Proc. Indian Acad. Sci. (Math. Sci.) Vol. XXX, No. X, January 2017, pp. 1-3

DOI XX.XXXX/XXXXXX-XXX-XXX-X

The number of rationals determined by large sets of sifted integers
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Abstract. We prove that the number of fractions &, /h, of integers hy, h, in a subset
A < H N [1,X] of cardinality > aX/(log X)*/> where H is the set p — 1, p being a
prime such that p+1 is a sum of two coprime squares, so, that this number of fractions is
>, a!**| AP, where ¢ is any positive real number. We take this opportunity to describe
a geometrical view of the sieve and its usage to study integer sequences.
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1. Introduction

In [1], we proved that a subset A of [1, X], of cardinality at least @X, produces more than
a constant times @**¢X? distinct fractions a/a’, with @ and @’ from A. Here ¢ > 0 is a
given real number, the constant may depend on & (and we prove that this dependance is
indeed heavy) and X is large enough. The question appeared as Problem 22 in [2], though
in a different form, and a first result had been obtained in [3]. Continuing on this line,
we considered thinner sets in [4] (see also its addendum [5] by Yu. Shteinikov), though
mostly from a generic viewpoint, and noted that multiplicativity plays a large role in the
behaviour of |[A/A|. Our two fields of experiments were the set of primes minus 1 and the
set of sums of two squares minus 1, as the random case shows a change of regime around
density 1/ 4/log X.

We consider here a similar problem, but with dense subsets of sufficiently sifted se-
quences, in the sense of [6]. The angle we take is different and may be resumed by saying
that such sets are close to subsets of intersections of arithmetic progressions, hence may
be expected to behave like subsets of density of the integers.

Concerning sufficiently sifted sequences short, we start from a base sequence H which
can be upper-sifted by a sieve of dimension « > 0 and such that there exists three positive
constants ¢y, ¢; and Xo(#) such that, when X > X,(H), we have

X

X
Cl(lOg—X)K S#{hﬁX,hEW}SCQ— (1)

(log Xy

The upper bound comes from an upper sieve, say from Selberg’s sieve, while the lower
bound has to be obtained in some manner. Here are some examples of sufficiently sifted
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sequences:

i) The set of primes of dimension « = 1,
ii) The set of sums of two coprime squares, of dimension « = 1/2,
iii) The set of sums n of two coprime squares such that n + 1 is also such a sum, see [7]
by K.H. Indlekofer,
iv) The set of primes p such that p + 1 is a sum of to coprime squares, see Yu. Linnik
[8], H. Iwaniec [9] as well as J. Terdvdinen [10],
v) The set of sums of two coprime squares that are also of the form x? + xy + y?, with
x and y coprime, see E. Fouvry, C. Levesque and M. Waldschmidt [11],
vi) The set of natural integers, of dimension « = 0.
Given any such set H and some integer ¢, the set H — c is also sufficiently sifted and
of the same dimension. It is expected that the intersection of any two such sequences, if
infinite, is also sufficiently sifted, but we are still light-years away from proving that.

We consider in what follows the sufficiently sifted sequence H to be fixed, the bound
X to be larger than Xy(H) and subsets, says A of H N [1, X] such that

6‘1X
\A| > a Toa X 2)

for some positive a. We are concerned in subsequent estimates with the dependence in «,
so we shorten the above in [A| >4/ @X/(log X)“ and say that A is relatively dense with
respect to . Here is our main result.
Theorem 1. Let € > 0. Let H be a given sufficiently sifted set of strict dimension k as
described above. Let a be a real number in (0, 1] and X be a real number > Xo(H). When
A is a subset of H N [1, X] with |A| >4 aX/(log X)*, we have | A/ A| .41 a' 5| AP
An optimal result would have o rather than a'**. Please see (4) and the paragraph
that follows to explain what we mean by strict dimension, the concept of sieve dimension
being rather well-known. When H = N, the paper [1, Theorem 1.1] proves that the lower
bound a?**X? is available, but we have not been able to adapt the proof to this case.
Getting the lower bound a***X?/(log X)** is rather straightforward, the main work here is

to get o rather than o*.

We have restricted our attention to the quotient A/A, as it is believed to be more
regular than the product set A - A when we encounter the multiplication table problem.
The readers interested in such questions will find material in [12] by A. Mangerel, in [13]
by K. Ford and in [4].

