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Introduction

In these notes, we are interested in the number of prime factors of two se-
quences of integers and more precisely, we aim at giving an upper bound of
this number by using the weighted sieve. In the first example, we will con-
sider the integers p 4+ 2 when p is a prime number; as of today, the problem
of prime twins (”there is infinitely many primes p such that p + 2 is prime”)
remains a mystery. Nevertheless, we have some ideas about the quantity of
prime twins: they are, in some sense, rare: Viggo Brun (1882-1978) proved
that the sum of the reciprocals of twin primes is convergent or finite which
is in contrast with the fact that the sum of the reciprocals over all prime
numbers is divergent.

Let {a,}n>1 be a sequence of (positive) integers. We look at the set
E(z) :={n < z|w(a,) <1} (x positive real number) of integers a,, such that
a, has at most o prime factors for some positive integer ro (and n < z).
The general problem is to determine an admissible value of ry such that
#{n > 2lw(a,) < ro} = 4oo0. The best result in this direction for the
sequence {p+2},>2 is due to J.-R. Chen (Sci. Sinica, 1973) with ro = 2. For
the sequence {n(n + 2)},>; (which is our second application of the weighted
sieve) the best result is attributed to Rényi with the integer ro = 5. We will
further prove a lower bound of the cardinality of F(z); the boundedness of the
weights in the weighted sieve will allow us to obtain such a result. Moreover,
we refine our results by showing that we can assume p + 2 (respectively
n(n + 2)) to have no prime factor less than a small power of p (respectively
n), which we explicitly determine.
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Chapter 1

Sieve method /principle of the
proof

1.1 Method

We define first the object that we are going to study:

Definition 1. A sieve is by definition given by the datas (N, P,{Q,},),
where:

(a) N is a set of integers,

(b) P is a set of prime numbers,

(c) for allp € P, , is a set of residue modulo p.

The set we want to study is
M ={neNn modp¢Q,VpeP}

In many cases, we take N to be {M < n < M + N} an interval of length
N, or {p < N} the set of prime numbers less than N, or { f(n)|n < N}, where
f is a polynomial. For instance, in the case N'=[1, N], P = {p < VN + 2}
and Q, = {—2,0}, Nj is the set of prime twins in |[v/N + 2, N|.

The fundamental problem is to obtain an estimation of |[Np|. Let A\; =1
and A\g (d > 2) be arbitrary real numbers. The first form of the Selberg sieve,
called the simplest Selberg upper bound sieve method (see for instance [2]),
derives from the inequality

Y1y (X))

neNy neN v|n
v|P(y)
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where P(y) = [[pep p for some parameter y (for when n € Ny, v = 1 is the
p<y
only divisor appearing on the right and it makes a contribution 1 since \; = 1;

while all the other terms on the right hand side, namely whose associated
with n € Ny, (n, P(y)) > 1, are non-negative, the \,’s being real). Using
this method, we can show for instance that:

x
Yol -
o log” x
p+2 prime
To do so, we take N' = {n(n + 2)|n < z} and Q, = {0, =2} for every prime
number p; then, Ny = {p < z|p + 2 prime} and:

Zl<z< Z A) + z.

peEND n<z  d|n(n+2)
d<z
In this paper, we consider a stronger form of the Selberg sieve which allows
us to get better informations about the set Njy. In order to do so, we look at

the sum
=3 (S (50

neN vin
d<y v<z

where a, and A\, are bounded real numbers, that vanish for large values of d
and v, namely when d > y and v > z, where y and z are parameters which
will be some powers of x. Here we will be able to get a lower bound for the
cardinality of a set ”close” of N, say Np; for instance, we will establish that

~ x
No > ——,
log® x

where A is in this case the set of primes not more than z such that p + 2
has at more four prime factors.

On expanding the sum S, a new set appears: for each positive integer
d, we define the set Ny = {n € Nin =0 [d]} of elements of N divisible by
d. For sieve problems, we hope to find a multiplicative function f so that
1/f approximates the proportion of elements of AN/ divisible by d. Then, we
define a remainder term R4 by:

Wi
f(d)
Furthermore, we will use the multiplicative function f; which is equal to the

convolution product f x . The strongest form of the Selberg sieve, which
can be found in [1], is:

|Nd| = + Ry.
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Theorem 1. We have

S= NS +0( 32 (X laal) (32 A Rul)
d|

m<yz? vim
d<y v<z

where
_ p(m) aq A )
°=¥ ¥ o i > ) (1)
(m,d)=1 r<z/m
and
A
G = p(r) fr(r) . (1.2)
2 For)

We note here that we can also express the A, in terms of the coefficients
(,, thanks to the Mobius inversion formula:
2 (rv)
fi(rv)

A = p(w)f(v) Cro-

In our applications, we will always take the same sequence of functions
(of the variable z) {(,},>1: ¢ = (; when r is a squarefree integer not more
than z and (, = 0 otherwise. We prove in Lemma 12 that in this case the
weights A, are bounded in absolute value by |A4].

