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MOBIUS FUNCTION AND PRIMES: AN IDENTITY
FACTORY WITH APPLICATIONS

OLIVIER RAMARE AND SEBASTIAN ZUNIGA-ALTERMAN
with an appendix by MICHEL BALAZARD

ABSTRACT. We study the sums 37, _ v, v, “7(17;) log® (£), where k €
{0,1}, s € C, s > 0 and give asymptotic estimations in an explicit
manner. In order to do so, we produce a large family of arithmeti-
cal identities and derive several applications. Along similar ideas, we
present an appendix showing the inequality » _y A(n)/n < log X,
valid for any X > 1. B

1. INTRODUCTION AND RESULTS

The Mobius function p is a difficult object to study. From an explicit
viewpoint, one would like to ask for estimates for averaging functions like

M(z) =), «xun) and m(X) => v @, questions addressed for in-
stance by R.A. MacLeod in [I8], L. Schoenfeld in [32], N. Costa Pereira
in [6], F. Dress and M. El Marraki in [I1], [12] and [13], and with the help
of H. Cohen in [5] and recently by K.A. Chalker in the memoir [4]. In this

paper, we aim at evaluating explicitely the following two quantities

M me= Y M s =y A0 1og<X>,

n n
n<X, n<X,
(n,9)=1 (n,q)=1

where s € C and Rs > 0. Here, mq(X;1) = my(X), mq(X;1) = my(X) and
we shall omit the index when ¢ = 1.

A wide ranging estimate. Our first result is an easy but efficient esti-
mate.

Theorem 1.1. When k > 1 is an integer, 0 > 1 and X > 1, we have

X
o< Y M logk<) < 1.00303—— (k + (o — 1) log X) (log X)*.
o n v(q)

(n7‘I):1
When k # 1, we may replace 1.00303 by 1.
The non-negativity is very useful in practice. The case k =0, 0 = 1 has

been treated in [§, Lemma 1] by H. Davenport, and also in [14, Lemma 10.2]
as in [34] by T. Tao. Its extension to ¢ > 1 is dealt with in [25, Theorem

1.1]: we have [}, < x (, =1 #(0) /7| < 0.
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2 0. RAMARE AND S. ZUNIGA-ALTERMAN

Notation. Throughout the present work the variable p denotes a prime
number. We also use the O* notation: we write f(X) = O*(h(X)), as
X — a to indicate that |f(X)| < h(X) in a neighborhood of a, where, in
absence of precision, a corresponds to co. Consider now ¢,d € Z~; we write
d|¢® to mean that d is in the set {d’, p|d = p|q}. Finally, we consider

the Fuler ¢4 function: let s be any complex number, we define p; : Z~g — C

asq»—>qSHp|q(1—]%

Asymptotic results. Let us now turn to stronger results.

Theorem 1.2. Let q € Z~g. Let 0o =1+¢ € [1,2] and X > 1, we have the
following estimation
mg(X) N ¢ 1 . (0 —1)Ay(X,0—1)

X7t wo(q) C(o) Xo-t

where

‘Aq(X7€)‘§0.0215gl(q)(Pq X21012+<4.190(q)+( € )>¢\/a

¢(q) log(X) 2 g VX'
and
(2)
V3(V2-1) 1 1
QO(Q)—Hf, 91(Q)—H2-06 <1_2§)7 f—l—m-
2|q 2lq
Moreover we have my(X;0) > mgy(X)/X°~1 and
Ay(X,e) <0 if X < 10.85,
Ay(X,e) <0 if X <10.9, € <4/25,
Ay(X,e)/X° <0 if X <41, ged(q, [T<z7p) ¢ {1,11,13},
Ay(X,e)/Xe <0 if X <47, ged(q, [1p<usp) ¢ {1,11,13,17},
A (X,e)/ X <0.014 if X <47, ged(q, [Tp<usp) = 1,
Ay(X,e)/ X <0.00005 if X <47, ged(q, [Tp<usp) € {11,13,17}.

Finally, we also have Ay(X,e)/X® > —q/¢(q). This lower bound may be

1 q1+5
refined to T eC(1te) p11e(@)

Observe that the function Ay(X,e¢) is positive when ¢ = 1, X = 10.97
or X =11, and o € [1,2]. The condition X < 47 is set only to keep the
running verification time within an acceptable bound, as we have to range
over all the divisors of [[,_,7 p.

Theorem 1.3. Let o0 = 1+¢ € [1,11/10] and X > 15, we have the estimate

ting(X: o) = q° <10g(X) ¢'(0) 1 Z logp ) n Ay(X,0-1)

o)\ Clo) o) (o) S=p7 —1 Xo1

where we have
C_Ig ]1X21012
ve(q) log(X)

Vi
+ (4.8690(q) + 2.93 + 2.83clog(X) + 5.17¢) 210 ,

|A4(X, )| <0.02569; (q)2°

>

N[
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go and g1 are defined in .

Notice that, on letting o go to 1, the obtained result is comparable to but
weaker than [37, Lemma 3.3].

Extension of the above two results to complex s such that Rs > 0 is given
in Theorem [I.5] and Theorem [L.6] respectively..

The main engine. In order to prove the above two results, we use iden-
tities. The usage of identities in this context goes back at least to Meissel
in [21]. In [2, [I], M. Balazard extended the set of available identities by
elaborating on [19] by R.A. MacLeod; this extension also led to [25], [26],
[27] and [30]. Further flexibility was attained by F. Daval in [7] and it is
proved in [31] that, within a set of conditions, he has obtained all the (non-
trivial) identities linking M (X) to m(X); this work also extends to rmq(X).
In between H. Helfgott in [I7] found a much more efficient way to handle
the coprimality conditions when € = 0. It is worth remarking that the usage
of identities affects the error term estimations with some rigidity, a problem
for instance addressed in [25] and by M. Haye Betah in [16].

Although the previous methods above had some flexibility, it stubbornly
led to expressions involving p(n)/n and never u(n)/n'*s. We solve this
problem here and provide a wider set of identities that extend those of
Daval.

Theorem 1.4 (The Identity Factory). Let f and g be two arithmetic func-
tions. We define Sy(t) = >, <; f(n) and Sp.y(t) similarly. Leth: (0,1] — C
be Lebesgue-integrable over every segment C (0, 1] and let H be function over

[1,00) that is absolutely continuous on every finite interval of [1,00). When
X > 1, we have

S (3) = s () #
+ /1X Sy (?) (H’(t) - % nzgtg(n)h (’;))dt_

In Section |2 we prove the above identity and describe several of its con-
sequences.