Part of our work is to handle such general sequences and part is to prove the above
theorem. Let us mention a corollary of Theorem 1 that may be used to measure future
progress on this question.

COROLLARY 2

Let € > 0. The exists a positive constant C(g) with the following property. Let € (0, 1)
be parameter. Let P(n, X) be the sequence of primes p < X such that ||pn|| < n. We have
more than C(e)**X?/(log X)? fractions of the form (p1 — 1)/(p> — 1) where p, and p>
belong to P(n, X), provided X > Xo(n).

Let us now turn our attention to a precise definition of sufficiently sifted sequences.
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Geometric sieve context

We start by selecting, for every prime p, a large subset K, of Z/pZ. Let us review this
choice in our examples:
i) For the set of primes, K, = Z/pZ \ {0}.
ii) For the set of sums of two coprime squares, K, = Z/pZ \ {0} when p = 3[4] and
K, = Z/ pZ otherwise.
iii) For the set of sums n of two coprime squares such that n + 1 is also such a sum,
K, = Z/pZ\ {0,-1} when p = 3[4] and K, = Z/pZ otherwise.
iv) For the set of primes p such that p + 1 is a sum of to coprime squares, K, =
Z/pZ\ {0,~1} when p = 3[4] and K, = Z/pZ \ {0} otherwise.
v) For the set of sums of two coprime squares that are also of the form x> +xy+y?, with
x and y coprime, K, = Z/pZ \ {0} when p € {5,7,11} mod 12 and K, = Z/pZ,
see [11, Proposition 6.2].
vi) For the set of natural integers, K, = Z/pZ.
vii) And finally, for the set of primes minus 1, K, = Z/pZ \ {1}.
For every squarefree integer d, we also consider the subset K; C Z/dZ that corresponds
by the chinese remainder theorem to [],; K. We define K = (K;). In the vocabulary of
[14, chapter 2] or of [6], K is a squarefree multiplicatively split compact set. This comes
from the fact that % may be viewed as a subset of Z = [] » Z,,, the product of the p-adic
integers, which is also the inverse limit of (Z/¢Z), with the obvious choice of morphisms.
We will not use this viewpoint here. A particular property of K is to be underlined

|5l
Vdlg,Va € K, Z | = ﬁ 3)
beK, d
b=ald]

Let us pick a subcompact set K’ c K. This one does not need to be multiplicatively split.
This is equivalent to the choice of a coherent sequence of subsets K, C Z/dZ, where
coherent means that the canonical surjection from Z/gZ to Z/dZ indeed sends K, onto
K, whenever d and g are chosen so that dlg.

It is time to turn to quantification. We assumed that our sieve is of strict dimension «
and this corresponds to two facts: first K is non-empty, i.e. none of the subsets K, is
empty, and second, that we have

o 2
Z (p— k-5 log p = O(1) 4)
<0 P

when Q goes to infinity. The readers will swiftly check that the sieve dimensions we have
announced earlier for our examples are correct. The dimension is usually defined by

—IK
I Kol og p = klog 0 + O(1)
p

p<Q

which is a clear consequence of (4). Technical assumptions are then added on |%,|. As it
turns out, in our case, Hypothesis (4) is easy to state and avoids all the technical assump-
tions. So we added the qualification strict in front of ’dimension’ to handle this situation.
Concerning K”, we only assume it is small in the sense that

K| < d(r)" (5)

for some m, and where d(r) is the number of divisors of r.
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Sufficiently sifted sequences

Now that we have the notion of compact sets, we may turn to sequences of integers, and
see how both are related. Let us first consider our examples. We know that a prime in
[ VX, X] has no prime factors below VX. We know that sums of two coprime squares do
not have any prime factors congruent to 3 modulo 4. Two points are to be inspected with
attention:

a) We detect primes in this manner, but only the ones in a given intervals. This is
enough for us since we only consider fixed X. Furthermore the primes below VX
are negligible in numbers.

b) A point that is clear with sums of two squares: when we consider integers without
any prime factors < VX that is = 3[4], this includes also primes in ( VX, X] that are
congruent to 3 modulo 4! Again, such number are less numerous than sums of two
squares.

These two points underline the fact that the fit between the easily-defined sequences and
the sieve setting is imperfect, and that some tweaking is required. A convenient tool to
connect these two universes is the next notion.

DEFINITION 3

A sequence (u,),<y of complex numbers is said to be carried by K whenever
V<N, [u, #0 = Vg < VX,ne %, ©6)
Here is how we define sufficiently sifted sequences.