Now, let us explain the principle of the proof of the estimation of |A70|.
Firstly, we choose the sequence {aq}q>1 as a; = b, where b is a positive real
number, and aq = 0 either. In a second step, we take a, = —1 when p € P
is less than y, and ay = 0 either. Our goal is to get:

3 [b— 3 1] (ZAV)Q ~ K (b,y, ) (1.3)

neN pln vln

pIP(y) v<z
for some function K which tends to infinity when y and z goes to infinity;
the sizes of y and z (relative to the size of N) are choosen at the end of
the proof in order to make the function K positive. We will conclude that

b—> pn 1>01ie > pn 1< |b] for many integers n € N.
plP(y) pP(y)

1.2 Aims

In these notes, we give two applications of the Selberg sieve. The first of them
deals with the set of prime numbers and more precisely about the number of
prime factors of p + 2.
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Theorem 2 (Upper bound for w(p + 2)). There are infinitely many primes
p such that p + 2 has at most four prime factors.

The other one is on the set of integers; in this case, we aim at giving an
upper bound of the number of prime factors of n(n + 2).

Theorem 3 (Upper bound for w(n(n +2))). There are infinitely many pos-
itive integers n such that n(n + 2) has at most siz prime factors.

In fact, we will see that we can ”forget” the smaller prime factors. For
a positive real number a, we define the set P, of integers n satisfying the
following property: "the prime factors of n + 2 are bigger than n®”. Then,
we can state the next result:

Theorem 4. For a = 1/17, we have:

X

#{p <zwlwp+2) <4, pePu}> 3 -
log” x

Analogously, let Q. be the set of integers n satisfying the following prop-
erty: “the prime factors of n(n + 2) are bigger than n*”. Hence, we have:

Theorem 5. Fora' = 1/17, we have:

x
#{n <zlwn(n+2)) <6, n€ Qu} > ——.
log” x
In order to control the remainder term of S in Theorem 2, we need the
Bombieri-Vinogradov Theorem.

Theorem 6 (Bombieri-Vinogradov (1965)). For all A > 0, there is a con-
stant B = B(A) > 0 such that

Li
Z max max | m(y;q,a) — M <4 z(logz) .
q<z1/2(logz)—B y<z (a,q)=1 ¢(q)

The proofs of these Theorems bear signifiant similarities; in particular,
they are both based on a series of four very similar technical lemmas. In
order to achieve these goals and to lighten the proofs, we shall establish in
the following chapter some essential estimates.



Chapter 2

Lemmas

We order into two sections the two applications that we were talking about.

2.1 On the sequence {p+2},>9

In our first application of the Selberg sieve, we consider the set of integers
N = {p+2|p <z}, where z is a positive real number greater than 2. Here,
Na={p+2|p=-2[d], p<ax}. The Prime Number Theorem in arithmetic
progression gives us |[Ny| ~ Li(x)/¢(d) (when z goes to infinity), when d is
an odd integer. Moreover, Vo = {4} and N5 = ) for every integer § > 2.
Then, the function f (defined on odds integers) in the sieve will be the Euler
totient function ¢ (if we want to define f on even integers, we ask f(2k) = oo
for all k > 1).

About the function ¢,

We have ¢1(2) = oo and ¢1(p) = p — 2 when p > 2. First and foremost, it is
required to know an estimation of the sums

p*(m)

¢1(m)’

m<z
m=1[2]

called G(z). It is the object of the next lemma.

Lemma 1. There are two numerical constants oy > 0 and oy such that, for
every z > 0, we have:

G(2) = aylog z + ay + O(z713).

11
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Proof. We prove this first asymptotic result by using the method of convolu-
tion. For it, we want to write the multiplicative function, say h, defined by
h(n) = 0 when n is an even integer and h(n) = p?(n)/fi(n) when n is odd,
as a convolution product. Clearly, h is given by h(2) =0, h(p) = 1/(p — 2)
when p is an odd prime number, and h(p”) = 0 when v > 2 and p is a prime
number. The Dirichlet series of h is defined by:

D(h, s) = Z%.