Furthermore, we show below that Theorem enables one to bound
Yonex i(n)/n?, o >0, in terms of {>_, _, u(n)/n}y, which in turn may be
expressed in terms of {3 _, u(n)}s, if required.

As a surprising upshot, the important question of deriving efficient es-
timates for > _y 10}%1’ from estimates of > _ylogp can be settled with
the choices f = A, g = 1, H = Id, since f x g = log, and still have sev-
eral possibilities for choosing h (h = 1 leads already to interesting results).
Independently and recently, M. Balazard used a similar approach for this
question, which we include in the Appendix [A] For further references, let us
note that this question has also been the subject of [24], [20] by R. Mawia
and its extension to primes in arithmetic progression is treated in [23] (see
also [I0] by H. Diamond and Wen-Bin Zhang for a similar question on Beurl-
ing numbers). In addition, the general question, regardless of the explicit
aspect, is treated in [29].
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A methodological remark. The way error terms are handled in ana-
lytic number theory is of utmost importance. While the Perron summation
formula exhibits the use of complex analysis and multiplicative characters,
the exponential sum method in essence relies on the Fourier expansion of
the sawtooth function z — {x} — %, and thus uses complex analysis in
the additive world. In these series of articles, our approach is to use in-
stead real analysis and to handle the arising error terms directly by abso-
lute value bounds. In the language of Theorem [1.4] it corresponds to the
terms H'(t) — %antg(n)h (%), where we are selecting either g(n) = 1 or
g(n) = (—=1)"*1. Precisely, one of the novelties of this article is the usage
of g(n) = (—1)"*! rather than solely of g(n) = 1; this will become clearer

in Appendix [A]
Extension to complex parameters.

Theorem 1.5. Let X > 1, ¢ € Z~¢ and s € C such that ((s) # 0 and
Rs =0 > o0g > 0. Then we have

i Xomb os(g) €(s)
(nig)=1

)y p(n) —mg(X)  ¢° 1

+ |s X c(s)| + 2%e(s g=00
< T LT
ole(s)C()[X7 s |e(8)C($)IX 7 o0 (q)
where c(s) = % and e(s) = 2'77(1 + 21*=1=1s — 1|log 2)log 2. Notice
that ¢(1) = log2. Furthermore, when s = o is real, the value (o + |s|)/o
may be replaced by 1.

Here is the counterpart concerning g (X; s).

Theorem 1.6. Let X > 1, ¢ € Z~g and s € C such that {(s) # 0 and
Rs =0 > 09 > 0. Then we have

p) o, (X @ (leX  C(s) 1 g~ log(p)
gc ”slg(”> sﬂs(q)<<(s) 2(s) C(S)%ps_J
(n,q)=1

—_ X —_ —
=1(s =9 (X8, 0 7=70
1

- Xl X0 ‘Pofao(qy
where
5 (o) Ol s C1r|2>gc(*§;>| +ols ~1)[C(s))
200 (logX + 5(%,00) max{log(%), Uio})
EQ(X,Uo,S)Z
O]
20log2 27 |C'(s) 1 ((s)
MEOROIMEC] 'c<s> G-1 )
270 |C'(s) 1 oo €(5) 1 (s —1)C'(s)
@ +r<<s>\’0<s> <3_1>'+2 \c<s>\'c<s>+ o(s)
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Here, we have C(s) = (1 — 2'7%)((s), 5(%,00) = 1+ Liog(x/2)<1/09, aNd
c(s), e(s) are defined as in Theorem[1.5

The integral of |my(t)| appearing in the above two results is treated in
Lemma [7.2] Moreover, the case ¢ = 1 and s = o > 1 is particularly
significant.

Theorem 1.7. For any o € [1,1.04], we have the following estimation

> MT(;L) log <X> _logX ('(o)

2 W) o) T
15.5 + 3.11c log X
< 22508 s < X < 10,
X%
0.043
0 F X > 101,
= Xo-Tlog X’ Xz

2. THE IDENTITY FACTORY, PROOF OF THEOREM

Proof of Theorem On the one hand, by the local absolute continuity
of H, H has a derivate almost everywhere, which is Lebesgue-integrable.
Thus, by integration by parts, we obtain

X X X
/1 Sf(7>H’(t)dt =3 fmH <n> — H(1)S;(X).
n<X
On the other hand, we have

[ o@igoom G o [0 ) 7

— /IX Z g(n)S; (E) h <1) %,

n<X/t

where we have used summation by parts, a change of variables and then
Fubini’s theorem, respectively. The proof follows on noticing the identity

S gm) Y fm) = 3 (Fx9)®)

n<X/t m< X <X/t
valid for any real number X > 1. O
The case H =1d, g = 1 and f = pu yields the following statement, which
is the initial result in [7].

Corollary 2.1. Let h: (0,1] — C be any Lebesgue-integrable function over
every segment of (0,1]. When X > 1, we have

m(X)—]M)((X):;(/;hit)dt—;( IXM<):> <1—1nzﬁh(7;)>dt.
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Although not required, it is better to normalize h by imposing the condi-
tion [ h(t)dt = 1.

In [30, Theorem 7.4], it is proven that one recovers all the (regular enough)
identities linking m(X) and M (X) with the result of Corollary so that
the above is not only a curiosity that is included in a further stream of
identities.

For example, on selecting h = 1, we recover the Meissel identity

>t {2} =1+ 2xm00),

and on selecting h = 2 - Id, we obtain the identity of MacLeod

X2 rx
S iy Ut = Xm(X) - M(X) -2+ =,
n<X n

both valid for any X > 1.

The functional transform that, to a function h, associates the function
X >0~ fol h(t)dt — + >, <y h(%) is closely related to a transform intro-
duced by Ch. Miintz in [22]. This is also discussed by E. Titchmarsh in [35]
Section 2.11] and more information can be found in [36] by S. Yakubovich.

Corollary 2.2. With the same notation as the one of Corollary we
have, for X > 1,

%) (5 )

n<X n<X
1 1 (X X 1 1
=1—- =+ — M=) (logt =N D )at
X %), <t><0g Ty ;TJ ’

where v is Fuler’s constant.