DEFINITION 4

Let K be a squarefree multiplicative compact set. An infinite sufficiently sifted sequence
H carried by K is a sequence such that there exists ¢; and Xy such that, for every X > X,
large enough,

a) The characteristic function of H N [ VX , X] is carried by K,

b) |H N[ VX, X]| = ¢ X/(log X)*.

We deduce from our hypotheses that we also have |[H N [\/Y, X]| = c2X/(log X)* as
stated earlier. Note that this defines the dimension « uniquely, whether one starts from the
sequence H or from the compact set K. In a more general setting, we would not specify
g < VX either in Definition 3 or in Definition 4, but keep ¢ < Q for some parameter Q;
such a precision is not required here and our wish of simplicity asks for the simple choice

0= VX.

Some distribution results on sufficiently sifted sequences

We finally reach the point where we can prove results on sequences through sieve tools.
Here is our general theorem:

Theorem 5. Let € > 0 and m > 0. Let K be a multiplicatively split compact set, with
a small subset K’ that verifies (5). Let (u,)n<y be a a sequence carried by K. We have
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when R < VN :
2 5 N
|K | Up| <gx R? |ttp|” ——r.
21 2 | <o Qo gy

The corollary we use for the proof of Theorem 1 is the following.

COROLLARY 6

Let € > 0. Let K be a multiplicatively split compact set. Let (u,),<n be a a sequence
carried by K. We have when R < VN :

S Y

r<R n=0[r]

2
N
<g K R® Z |un|2 (log N)K'

P.D.T.A. Elliott has proven a similar inequality, regarding it as dual to the Turan-
Kubilius inequality, but restricting the moduli to the prime powers. He is however able to
extend in this case the summation to all moduli < N and to dispense with the term R®. See
for instance [15, Theorem 3.1], where the letter ¢ is used throughout the book to denote a
prime power (related to the prime gg).

2. Aritheoremetical auxiliaries on multiplicative compact sets

Given a squarefree multiplicative compact set K, we would like to be able to handle the
quantity |%y|. Hypothesis (4) tells us that || is on average equal to p — .

Lemma 7. There exists a positive constant c3 such that, for every integer r, we have

,
— < <r
“loglogary = =7

Proof. We assume r to be squarefree. By (4), we have

|Kpl — p+ k< +/p/logp.

In particular, when p > k + A for some A, we have |%K,| — p + « < |p — «|/2. We then
consider

XK, K, — p +
log ]_[ ;_”L: Z log(1+—| ”JD_IL K)

pld, plr,
Pp>Kk+A P>Kk+A
_ Z |7(p|—p+K+0< Z (|7(p|—p+/<)2)
pir, p=K plr, p—K
P>K+A P>K+A
Kyl — p+ k)*\ /2
= > (Kl = K)) J+om = o,
p
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The lemma then follows in a classical manner. Rapidly, we check that, with D = logr,
for r > 2(x + A),

~log [{-x/m==- 1og(1—§)

pld, plr,
Pp>Kk+A p>Kk+A
=y L4 > £ Lo
plr, P plr, P
k+A<p<D p=D
logr

> kloglog D + O( ) +0(1

xlog log logp) HOD
hence the result. O

We end this section by the classical “sub-multiplicativity” property of the divisor func-
tions, and a proof is given for instance in [16, Lemma 12].

Lemma 8. We have di(rs) < di(r)di(s).

3. On sequences supported by compact sets

We consider the vector space .%, of functions from Z/qZ to Z that vanish out of ,, which
we endow with the hermitian product

1 _
Lflehx, = e Z«“ f@)g(). 7

A definition is required here to clarify our subsequent steps.

DEFINITION 9

A sequence (J%;),<¢ is said to be an orthonormal system on K if

a. Forallq e Q, 7, c Z,.

b. Let £ and ¢ be both in Q with £|g and let y be an element of #;. Then jy defined by
¥ (x) = x(x + £Z) if x € K, and y(x) = 0 otherwise, is in ;.

c. Y(x1,x2) € Ji/qz, we have
0 ify1 # x2,
Doibeale, =4 07 ®)
1 ify1=x2

o

1] = 1%,
. If y comes (according to (c)) from J%;, and from .%#;,, then y comes from .7, (,), where
(€1, ¢>) is the ged of £ and ¢5.