Since h is a multiplicative function, we can give the formal Euler product of

D(f,s):

D(h,s):H(Zh@k)) :g(um) (2.1)

ks
p>2 k20 P

We want to compare this Euler product to a Zéta function in order to obtain
a new product with a lower abscissa of absolute convergence. We note that
the expansion (2.1) looks like ((s+1) as an Euler product. Then, we compare
D(h, s) with the function (s + 1); let us consider C(s) = D(h,s)/{(s + 1).

We have:
e = (1= 5m) TN+ =) (1 )

- (1 - 2_1+1> 1:[3 <1 - g)ps“ (- 21)192”1)

p=

where the product is absolutely convergent for 2R(s) > —1/2. Let f and g
be the multiplicative functions whose Dirichlet series are respectively C' and
((s+ 1) (in particular, f is defined by f(n) = 1/n, for every n > 1). Now,
we have h = f x g, and then, on expanding this convolution product, we get:

B0) _ S s g)(m)

m<z ¢1(m) m<z
m=1[2]
=Y YA =S em Y
n<z {m=n m>1 I<z/m

Now, we use the following estimate (see Lemma 10 in Appendix): for every
t>0,

Z% =logt+v+ O3

<t
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where ~ is the Euler’s constant:

G(2) = > gm) (10g(z/m) + 7 + O((/m) /%))

m>1
:(Zg( )) logz + ) — Zg logm—i—@(z’l/?’z|g(m)]m1/3>.
m>1 m=>1
The first sum >, -, g(m)is a (posmve) constant (since the Dirichlet series of

C'is absolutely convergent for o = 0 or because [ 5 (1+1/p(p—2)) < o0),
say aq. Furthermore, we note that the second sum is also a constant:

—Z )logm = C'(0),
m>1

say ao. Lastly we use the fact that the Dirichlet series of C' is absolutely
convergent for R(s) > —1/2. Indeed,

1 2 1
= () IO )
g(m)lm + + +
mZZlH ) 22/3 g (p—2)p**  (p—2)p'/3

which is finite. Then, we can rewrite the remainder term as O(z~'/?) and
the lemma is proved. [

We keep the notations «; and as of the previous lemma until the end
of these notes. This one is essential in our study; we establish now the
estimations which appear naturally in the proof of Theorem 2.

Lemma 2. We have:
u?(m) 1 log log z
¢1(m) 1 + log(z/m) log =

G(z2).
m<z
m=1[2]

Proof. We prove this result by summation by parts; we start with the inte-
gration’s formula:

1 B /m du . 1
1 +log(z/m) J; wu(l4log(z/u))?2 1+logz
which gives us:
p(m) 1 N p(m) [ / " du 1 ]
ou

= ——— +
“— ¢1(m)1+log(z/m) 4= ¢1(m) u(1+1log(z/u))? ' 1+logz
m=1[2] m=1[2]

pim) " du G(2)
= ¢1(m) /1 u(1 + log(z/u))? + 1+ log 2
m=1[2]

[ du G(z)
_/1 (G(z) - G(u))u(l + log(z/u))? T 1+logz
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On appealing to the first lemma, we infer that:

em) ! = Zoz og(z/u w3 ! U
3 G T oty J, (B 00T )
m=1[2]
G(z)
1+logz

Now, we have:
/ log(z/u) d— _/ logt t (_Z>dt
1 u(l+log(z/u))? 1 (T+logt)?z t2

N logt
= ————dt
/1 t(1+logt)?

=log(l +logz) — 1+

! < logl
T logz og log 2.

Moreover,

/Z(’)(ul/3) du < /z du </+ood_u<oo
| u(l+log(z/u))?) = Ji wP(1+log(z/u))® = Ji  wt®

and G(z)/(1 + log z) is negligible in front of (loglogz/logz)G(z). Finally,
since G(z) ~ a1 log z when z goes to infinity, we conclude that:

p*(m)

2~ $1(m) 1+ log(z/m)
m=1[2]

< loglog z

log1
< w(}(2>
log 2z

Lemma 3. We have:
*(m)

L
¢1(m) !

log 2z
08 (1 + log(z/m)) ~ G2)

m<z
m=1[2]

when z goes to infinity.