Proof. We select H =1d -log —log+ v-Id, h=1d"!, f = pand g = 1 in
Theorem We readily derive

s (3) -5 e () (5 )

n<X n<X n<X
11 X X 1
=1—-=+ = M| — ) (logt — — |dt.
X x ), (t)(og o §n>
The result is obtained by observing that, by summation by parts, we have
X X (X dt
1 — | =- M|l —)—.
X v () == [0 (7)
n<X
O

Such identities and several others have been put to use in [27]. Here is a
novel corollary.
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Corollary 2.3. For every X > 1, we have

> A L Y am)

n<X n<X
2 1 1 X{ } / Z dt
—_—— = — = A(n){t}—.
vX X X n<X/t t

Proof. Apply Theorem with H =1d, h =1, f = XA and ¢ = 1. With

this choice, observe that
X X
s (7) = [3)

3. PROOF oF THEOREM [L.]]
In [27, Corollary 1.10], we find the next lemma.
Lemma 3.1. For any q € Z~y and any X > 0, we have

p(n) (X ) q
0< B og [ £ ) < 1.00303 log X.
2 n n ©(q)

n<X
(n,q)=1

In [33, Prop. A.4, p. 126] by P. Srivasta, we find the following.

Lemma 3.2. For any q € Z>0, any X > 0, and any integer k > 2, we have

H { q ogk—1
0< Y log <n>§k¢(q)lg (X)

n<X

(n,g)=1
Proof. The case k = 2 is proved in [27, Corollary 1.11]. The case k > 3 is
readily deduced from this one by summation by parts. U

Proof of Theorem On using the expansion

(f)e:exp( 1og< > §£'10g< >

we deduce that

p(n) p(n) gh+ X
> Mg (X) =5 3 A (),
n<X >0 n<X
(n,q)=1 (TL,q)Zl

When k£ > 1, by Lemma this implies that

X El k+0—1 X
0<x° Y ) ook (XY < 1.003032 PP (X)(k+6)
n<X 7’L1+€ n SO(Q) >0 f'

(n,q)=1

©(q)
from which the theorem follows. O

< 1.00303—L <k: log" 1 (X) exp(elog X) + ¢ logF (X) exp(c log X)> :
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4. EVALUATING mg(X;s), PROOF OF THEOREM

Lemma 4.1. Let X > 0 and q € Z~o. Consider the arithmetic function
g1:1n € Lsg = (—1)”“. We have the following identities

(4) > g1(n) = Ly 2=13(X),

n<X
(@) Gin)= > pu(di)gi(da) = Lpnpgeey(n) =2 Lipy, 2 ig001(n),
dido=n
(d1,9)=1
i) Y Gi(n) _ %
n<X n 3 <U<X
f)g>

Proof. The definition of g; gives (i). On the other hand, the Dirichlet series
of g1 is (1—2'7%)((s) while the one of the Ly, s=1}(n)u ( ) is [y, (1=p7%).

Their product satisfies

—S —S\— —S 1 1 2
Q-2 JJa-p) =023 5= 5> &
plg £lg> tlg> 21¢
Llg*®

which gives the convolution identity (ii). We readily obtain (i4i) from (ii).
U

Lemma 4.2. When Rs =0 >0 and X > 0, we have
) D NEaatl
Y. o= =00 (5 )
n<X n<X
with C(s) = (1 —217%)((s), C(1) = log2. When s = o is real, the error
term is non-positive and reduces to O*(1/X7).

Proof. When s is real non-negative, the sum is alternating hence the error
bound in this case. Otherwise, observe that

(_1)n+1 n+1 1 /X dt
) 1 .
,KZX ns ,Z;{( ) Xs +s n ts+1
L(x1,2=13(X) X 12=13(t)
(5) = R 8/1 — ot

where we used Lemma( ) and then Fubini’s theorem. By letting X — oo,
we can write (5)) as C(s) + E(s), where

00 _1\n+1
ot = [ A2y = 52 EU (g

n

Ty(x1,2)=13(X) © Ty ,2)=13 () o+|s
B ()|_’ (b 8/ LV E X!g!.
X (o

Finally, observe that, for any z > 1, the function C, : s € C + (1—2'7%)((s)
is entire, satisfying C,(1) = log z. O
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Lemma 4.3. Let X >0 and s € C. If Rs =0 > 09 > 0, then

—
—_
Q
Q
|
Q
o

05X, 5| T Xoo Po—op (Q)
g

where e(s) = 2177(1 + 21115 — 1|log 2) log 2.

Proof. Observe that Zz‘qoo Z% converges to @z?q) for any w € C such that
Rw > 0. Thus, as 0 — o > 0,

qo oo
e;( gs — Xao Z go oo Xao Do Uo( )
g

whence (7).

On the other hand, we use 2175 — (X /£)1 7% = 2175(1—(X/(2¢))' ~*. Recall
that, for any z € [0,1], we have (2!7* — 1)(1 — s5)™! = logz + O*(27!|s —
1|z715=11og? 2). Therefore, by taking z = % < 1 and using that oy > 0, we
derive (i1). O

Proof of Theorem We use Theorem [L.4] with h : ¢ € (0,1] — (s —
n+1

Dt C(s)™, H 1 t € [l,00) =t g =& :n € Zsg = # and

f =1 =134 where C(s) = (1—-2°"1)((s). As C(s) # 0, h is well-defined.

Moreover, by Lem (ii), we have fxg = %. Therefore, by Lemma

(7i7) and Lemma [4.2] we may express

(6) Z M - n;stl) = (zzs;)Ml(X;q’S’UO) + O* <R1(§;q78)> ;
n<X,

(n7Q):1
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where, by Fubini’s theorem, considering the holomorphic function ¢ : s €

Cw— l_ill_ ®, ¢(1) = log 2, and recalling Lemma H, we have

X min(2¢,X)
Ml(XSQaSaUO):/ ( Z > Z /
1 te<t (<X,
0> llg>=

1 1 ) X

= Z T (1—m1n(2,€

<X,
£lg>

)
LT e ()
)

<X, X <ULX,
£)g> g

1 1— 2t 1 1 (s (X
:s—lz I +s—1 Z 65<21 _<€

<X, X <X,
£)q® 2 g|qo;
q° o le(s)| +27%e(s) 7~ )
7 =c(s + O ( ,
( ) ( )SOS(Q) X0 Po—og (Q)

and where, by using Lemma

:X/qu ()or (e ity

(s) :o*<(”t“g‘ ls - ”/ |dt>

Finally, by estimations @, and by observing that S(Sl) = m, we
deduce from (@ that

Z M(n) _ mq(X) _ qs 1 < Rl(Xaqa S) + RQ(X;Saa—O) qa'fa'o

n<X, Xst 803((]) C(S) o X X0 Po—oo (q)7
(n,q)=1
where
c(s)| + 2%¢(s
(9) Ral(Xs 5, 0p) = o £ 20¢(5)

|e(s)¢(s)]

5. EVALUATING m4(X;s), PROOF OF THEOREM

Lemma 5.1. When Rs =0 > 0 and X > 0, we have
(- X\ _ / (08|

g2Xo
n<X
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where C'(s) is the derivative of C(s) = (1 — 217%)((s) with respect to s.
When s = o is real, the error term is O*(1/(ecX?)).