[¢]

By [17, Theorem 2], there exists such an orthonormal system for K, since this set is
supposed to be multiplicatively split.

We shall call characters the elements of 7, even though they are usually not linked
with any group structure. The notion of induced character is natural from (3), while the
one of conductor is simply established from (e). Let J£" be the set of characters of
conductor g.
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We consider the non-negative multiplicative function & defined by (see [14, (2.5)])

nd =@ [ (e -1) ©)
plid 7P

This definition is valid because we have assumed our the compact set K to be squarefree.
We further define (see [14, (2.7)])

Ga(Q) = ) ho) (10)
620,
[d.6]<Q
where [d, 6] = lem(d, ) is the least common multiple of d and 6. The readers used to the
Selberg sieve may be surpised by this definition and consult Section 4.. This sequence of
summatory functions is controlled in a two steps process. First, and since ¢ < [d, 0] < d0,
we obviously have

Ga(Q/d) < Ga(Q) < G1(O). (1)
And secondly as a consequence of (4), we have
G1(Q) = C(FOIog O)(1 + o(1)) (12)

for some positive constant C(K). This is a consequence of any decent theorem on av-
erages of multiplicative functions, as can be found in [18] by E. Wirsing or in [19] by
B. Levin and A. Fainleib.

We define
S(a) = Z uena) , (@ € RJZ) (13)
n<N
and
SO0 = D unx() , (x € Hq.q € Q), (14)
n<N

distinction between (13) and (14) being clear from the context. Let us note that (6) en-
sures the fundamental equality S (y) = S(y’) whenever y and y’ are induced by a same
character.

We have, by [17, (14)], case K = 1,

g, df
3 'SWW=Z(Z“(3)@)X§*UW'2~ (15)

a mod *q flg diq/f

This is a local version of [14, Theorem 2.1], which we recall in this context:

Lemma 10. Let (u,) being a sequence of complex numbers carried by K. We have

DGaQ D ISWP=D, Y IS/gl.

d<Q )(Ef)gf* g<Qa mod *q

This leads us to a theorem analogous to [14, Theorem 5.2]:
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Theorem 11. Let (u,) being a sequence of complex numbers carried by K. For any
R < VN, we have

ISP < [
;X; G (\/_ N/R) 4 2.
Proof. We simply find that

Z Z |S()()|2<III<11£1G(\/_)

r<R ye%*

D GaVN) D ISP

d<VN XeX;

1
<——— % GuVN Sl
GI(W/R)Z dVN) D ISl

d<0 YEH ]

1
=— IS (a/q)
G1(VN/R) qzé ng y
and the classical large sieve inequality concludes. [
We also derive from the Lemma 10 a kind of Brun-Titchmarsh Theorem.

Lemma 12. Let (u,) being a sequence of complex numbers carried by K with u, € [0, 1].
We have

Lyesna] < 1K —N (16)
|ZN o |7<|Gl<x/‘ N/r

Proof. By orthogonality, we write

D Lesgun = ) Mgl S ()

n<N XEK;
and thus
2 2 2
D | < Y DTSR =l > ISP
ns<N XEK; XEX; XEX,
< 1K) ISCOP/I.
XEX;

By Lemma 10, the sum over y is not more than
> IS/l /G(VN)
g<VNa mod *g
which the large sieve inequality bounds above by

Z |Mn|2 2—N .
1K, |G ,(VN)

n

We gather our estimates and get

2N 3, lunl?
1neq<un <SIK) DY Jupff——= < K| —Z
|ZN Z 1K |G<v_ N) 151G 1(VN/r)
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on using (11). Since u, € [0, 1], we have
NN
and the lemma follows readily. O

4. A divertimento: comparing two definitions

This section is not required for the final proof. We defined the family of functions (Gy)
in (10) while the usual definition is for instance given in [20, Chapter 3, (1.3)] by H. Hal-
berstam and H.E. Richert, the function g therein being our function 4, when one sets
w(p) = p —1%,|. Let us bridge the gap between these two sets of definitions. In the sum-
mation over ¢ such that [d, 6] < Q, we may write 6 = md” where m is prime to d and d’ in
fact divides d, as we may assume ¢ to be squarefree. The condition [d, 6] < Q reduces to
dm < Q, and we may sum freely on d’. We readily check that

d
hd') = -2
d’zld Kl

which implies that

Ga(Q) = = > him). (17)

This expressions links clearly the two sets of functions: dG,(Q)/|K}| is the function that
is denoted by G,(Q/d) in [20]. The inequalities (11) which are obvious in our setting
were discovered and proven are in the paper [21] by J.E. van Lint and H.E. Richert.