Proof. As in the proof of Lemma 2, we use summation by parts; we start
with the following integration’s formula:

o ( log =z )_/m du o ( log =z )
& 1 +1log(z/m)’”  J; w(l+log(z/u)) & 1+ logz’
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We have:
2
p=(m) log 2
lo
2 o) 8 T Tog(eym))
m=1[2]

—/1 (6(:) = Gy i:(z/u)) + G(2)log (— 7 — fizgz)

- /12(041 tog(z/u) + O(Ml/s))u(l + IO(ZJZ(Z/U)) + G(z)log (%)

by using Lemma 1. Then,

z 1 z
/ og(z/u) du — / logt 0t
1 u(l+log(z/u) 1 t(1+logt)
=logz — log(1 +log z) ~ log =

when z goes to infinity. Moreover,

z du oo du
13 au
/1 O(u )u(1+10g(z/u)) <</1 ut/3 < 00,

and | a(2)
0g 2 z
log (————) = = O(1).
Gz) Og(1+logz) O(logz) o)
Actually, we obtain:
2
p(m) log 2
lo ~ ailogz ~ G(z
— o1(m) (1 —i—log(z/m)) 1708 (2)
m=1[2]
when 2z goes to infinity. O

Lemma 4. We have:

pe(m) L—ez z
e d1(m) 2 po1

2
m=1[2] p|2m

z/m<p<2z
where €(z) tends to zero when z goes to infinity.
Proof. Firstly, we exchange the summation’s symbol:
2 1 1 2
¢1(m) oo P oyl S ¢1(m)

z/m<p<2z p|2m
m=1[2]

m<z
m=1[2]
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and we deal with the prime number p = 2 separately; the contribution is
G(z) —G(z/2) <« 1.

Now, for the odd prime numbers p, by putting m = pf in the interior sum of
the right hand side term of (2.2), we get (since ¢1(p) = p — 2):

1 p*(m) G(z/p) — G(z/p?)
2 < 2
p—1

= —9)2
2<p<2z 2/p<m<z ¢1(m) 2<p<2z (r=2)
mpE‘T[Q]
log p
<> S < 00
= (p—2)
and the lemma follows readily. ]

2.2 On the sequence {n(n+2)},>;

In the second application, we consider the set of integers N' = {n(n + 2|n <
x}, where x is a positive real number. Here, |Ny| = {n(n + 2)|n(n + 2) =
0 [d], n < x}. The equation n(n +2) = 0 mod p has two solutions when
p is an odd prime number, and only one solution when p = 2. Then N; =
2¢2(d) | 1 /d| where the (additive) function w, counts the number of odd prime
divisors of integers. So, the function f will be defined by f(d) = d/2%2(9.

About the function f;
We have f1(2) =1 and fi1(p) = (p — 2)/2 when p > 2. Then,

_ H2<p|d(p - 2)‘

h(d) Qw2(d)
As in the last subsection, we need an estimation of the sums
(2 (m)
fi(m)’

m<z
called G'(z). This is given by the following lemma.

Lemma 5. There are three numerical constants 31 > 0, By and B3 such that,
for every z > 0, we have:

G'(2) = Bilog’ 2+ Bylog 2 + s + O(=~1/%).
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Proof. We denote by h the multiplicative function 12/ f;. We use the convo-
lution method like in Lemma 1 but we will need here an estimate of the sums
Y n<i d(n)/n (instead of estimate of the sums ) _, 1/n) where the proof of
this can be found in [3]: there is a numerical constant 3 such that for every
t > 0, we have:

1
Z@ Oi ! +2vlogt + B+ O(t~1/3). (2.3)
n<t

The Dirichlet series (as a formal Euler product) of the multiplicative function

h is:
) =TT (ot ™) = (1+ 21> H (1+ zﬁ) (2.4)

p=2 k>0

We note that the expansion (2.4) looks like the (s + 1)?’s expansion as an
Euler product. Then, we compare D(h, s) with the function ((s+ 1)?; let us
consider the function C(s) = D(h,s)/((s + 1)%. We have:

0= (1+5:) (1= ) T+ =) (0 o)

p=

—<1+—1>(1 ! >2H<1+—2 )(1 2 +—1 )
- s - s+1 S _ - s+1 2(s+1
2 2 s -2 p pHet)

—(1+1)(1 1>2H<1+ R LR
- 9s 2s+1 - p”l(p _ 2) p2(3+1) pQSH(p _ 2) p33+2(p _

b=
where this product is absolutely convergent for ®(s) > —1/2. But we know
that a(n)
n
((s)P=) —

As a result, the function ((s 4+ 1) is the Dirichlet series associated to the
multiplicative function, say v, defined by ¢ (n) = d(n)/n. Let g be the
multiplicative function whose Dirichlet series is C'; now, we have h = ¢ x g
and on expanding this convolution product, we obtain:

d(l
) = YW rg)m) = 3 gom) 3 A
n<z m>1 L<z/m
By using estimation (2.3), we get:

= 37 glm) [ log*(/m) + 2y log(zm) + 6+ O((z/m) )

m>1

5)
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and thus:
1
= (Z g(m)) (5 log® z + 2ylog z + 5)
m>1
1
+ Zg( —2ylogm + — log m — (logm)log z)
m>1
1/3 Z |g 1/3
m>1
The sums:
> _g(m), Y g(m)logm = ~C'(0),
m>1 m>1
Z (m)log*m = C”(0) and Z|g
m>1 m>1
are finite since the Dirichlet series of C' is convergent for £(s) > —1/2. In

particular, we can rewrite the remainder term as O(¢t~1/%). Finally, we define
B = 1/2C(0), B2 = 29C(0) + C'(0), and f3 = C(0) + 1/2C"(0) — 27C7(0)

and the lemma is proved. O

We keep the notations 3, #s and #3 which appeared in Lemma 5 until the
end of these notes. This lemma allows us to obtain three needed estimates.