Proof. By recalling Lemma (7) and using summation by parts, we observe
that for any Y > 0,

_1\n+1 o X Y slo X
> e (1) - Z<—1>”+1<1 eie), [lreld) Wdt)

n<Y n<Y
(10)
_ L=1log () +/Y L= (L+slog (7))
Y's _ $st1

(11)

1 ,:logﬁ Oo]l,zl—i—slogK

_ Lo (Y)+B(X’S)_/y (192 1(753+1 (£) ,,
where
*© 1i,2)=1 (1 + slog X

(12) B(X,s):/ L 1(t8+1 21

Suppose that s > 1, then we immediately see that

X 1\n+l 0 7n10n
Z( 1)+ :C(S), _Z( 1)+ lg :C/(S).

n=1 n n=1 n
Therefore, by letting Y — oo in , we obtain
(13) B(X,s) = C(s)log X + C'(s).

As s — B(X, s) is holomorphic for s > 0, by analytic continuation, is
valid for s > 0. Thereupon, by selecting Y = X in , we obtain

Z ﬂlog <X> — O(s)log X + C'(s) + O*(U + |s|>7

ns n o2Xe
n<X

valid for &s = ¢ > 0. Indeed, the error term is bounded by noticing that

/OO 1(g,2)=1 (1+ slog (5)) dt| < /°° 1+ |s|log (%) gt
P% ts+1 b% to+1

[ sl (reeh) 1
N ot? o to ot?

When s = o is a real number, we see that

o+ s
 g2Xo

X

_1\n+1 _1\n 10 n
27( Dl log<)§>—(C(s)logX—i—C’(s))——Z( 1) log( /X)

ns ne
n<X n>Xx
By computing the derivative of n +— log(n/X)/n?, we see that these terms
increase up to a maximal value at n/X = e'/? that is at most 1/(ec X?)
and decrease afterwards. As this sum is alternating, the error is of size at
most this term. O
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Lemma 5.2. Let X >0 and s € C. If Rs =0 > g9 > 0, then

Z log ¢ _ q° Z log p Lo ((5(X,ao)max{logX, 1/o0} ¢°— >
(q) &= p*—1 Xoo Yoo0(q))’

S
(<X P\ e
L)g™>

where §6(X,00) =1+ ]l{logX<i}(X)'
Proof. As 3 g0 079 = (q) for any w € C such that ®w > 0, we may
differentiate that equahty with respect to w. Thus,

w

-1
(14) - Z st _ H (1 - 1> - q(q) Z plfg_pl'

e Puw
plg plg
Therefore
logt  ¢° Z log p log ¢
- s _ 1 s
= e -1~ 14
Llg> £Llg*>

1
Furthermore, note that ¢ > 0 — (log¢)t~7 is decreasing for ¢t > evo. Thus,
1

if X >ev0,as o0 —op > 0, we have

1 g —0
Z log ¢ < logX Z _ max{logX,U—o} q° " ;
g |t i R
qOO

L
whereas, if X < e?0, we have

log ¢ log ¢ log ¢ 1 1
Y| < ot X S toxm g
>X 1 L llg>

ilea £>e?0 X<t<Le0

g™ L|g>

2 q° o0 2 max{log X, 00} q° =0
00X Po—g0(q) B X0 Po—00(q)
whence the result. O

)

Lemma 5.3. Let ¢ € Z~o. For any X > 1 we have the following estimation

[(Z 8)m(3)-

<t
£lg>
q° / log(p) * R (X, 5, JO) q7 %
c(s)log X +c'(s) —c(s) > +0 < ,
¢s(q) < qu: p*—1 X7 ooy(q)
where ¢'(s) is the derivate of c(s) = 1_52711_5 with respect to s and

R3(X;s,00) = 27°log2

(15) + 290 <|c(s) log X +d(s)| + |C(8)|(5(§,0‘0) max {log<)2(), 010}>.
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Proof. Suppose first that s # 1. By Fubini’s theorem, we derive

[z 8)es(T)7

%gifgt llg>
20
(16) => - / <
<X
f\q‘*’

By Lemma (i), we have

= i) ()5

min{2¢,X} dt
) (i)

<X

)i X i (7))

<0<X
ﬁlq""

20
7 / log (2

f<€<X f<E<X
L)g™> fg>
log2 log( )200 7770
(17) < Z < - .
Po-00(4)
7<£
Ao

On the other hand, by observing that ¢/(s) = 5 (—

using Lemma we have

c(s) +log(2)2'~*) and

i es(F) =i

<3 <X

£lg> £lg>

- Z d(s) + c(s) log (%) s

= e =
s ws(a)
<X

(18)

—c(s o) 1-s og (£
(s) + log(2)2 gsl_ﬁc(s)lfs(_f))

(s =1)

(C(S) log X +¢(s) —c(s) ) l0g(10)>

p*—1
plg

+O*<!C(S)10gX+C’(S)I+|C(8)|5(§,Uo)max{log(§)aJO} q7

()"

=log2, d(1) =

Finally, if s = 1, as ¢(1)

Sif (7)) -2

<3 £)g™
€lg> <3
g,

X

<X

d(1) +

Po—00(q) ) '

log?(2 .
—OgT(), we derive

= () 22

c(1) log (%)

g )

so that the estimation holds for any s with Rs = 0 > g9 > 0. The

result is concluded by adding (17)) to

h = Kq(s)Id'™* - log +Ka(s)Id ™%, H =

). O
Proof of Theorem Let K1, K> :

C — C be any two functions. Let

Id*~! . log, ¢ : neZHwand
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[ =1 g=113- Then, by Lemma and Lemma
1 n
!
H'(t) — 7 Zgl(n)h (;)
n<t
14+ (s—1)logt Ki(s —1)nHl t Ks(s —1)ntt
_ ( ) g+ 1()2( ) log<>— 2()2( )

t2—s t2_5
n<t

_ Lt (s—Dlogt | Ki(s) (C(s)log(t) + C'(s)) —

ths ths
(19)

+ o ( (1K1 (s) + Ulafz(fQ(S)l)(G + \8\)) .
By selecting
s—1
C(s)’
the main term in vanishes.

