, 00). On looking more closely
at their work which goes by iteration, one sees that the last derivative does not need to be
continuous provided one may integrate, and so may be simply absolutely continuous on
every subinterval of I. We denote this class by C"~(I).
We next need a second modification of their work. For any ¢ € I, any complex number
« and any suitable function ¢, they consider

x d
/ u_maw(u)—u’.
¢ u

Notice that Popa and Pugna [11] forgot this change of variable that is necessary between
their Theorems 2.1 and 2.3. This explains our notation ®* rather than the ® that they got.
We have added the index c to their notation and we may in fact take ¢ = oo (and reverse

P (@) (x) = x7

the order of integration as usual). We select r parameters c1, . . ., ¢, some of them maybe
be infinite.
Following [11], we consider the roots Aq, ..., A, of the equation
bo+ Y AA—1)(A—s+1by=0, b =1. (10)
1<s<r

We also select a function S in C"(I). With these notations, here is the version of [11,
Theorem 2.3] that we shall use.

Lemma 10. Let ¢ : I — [0, 00) be such that q)K,.,c, 0---0 @3“%61 (p) exists and is finite.
Then for every y € C"~ (1) satisfying

Vuel, |u'yDw+ Yo buyOw = S < pw),

O<i<r-—1

there exists a solution ygy of

wWyPw+ Y buty@w) =0

0o<i<r—1
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with the property

Vuel, [y —yow)| <@} . o-0®f . (p)u).

6. A differential equation

On using Lemmas 3 and 6, we get

h+1 _ k(k+1)---(k+h) X h+1
rg{g(n)(logn) —ng;(g(n)< Y (log n)

+ Q(log(X/n)) + O(log 10g(3X))>. (11)

Hence, by our recursion hypothesis in &, we get

k(k+1)---(k+h)

h+1 __
E;ngMgM‘+-— D o
+P(log X)(log X)*
+O((log X)* (loglog X)“2™) (12)

for some polynomial P of degree at most /4. Here we have used the recursion hypothesis
with (log X /n)¥. It is precisely Equation (12) that allows us to switch easily from one form
of our hypothesis to the other. When 4 = 1, then 2 — 1 = 0, and we do not have the power
of loglog X.

We may express the left-hand side by Lemma 9, getting our first fundamental formula:

MH(Hﬂﬂ@)““{_W+hﬂmﬁmn+ak%mpwmk1

u (k=1
o1 h(h—1)
+O@ ™ (logu)~2), (13)
where we use the shortcut
(kk + h)! )
————=+h)--(k+h—j+1).
i GO j+D

This is an Euler differential equation. As mentioned before, it may be reduced to a linear
differential equation with constant coefficients with the change of variables u = ¢?, but
we shall skip this step and use an already formed result. It is technically clearer to first
extract a “simplifying term’ and this is our first step.

Simplifying the equation. Since we may assume that the polynomial P has no constant
coefficient, we set

(h+DWPw)y= Y qu'.
1<s<h
We define, for 0 < s < h — 1, the real number a; by

(k+s5)!  (k+h) _
Qw%ﬂ_w—DJ%_YL
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We then check that K (1) = Y g -, asu’** satisfies

u gD () = %K(m +(h+ D'Puuc".

Note that we could have added any monomial ay, w10 K (u).

From the approximate differential equation to the exact one. We define W(u) =
Hj, 1 (uw)u~" — K (u). This function satisfies

h)! h(h=1)
WD gy = EEM 00 g i ™Y,
(k —1)!
We can now use Lemma 10. At the beginning, we should consider the roots A1 = k +

h, ..., A, of the equation
AMA=D---A—=h)=kk+1)---(k+h)

that are such that A; > x — 1. Set ¢(u) = Cu*"'(log 2u)h<h2_l) for a large enough con-

stant C, so that
( + h)!

h+1y7(h+1)
W —_
" ==

Ww)| < o).

We find that

D} (@) () = Cu™H

u —
/ t(K—l—m)»i)u lOg(Zt)Lg D dt .

Ci

When « — RA; > 0, we select ¢; = 1 and get that (DX,-,C,- () () < u""log(2u). When
Kk —RA; < 0, we select ¢; = oo and get the same result. There remains the case k = PR,

where we select ¢; = 1 and get a further power of logu. By Lemma 10, there exist
parameters Cq, ..., C, such that
h(h+1)
‘W(u) - Y cu| < utog 2T

I<s<r

At this level, we still have not proved that the relevant roots A that have a non-zero
coefficient Cy are of the form x + h — £.