When the sieve is not squarefree, our definition still holds while the one used more
classically does not.

5. Proof of Theorem 5

A general version of the Ramanujan sums

We conclude this part with a generalization of the Ramanujan sums. We define

cg(K K um) = 15,1 D Mol () (18)

XeHAT

so that cq(Z, {0}, n) is the usual Ramanujan sum'. Note that (21) below may serve as a
definition as well. We find that, by definition,

15, [ b, = > XD

tek;

TA priori, associated to the orthonomal system (e(-a/q))a,4). We show in (21) below that this definition does
not depend on the chosen orthonormal system since this is indeed the orthonormal projection of LK(; on the
space generated by 7"
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We reach at this level our first main inequality (on using Parseval for 1 ):

> ey mf <11 S ISP

XEX

19)

These generalized Ramanujan sums gives us a decomposition of 1g; that will be of the

first step in the proof of Theorem 5:

1 )
1y, = Z Lo, Iy loc,x = @ Z cr (K, K, )
XEH, 7 fla

which leads to

(KK, = ) ula) DI .
fla

Proof of Theorem 5

We use the decomposition (20) to write

Z uplyege = |‘]1( | Z Z unc (K, K', n).
Ao

n

Let us denote our sum by S, i.e.

§ = 3 dory | > e[

r<R n

By emplying the above decomposition, we find that

d(r)"d(r) N
S < g}; % ;'Zﬂ: unc (K, K ,n)|

5 52 S af

J<R fIr<R n

We continue with

d(r m+1
N AT (|7<;|

f<R fIr<R
, d(r m+1
< DK Y, S 3 IsGoP
f<R fIr<R e

!

2
D e B K m|| HAKAK)

(20)

2y

(22)

by using equation (19). We are in a position to use Theorem 11. We appeal to Lemma 8
and then to Lemma 7 to replace |K;| by c3r/(loglog3r)“ and majorize |K¢| by f. The

theorem follows siwftly.
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6. Proof of Theorem 1

Let us specify that a sufficiently sifted sequence H is fixed throughout this part. We
start with a subset A € [1,X] N H such that |A| > ac;X/(log X)*. By maybe removing
elements in (A, we further assume that

(log X"

acy < JA——— < 2ca. 23)

We proceed as in the beginning of the main proof in [1] and define
M(A, r) = #{(a,b) € A%, ged(a, b) = r}. 24)
We shall find one r for which |[M(A, r)| and use the inequality

m(A) = max IM(A, )| = |A/A. (25)
The proof starts by the following inequality, valid when X > Xj:

AP < #l(a,b) € A} < ) M(A . (26)

r>1

Let us shorten the sum on the RHS.

Using a rough upper bound For r larger than R, = (log X)**!, we bound above
M(A, r) by X?/r* and thus

DIMA ) <X <2XR.

r>R; >R,

We take X large enough that this upper bound be < }T(Zach/ log* X)?, which also <
1) 2

7 Al

1

Using a Brun-Titchmarsh like upper bound For r between R, = C,a 2 for a large
enough constant C;, we use (16) with (u,) the characteristic function of A, K’ = {0} and

0= Vx:

X+0? 1 X?
M(A,r) < .
2, MAns G1<Q/R1>2RZ K < Tog Xk,

Ry<r<R; <r<R;

We select C, so that this upper bound be < }1(2ac1X / log" X)2. We have thus reached

HAP < T MA .

<R,

Thus at least one M(A, r) is larger than %(CZX /log“ X)?/R; and this already proves that
\A/A| > C;'a?| AP
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Using a large sieve extension of a Brun-Titchmarsh like upper bound We further
lower the exponent of @ by shortening the sum over r some more. On using use Theorem 5
with R = R, and m = 0, we reach, for R € [R3, R»],

1 2
> MAr) <~ max Dkl D
R<r<2R R rer<R |G| 24 e,
a=0[r]
1+ax2 a,l—st

e log(l/a) g <X Rlog X

We sum over R = Ry, R, /2", Ry/22, - - - until we reach below
Ry = Ca™ ", (27)
where C; large enough that the above bound is < }T(Q’CIX /log" X )2. We have reached
KA A >e5c (X[ log* X)? (28)

and this concludes the proof of Theorem 1.
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