Moreover, by Lemma (7i), we have fxg = %. Therefore, by Lemma
(7i7) and Theorem we obtain

T i (2) (3 1) o))

(20) Ki(s) =

n<X, Lau<t
(n7Q):1 Z|q°°
(21)
X X K K
cx M, (t) O*<<\ ORLL QA rs>> "

The first integral above can be handled with the help of Lemma Like-
wise, we can handle the second integral by recalling estimation . Hence

> *ﬁ?log <f) — LK (s) <c(s) log X +(s) —c(s) Y logp >

S

X, ©s(q) el il
(n,q)=1
(22)
q° «f Ra(X5q,8) | Rs(X;s,00) 7 °°
+ws(Q)K2(8)C(S)+O< Xo T Xw soa—ao(q)>’
where
X s o DNCESE
R = [ (X) or (L Lol 112D,
s)|+o s))(o + s X
:O*((lKl( )|+ |i(22( (o + | |)/1 |mq(t)|dt)
s))((o+ |s — s ols — '(s X
(9) = (N = IO ol MICTD [, 1

Note that allows us to define Z(s) as in the statement.
Moreover, on recalling the definition of Ra(X;q,s) and R3(X;q,s),

(24)  Rs(X;s,00) = [Ka(s)c(s)C(s) | Ra(X5 5, 00) + [K1(s)|R3(X; 8, 00)-
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Now, by Eq. (20), we immediately check that —Kj(s)c(s) = ((s)~!. Fur-
thermore, by writing ¢(s) = %, we observe that

_m@w@HJQ@dg—Céd$ﬁﬂ@—ff?—a2§@)
C(s) — (s =1)C'(s) 1 _ (s
BT e O

and that R5(X;s,00) < Ea2(X;s,00), where, by recalling (9) and (5],

270 (log X + (5, 00) max {log(5). 3 })

=) = o)
2 log@ls 1| | ) 1 )
-2 2 e oD )
o oo | €08+ (5 = DC(s)
2 EE T oD | T (s

The result is concluded by noticing and bounding Rs5(X;s,00) by
EQ(X;S,O'()) in .

U
6. AUXILIARIES ON my
By [17, Prop. 5.15], we have, for any X > 1 and g € Zg>o,
2 1 00144 ¢°1
= n pi@ VX pelg)  log
(n,g)=1
where § =1 — ﬁgﬂ)' This is based on [I7, Lemma 5.10]. When ¢ = 2, we

have [17, Eq. (5.79) and (5.89)] at our disposal, namely

/3
ma(X)] <4/ 5 if 0 < X <102

27 ma(X)| < 0'0296, if X > 5379,
log X

Following the proof of [I7, Prop. 5.15], we readily deduce from the above
that, when (¢,2) =1 and with { =1 — we have, for any X > 0,

Z w(n)
n<X n
(n,2¢)=1

1
12log 10°
_ V34 1 0.0296¢° Txigr2

2%) T e@ VX wela) log X

We now extend the second one to every q.
Lemma 6.1. For any q € Z~g and X > 0, we have

3 pn)| _ 90(9)va v2 | 0-0144 91(9)q° L x> 1012
n

= p1(e) VX we(a) log X’
(n,2q)=1

1
2

the multiplicative functions go and g1 being defined in .
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The value at small values of the parameter X are often of crucial impact
while the slight worsening of the second term has much less effect.

Proof. We may assume q to be squarefree. When ¢ is odd, this is a slight
degrading of . When ¢ is even, this is a consequence of since
0.0144 g1 (2) > 0.0296. O

7. THE INTEGRAL OF |my|
Let us first recall 27, Lemma 7.1].

Lemma 7.1. Let A > e be a given parameter. The function
logy (Y dt
Yy Ja @
is first increasing and then decreasing. It reaches its maximum at yo(A)
where yo(A) is the unique solution of y = (logy — 1) f;{ dt/logt. Moreover

we have T(yo(A)) = (log yo(A))/ (1og yo(4) — 1),
With the results of Section [6] at hand, we derive the following result.

T:y—

Lemma 7.2. For any X > 1 and q € Zy~0, we have

* 3
0.0149 X1
/ Imyq(t)]dt < g1(0)q le)l(o12 N gO(QM\/ﬁ,
! we(q) og 1@

where the multiplicative functions go and g1 are defined in .
Proof. We distinguish two cases. If X < 10'2, then by Lemma we have

. xf V2, _90(0)va
/1 |mq(t)\dt< / 2t < o 1V3X.

On the other hand, we first use the following Pari/GP script

g(y)=(log(y)-1)*intnum(t=10"(12), y, 1/log(t));
solve(y=10"12, 10716, g(y)-y),

which tells us that the value y(10'?) defined in Lemma corresponds to
yo(101%) = 1365396548134370.8 - - - . We have T(yo(10'2) < 1.03. Therefore

X g(a)va [* V2 1(g)g¢ (% 0.0144
[ o < & oty / ae 2L [ S
( 90(0)\/a 0.0149 ¢1(q)¢* X
~ vul9) VAKX + ve(q)  log X’

whence the result. O

8. ESTIMATES FOR s =0 > 1

In this section, we specialize Theorem [I.5] and Theorem [1.6] to the case
Rs =0 =1+¢€ >0 and we derive explicit bounds It may be necessary for
some bounds in this section to first assume o > 1 and then let o tend to 17.
In order to do that, we need first a series of analytic estimations.
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Analytic estimates.

Lemma 8.1. Let ¢ > 0 and (1 4 ¢) = =2—. Then, we have

1 e
) - < ((1 <—
() Lecute <
(i4) 1 < 1 < 2¢
i

log2 " ¢(l4+¢) log2’

1 log 2 1
log2 4 X 1
(7i7) og —|—€<2€_1<5

Proof. (i). The upper bound is found in [28, Lemma 5.4]. With respect to
the lower bound, for 0 =1+ ¢ > 1, we have

(29) g(a):a/lmtg[ﬂldt: d —a/lootgi}ldt

oc—1
o 1 —{t} 1
= -1 dt > .
o—1 + 0/1 o+l o—1
In order to prove (ii), observe that
€ 1 _ 2—6
£ < / 27 tdt = <e.
2¢ 0 log 2
Thereupon, we derive (iii) by observing that
1 1 1-27°¢ 1 log 2 1
— —1 2 - — = —.
c < € € g2¢ 22-1 ¢
U
Lemma 8.2. Lete >0 and C(1+¢)=(1—2"°)((1+¢). Then, we have
_ 1 1 (1 +¢) 1 1
-t S A ,
(3) €+2(1+€)2 C(1+¢) 5+ 1+¢
1 2\° 1 2¢
¥ 1 — — < <
@t (o) (&) <caro < g
1 C'(1+e¢) 1
—log2 + — << 2 .
(i) 8ct Aoy Ol +2) 1+

Proof. Let o > 1. By [9], we have

Co) 11

30 > — —.