From W to Hj 1. The determination of W via (14) goes to H;T{l) by (14) and the definition
W (u) = Hpy1(u)u™" — K (). We thus obtain that

3 gmogm)™! =3 Cilog X)% + O((log X)* (loglog(3X) > ™),

n<X i

where the sequence (6¢;) is the union of the one of Ay and of x + h,kx +h — 1,...,«,
coming from K (). By our functional equation (12), we have a similar development when
we replace (logn)"*! by (log X/n)"*1.

7. Ruling out the parasiting solutions

When i = 1, the two roots are k + 1 and —«. Lemma 10 then implies that we can find a
and b such that

W (1) — au*T' — bu™| < u* " logu).
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This reduces to |W (1) — au**"| <« u*~1log(2u) when « > 1/2. But what happens when
Kk < 1/27

A stability remark. Assume we have a non-negative multiplicative function f that satisfies

the assumptions of our Theorem 1. Assume further we have distinct exponents kg =
K,K1,...,Kr > Kk such that

fay ( x\"t' It 1k
> . <log;> = ) Cs(logX)

n<X 0<s=<r
+O((log X)* (loglog(3X)))
for some non-zero constants Co,...,C, and C > 0. Select a positive integer K and

consider the function tg that counts the number of K -tuples of divisors, so that 7, is the
usual divisor function. Next, we consider the multiplicative function f x tx that equally
satisfies the assumptions of Theorem 1, with ¥ 4 K instead of k. By the Dirichlet Hyperbola
formula, we find that

(f *xtx)(n) X\ _ / Bt 14K +x,—b
Yoo (log ;) = > Y ClogX)

n<X 0<s<r £>0,
h+1+K+is—C>k—1

+0((log X)*** (log log(3X))©)
for some constants C(’), R C;. This tells us that the set of exponents for f x Tk is ko +

K, ...,k + K. Let k; denote the largest, if it exists, of the «;’s that is not of the form
k 4 h minus some integer. Then the coefficient C; , comes from the main term of

X
Cs Z TKn(n) <log P

n<X

)h+l+K+m

and is thus a non-zero multiple of Cj.
General case. In general, the discussion of the previous subsection applies. We only need
to consider the roots of A of

Ry, k)=x(A—1)---(A—h)—«k+1)---(k +h)

that are such that R;(A + K, x + K) = 0 when K is a positive integer. This leads to a
polynomial in K of degree & + 1 that vanishes at these points (A, «). The coefficient of
K" is

h+Dr-QA+2+---+h-D—-G"h+Dk+n+A+2+---+h—-1)

and since it vanishes, we must have A = « + h. In short, only integer translates of x may
appear, and this concludes the proof of Theorem 1.

8. Technical remarks

The Levin-Fainleib’s beginning, namely the link between ), <y &(n)lognand >on < 8(n)
where g(n) = f(n)/n, has had many application, so it is worth providing a sketch of the
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present method. When 2 = 1 and f is restricted to square-free integers, our method relies
on the identity (as noticed immediately after Lemma 3)

> T ogny?
n<X n

fm) f(p1) f(p2)(log p1)(log p2)
=2 7( 2

m<X pip2<X/m p1p2
lo 2
+ Z f(p)dog p) )—I—error.
p<X/m p

A similar equation could be reached by noticing that, by the Selberg formula, log?> =
1% (Alog+A x A), we have

Z M(log n)2
n<X n

B S (m) J (p1p2)(og p1)(log p2)
=2 02

m=<X p1p2<X/m, p1p2
(p1p2.m)=1
lo 2
n Z f(p)dog p) )
p=X/m, p

(p.m)=1
Our usage of A y thus avoids the coprimality conditions that soon become a true combina-
torial hurdle. Then by Lemma 5 (or Lemma 6), we approximate the sum of the two sums
over primes above by x (k + 1)(log )2+ c(logY) + O(loglog3Y) and we notice that

x\2
(log n)? = <10gX — log ;)

5 X X\’
= (log X)“ — 2(log X) log - + <1og ;) .
This gives us
(log X)*Go(X) — 2(log X)G1(X) + Ga(X)
=k + 1)G2(X) + O(Gp(X) loglog3X).
We then convert this in an approximate differential equation in H; of Euler’s type, i.e. it

can be reduced to an approximate linear differential equation, for which one can prove
deformation results.
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