(30) ¢(o) o—1 202

On the other hand, upon multypling by (¢ — 1), we may differentiate
with respect to o and obtain

> {t}logt
tU-H

(o) + (0 —1)¢(0) =1 - (20— 1) /100 Wt s oo 1)

Therefore, as 20 — 1 > 0,

dt.
1

> logt -1
o)+ (0 -1C(0)<1+o(c—1) | 2lgt=1+T"=
1 to+1 o
so that, by Lemma [8.1] (7),
¢'(o) 1 20 — 1 1 1

C(o) <_U—1+a(0—1)C(U) <_<7—1+2_E7
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whence (7). With respect to (iz), observe that, by definition and with the
help of Lemma [8.1] (i), (iii), we have
1 20—1 1 20—1
o<l 2 (_1 + > < = 1 )
Tog 2 (0 —1log2/ ¢(o) Clo) (2771 =1)((0)
1 20'71 2071

Clo) ~ @ T =1)((0) ~ log@)(o — 1)<(0)’

The estimation is the derived by using Lemma (7). Finally, again by
definition,

1

C'(o)  log2 +C’(a)

Clo) 2271 =1 " ((o)
Thus, by (i) and Lemma [8.1] (i4), (i), we derive (iii). O

Proof of Theorem Part 1. Theorem witho =14¢, 09 = % +e
gives us

p(n) _ mq(X) _ q'te 1
ntte X (@) ((1+e)

n<X,
(n7Q):1

1 X c(l+e)| +2Y2+e(1 + ¢
< 1+€/ |mq(t)|dt—|—| (1+¢)] (1 ) Vi
c(1+e)C(L+ )| X Jy le(1+e)C(1+e)[ X2t ¥1(9)
where e(1+¢) = 27°(1 + 2" !elog 2) log 2. Further, by Lemma we have
1 g2°
<
lc(1+¢e)¢(1+¢)] ~ log2
le(1+€)| +22Fe(1 +¢)
le(1+€)C(1+¢)|
Now, by using Lemma we conclude that
p(n) _ mq(X> q1+6 1 4 5Aq(X7 €)

(31)

< e(1+22%5(1 4227 'log 2))

Sonlte T X D@ (e XE
(n,g)=1
where
A(X.2)| < 0.0149 2° 91(q) ¢° Lx 1012
q 9 =

log 2 ©e(q)log X

25
+ <1 4 2355(1 4+ e25 og2) + ﬁgow)) Va
o

log 2 (VX'

1
2

We further simplify this bound into

(Q) qg ]lX21012

1A,(X, )| < 0.02157

pe(q)log X
V8 1 1 Va o2
+ 9o(q) +1+22(1+£2° "log?2 ,
<10g2 (@ ( ) e vx
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that is,

1(9) ¢° Lxsi02
ve(q) log X

(32) |A,(X,e)| < 0.02157

25
+ (4.09 go(q) +2.42 4 0.50£2°) Vi

from which the statement of the theorem follows.

The inequality X7 'm, (X, o) > m,(X) follows by expanding X°1m(X, o)
in Taylor series as in the proof of Theorem and in using inequality .
This readily implies that Ay (X,e)/X® > —q/¢(q).

The bounds for Ay(X,¢) are dealt with in Section [9] O

Proof of Theorem By using Theorem witho =1+¢, 0p = % +e€
and writing Z5(X;e) = Z2(X;14¢, 5 +¢), we obtain

1+e log X (1 1 1
g(X:1 4 2) =2 <C0g ¢(+e) Zp ogp >

i) \C(1+e) C(l+e) ((1+e) Capte—1
. [(Eile) [* E2(X5e) V4
(33) + 0 <X1+8/1 (B + =25 %(q)).

Concerning = (¢), we may reduce it to

(1+26)C(1+¢) +ee HO' (1 +¢)|
(14+e)C(1+¢)? '

(1]

1(e) =

Therefore Lemma [7.2] gives us

Ite log X "1 1 1
ig(X;14¢) = q < og ((1+¢) Z ogp )

pree(@) \C(1+¢)  3(1+e) ¢(1+¢) " ptte —1
. [ 0.0149¢1(9)g* L x> 1012 (V8g0(0)E9(e) + E2(X;€),/q
+0 € ‘:1(5) + 1
gOg(q)X 10gX (P;(Q)X§+£
2

Ase < @, we may use Lemma (11), (ii1) and obtain

o< (52 0+
P =1 4900 +e)| " (1+e)C1 +¢)?
2°(1 + 2¢) 2°¢ 1 1
29— log2—
“(1+¢)log2 (1—|—e)log2max{ 1+e°® 2(1—|—6)2}

2¢ 1 \?

4y = 2 _

(34) log 2 < 1+5) ’

where we have used that 2 —log2 > 1 > 17}%5 - m

On the other hand, we can bound Z5(X; 1+¢, 3 +¢) = Z2(X; €) by noticing

that, as X > 15 and € € (0, 3], max {1og (%) , lis} = log (%) < log X.
2
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Thus
|:2(X.E)|<2%+ElogX+ 93+e ‘C’(l—i—e)_l_(’(l—i—s)
T KA+ KA+ [C+e) e ((1+e)
. 23 Jog 2 . 93¢ C” +e) 1
\(1+5)C(1+5 [C(1+¢e)||C(1+e) =
1 eC'(1+¢)
22+¢
(35) e |01+ |' Cl+e) |’

where e(1 4 ¢) = log 2 + 25~ log?(2)e. In order to further estimate (35)), by
recalling the definition of C'(1 + ) and on using Lemma (ti1), we have

C'(1+¢e) 1 {J(1+e) log2 1
- _ = — —| < log?2.
(36) ’C(l—l—s) s ixe)| o1 T es
Also, by (36 and Lemma() we have
C”(1+£)_1 | leg2 1 {(1+¢) log2 1 ((1+¢)
C(l+e) e |22-1 e ((1+¢) 2 -1 ¢ ((1+¢)
1

where we have used that 2 < % + 1%_6 So, by Lemma (7i1), we have

eC'(1+¢) 1 1
1+ ————7"|< |1 2— —— log2 — ——
' Tt e AT T T e
38 =142 —
(38) +2 -
where we have used that 2 —log2 > —. Subsequently, by using Lemma

(i) and Lemma [8.2] (i) and puttlng (6], (1), (37) and (38) together
with , we obtain

(39) |Za(X;e)[27F <23 log X + £22 log 2 + 22 (1 +elog2— 2(1€+€)Q>
28 log 2
(40) peontepoate(1 452 8N (1 4o ©
2 1+¢
(41) <2.93 + 2.83clog X + 5.17¢
where, in the last line, we have used € < 1/10. O

9. BOUNDING A4(X,e) FROM ABOVE
Let us first notice that

N X/n ql—i—s X¢
(42) =2 (g (I +e)

n<X
(n,q)=1
Our aim in this section is to examine this quantity algorithmically for small
values of the parameters X and ¢ and varying ¢ € [0,1]. Let us notice
that when ¢ is squarefree, if ¢'|¢g and the only prime factors of ¢/q’ are
(strictly) larger than X, then Ay (X,e) < Ay (X, ¢€), so that we may restrict
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our attention, while bounding A,(X,¢) from above, to values ¢ that only
have their prime factors below X.

Discretising in . Let us start with a (rough) bound for the derivative of
Aq(X,e) with respect to e.

Lemma 9.1. For any X > 1, € € [0,1] and q € Z~¢, we have the following
imequalities

p(g) d Ay(X,e) logp 1
il o X
L G X SlsXH) ey
plq

142 plg) d A(X,0)
e(l14+¢e)¢(1+e) = ¢ de X&=
Proof. By definition,

—log X —

wpy M) XmX1te)-my(X) gt 1
X e X¢ 14c(q) e ¢(1 +¢)
Notice that
Xemy(X,14+¢e)—m X/n)
6 Z
n<X
(n,q)=1
k—1
€ p(n), (X
44 = —_— 1 — .
) Yo X A (]
- (n,g)=1
By Lemma is non-negative and upper bounded by
1 g q
(45) k——logh }(X) = ——X°,
; k() o(q)

Moreover, the derivative of the expression (44)) with respect to e is

(E=1)h2  pld), (X
Z k! Z d log FA
k>2 <X
(d,g)=1
which, again by Lemma [3.2] is non-negative and bounded from above by

(k—1)e*2 ¢ oo 1(x) = 4 xe10
,; (k—1)! sO(CJ)lg (X)—sO(Q)Xng'

We then conclude that

% (Xsmq(X,tJ;(i)—mq(X)> c [0

log X] ~log(X) [0, q}

_q
) ©(q)

(46) © [_w(q) so(qq) tog X} '

On the other hand, by recalling , and using the chain rule, we obtain
1+e

d ¢ g T log p
de p14(q) ©14(q) _ ptte —1

log X,
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Further, thanks to Lemma (1), we compute that
(1
d( 1 )_i+§§11§)) [ 1 142 }
de \eC(1+¢))  eC(1+¢) 2e(1+¢e)2¢(1+¢e) e(1+e)(1+¢)]|

Therefore, we have

1 1, ¢'(1+e)
d ( gite 1 ) gite 2 plg pli%gl - (5 - C(1+8)>

de \ (@) eC(T+2)) ~ pr14e(q) eC(1+¢)

q'te B 1+ 2¢ Z logp
©14¢(q) e(1+e)¢(1+¢)’ i e 1 2(14¢e)%¢(1+¢)

where we have used that 1 < e((1+¢), by Lemma (7). Finally, by using

1+e .
that @f+s(q) < ﬁ and putting and together, we conclude the

result. O

47 €

Proof of Theorem [1.2l Part 2.

Discretising in X. For any positive integer NV, we have

AKX my(N1te)
N<X<N+1  X¢ £
1 —mg(N) —mgy(N L+e 1
L () a0y |
3 Ne (N + 1) v1+e(q) eC(1 +¢€)
the maximum depending or whether or not mg(N) > 0.
Further, at € = 0, we have

(48)

A.0) = lim A = Lm0+~ tm
= [XEg(X, 1+ €)|emo — %
- % e (a)
(d,g)=1
= (X = Ly (XD 1og ().

Algorithm. The points N enable us to build a Pari/GP script to determine
whether A, (X,e) <0 for all ¢ € [0,1] and X < X for some Xy > 0. Let
g = 0and N =1.
(1) Suppose initially that X € [N, N + 1).
(2) Determine a uniform upper bound M for the derivative with respect
to £ of X °A,(X, ) via Lemma [9.1] for ¢ € [0, 1].
(3) Compute mq(N) and my(N).

(4) Compute the maximum ¢y of my(N) — ﬁ and my(N) — ﬁ +

mq(N)log (231), depending on whether or not mgq(N) > 0.
(5) It tg > 0, exit with value FAIL.
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(6) If ty < 0, set e = g9 — to/M = —to/M. Indeed, by the mean value
theorem, for any * € [eg,e1], Ag(X, )X < Mey 4+t <0, so
Ay (X, [e0,¢€1]) <O0.
(7) Continue until g, > 1:
(a) Compute tj, = maxny<x<n+1Dq(X,er) X % using .
(b) If tx, > 0, exit with value FAIL.
(c) If tx <0, set exp1 = e — /M.

(8) Replace N by N + 1.

This algorithm works when the values of A,(X, ¢) denoted by tj, are negative
and far enough from 0. Nonetheless, it fails at ¢ = 1 several times because,
in fact, A1(X,0) > 0 often. Moreover, for such values of X, while trying to
bootstrap the algorithm at a latter value of €, we see that A;(X, ) remains
non-negative whenever ¢ € [0, 1]. O

APPENDIX A. A CLASSICAL INEQUALITY FOR THE PRIMES
We shall prove Lemma which follows thanks to Lemma by using
a similar approach to that of Theorem
A
Lemma A.1. Pour X > 1, on a Z (—n) <log X.
n
n<X

An integral identity. Define
120 {t - {y)?

t t > 0.
a(t) ; 2 >
On one hand, we have
2
(49) ﬁanl—i—a(X), X >0.
n<X

On the other hand, « is precisely the right derivate of the function

o =y

P t

over (0, 00).

Let ¢ :]0,00[— R be a locally integrable function that vanishes in a
neighbourhood of 0. Then the function Sy, defined over (0, c0) as

S1pz) = 3 pla/n) (x> 0),

satisfies the same conditions as ¢.

Lemma A.2. On considering the above conditions, we have

X a2 [X X X\ dt
[ o= [ s [wwa(F)m x>0
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Proof. Thanks to (49) and by Fubini’s theorem, we have

[ swvae [ (S5 [ (2

n

:Zn/ofgo(t)dt:/oan(t)( n)dt

n<

5 o)

[

Analysis on two functions. Recall the definitions of a and 5. We may
visualize as follows: the function g is red colored, and its right derivate, the
function « is blue colored.

1.04
0.8
0.6
0.4

0.2

N \N NN NN

—-0.41

By setting ¢t = {z} € [0, 1), we have over any interval [k, k + 1), k € Z~o,
that

o2t
N x Otk
_1-2{z} fa}—{e}? 1-2t t-¢°

alw) x x2 T t4+k (t+ k)2

Blx)

Hence
2 _ 2 _ 2 2
a(x) =(t+k)(1—-2t)+t"—t=k"+k—(t+ k)"

Moreover, by defining ¢, = k2 + k — k, which is a real number between
0 and 1/2, we derive

alz) >0, f0<t<ty ; oalr)<0, iftpz<t<l.
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On the other hand, observe that

| la@ == [Caten
k+ty, € ty t+

BRI
B [t+k

dt
— , 5(t+ k)(t—i—k)z

tg

ty —t2 1 dt
AR

where
1 1
dt
—|—/ 1—2t)————
B AT

L o dt t—t?
(t—1t°) 3= 5
4 (t+k) 2(t + k) X
ty — 2 _[1—275 ! _/1 dt
C2k(k+1) (20t k)|, Ji, t+k
ty — t2 1 1-2 1 1
bk + b log<1—|—>.

T %k 2kt 2VEGh D) 2

Thus,

k+1 dx ty —t2 1— 2t 1 1 1
alz)] — = - +-log(1+—- ) — .
/ka )] v 2k(k+1) 2/k(k+1) 2 g( k:) 2(k+1)
Now,

ty — t7 1-2t,  Vk(k+1)—k—k(k+1) — k*+ 2k \/k(k + 1)

2k(k+1) 2 /k(k+1) 2k(k+1)
1—2k(k+1)+2k
k(k + 1)
_ @k DVEGR+D) L 2k+1 —o.
2k(k + 1) 2/k(k + 1)
Therefore,

k+1 dr 1 1 1
> Zloel14+2 ) =
/m @l 7 =3 °g< *k) D)’

and we deduce that

2 [ 0@ Lo og(1 )

We have just proved the following lemma.

o0 1 _
Lemma A.3. We have / (@) Loyay<o d—m = TW
1 x
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The reader should compare the above equality with the following
o0 dx B(x)|> o0 dx o0 5. dx
[Ta@Z = |2 " [0 = [T - oG

B {x} — {z}?|™ o dr 1
__[W1 +/1 (1—2{33})@—’7—*7

2
which for instance follows from de [3, Eq. (10)].

Integrating the Stirling formula. Consider the Stirling formula in the
version given in [3, p.17]

1
Zlogn =tlogt —t+ <2 - {t}> logt+ 01 +¢€01(t), t>0,

n<t
where

du log 27
2 )

Yo,1 = 1+/ ({u} - 1/2)
oal) = [ (/2 ) 2

t
For any X > 0, we then have

/ (Zlogn)

n<t

X X 1 X
(50) / (tlogt —t)dt + / <2 — {t}) logtdt + 01X + / 5071(t) dt.
0 0 0

We shall calculate the above three integrals. The first integral satisifies

X 2
X
/ (tlogt—t)dtz(logX—3), X >0.
. 2 2

As for the second integral in , it may be expressed as

X1 171 X1
/ <—{t}>logtdt:/ <—t>logtdt+/ <—{t}>10gtdt,
0o \2 0o \2 1 \2
where
1
/(—t)logtdt:[
0o \2

Finally, the third integral in ) may be written as

X *r1 (X} - {x}?
/0 cox(t) dt = Xzo1(X) + /0 (2 - {t}) dt = Xeop(x) + L

Y1t 1
—dt

log t

Subsequently,

/ (Zlogn) dt = <logX - ;’)

n<t

X
+70,1X+/1 (;—{t}) logtdt—i+X5071(X)+{X}_2{X}2'
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Proof of Lemma Apply Lemma to the following function
o(X) = 0(X) = Y A), X >0

n<X

Thus, for any X > 0,

/wt2 X?/S””dt/‘” <)d?
) S A (_):;/Ox(nz;ogn)dt_/o)wa(j)j;

so that

n<X
Hence, by putting into , we obtain
A
Z Aln) =log X + f(X),
n<X n
where

X

2 (X1 12 X} —{X}?
(53) +X2/ (2—{t}>logtdt—2X2+ EO’;(( ) 4 }X2{ )

In order to conclude the result, we just need to show that f(X) < 0 for
any X > 1. Observe first that

Nl
leo,1(X)] < 8X [3) p.17],

X
1 log X
/ (2 - {t}> logtdt < Oi , from the second mean value theorem.
1

Thus, for any X > 1,
2 2 [X/1 1 2 X X2
7°1+/ <2—{t}>logtdt— 1 2e0a(X) | 41X} - (X}

X X2 oxz T T X X2
2701 | log X
4 < 20, .
(54) =y tuxe

On the other hand, for the terms appearing in that involve the func-
tion 1, we are going to use Hanson’s inequality [15], namely

(55) W(X) < Xlog3, X >1.

o8 [ (e
< (log3) /O a(f) dt

ﬂa(X/t)<o7
(56) (03) [ ()] Laguyeo - = T3 52,

Thereupon, we observe that

du (1 —7)log3
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thanks to Lemma All in all, by putting , and together,
and recalling the definition , we deduce the following inequality

3 (1—7v)log3 2y1 logX
X) <1 - = d =g(X X > 1.
Moreover, we have
1 log(2 log X
g/(X) — o Og( 7T) . 0g < 07 X > 1’

4X3 X2 4X3
so that g is strictly decreasing in [1,00). Since ¢g(12) = —0.011679..., we
derive

F(X) < g(X) < 0,X > 12,

Finally, it is sufficient to see that

A
Zﬂglog)(, 1< X <12,
n

n<X

which is indeed true for X = 2,3,4,5,7,8,9,11. (]

If we used an inequality of the form 1 (X) < aX instead of Hanson’s,
we would have obtained Lemma for X > Xq(a), for some Xo(a) > 0,
provided that

a<i:1.23824... .
3—7
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