Lemma 6. We have:
p(m) 1 < loglogz ¢~ p*(m)
—~ fi (m) 1+ log(z/m) logz “— fi (m)

Proof. We prove this result by summation by parts by starting with the
integration’s formula:

1 _/m du N 1
1+log(z/m) J; u(l+log(z/u))? 1+logz’

as in Lemma 3. Then,

p1*(m) 1 B ) — du G'(2)
“— fi(m) 1 +log(z/m) _/1 (@(z) =& ))u(1+log(z/u))2 T T g2
(2.5)

and we call the integral term in the right hand side of (2.5) by I(z). Thanks
to Lemma 5, we have:

du
u(1 +log(z/u))?’

I(z) = / (Bu(log? = — log u) + By log(z/u) + O3
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Now, we have ever seen in Lemma 3 that

- log(z/u)
/1 u(1 + log(z/u))? < loglog 2

and
/Z du <1
1 utB(1+log(z/u))?
Furthermore,
/Z du B /Z dt
L u(l+log(z/u))2  J; t(1+logt)?
1
1+ log 2
=1+ 0(1/log2).
Lastly,

z 1 2 z ] 2
L R
1 u(l+log(z/u))? 1 t(1+logt)?
i dt N logt
= log® —— — 21 ———dt
°8 Z/I t(1+logt)? ng/l t(1+logt)?

= log*t
———dt
+/1 t(1+logt)?

Now,
/ZL—l—l—O(l/lo 2) (2.6)
L t(1+logt)? 820 '
? logt
——dt < logl 2.
/1 I+ log1)? < loglog = (2.7)
and
 log’t
—————dt < log z. 2.
/1 t(1+logt)?  — 8= (28)

Then, by putting the results (2.6), (2.7) and (2.8) together, we get:

? log® u 9
du =1 1 log1
/1 a0 T log(z/0) P u = log” z + O((log z) log log z)
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Finally, since G'(z)/(1 + log z) is negligible in front of (loglog z/log z)G'(z),
we conclude that
(2 (m) 1
2 () T+ log(z/m)

= log® z — log® z + O((log ) log log 2)

which is that we wanted since G’(z) ~ 3, log” z at infinity. O

Lemma 7. We have:

*(m)

1
fi(m)

log (77 f;)gg(i/m)) ~ 3¢

m<z
when z goes to infinity.

Proof. As usual, we use summation by parts and we begin with the integra-
tion’s formula:

o ( log =z )_/m du o ( log =z )
& 1+log(z/m)’ )i w(l+log(z/u)) & 1+ logz”

Then,
W (m) logz | (" du
2 fim) o8 () =, (€0~ SO oy
+G’(Z)1og(1f%). (2.9)

Let I(z) be the integral term which appears in the right hand side of (2.9).
We apply Lemma 5 and we have:

du
(1 +log(z/u))

](Z) = / [ﬁl(logQ z — 10g2 u) + ﬁz log(z/u) + O(u—l/B)] -
1
We know that (see the proof of Lemma 3)

los/w)
/1u<1+log<z/u>>d“ log

when z goes to infinity, so this term is negligible in front of G'(z), and

? du
/1 ol T Tog(e/m)) ol +1og2). (2.10)
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Moreover,

z 1 2
/ ( o8 4 du = (log z)* log(1+log 2) —2log z(log z—log(1+log 2))
L u

1+ log(z/u))
= log?t
——dt (2.11
+/1t(1—|—logt) (2.11)

with

z 2 z z z
/ log=t dt:/ 10gt+1dt_2/ logt dt—/ dt
1 t(1+logt) 1 t 1 t(1+logt) 1 t(1+logt)

2
_ log +O(log z). (2.12)

Thus, by putting the previous estimates (2.10), (2.11) and (2.12) together,
we conclude that:

2(m log z
p*(m) ( g

o fi(m) o8 1+ log(z/m

m<z

)) = (log 2)*log(1 + log z) — (log z)* log(1 + log 2)

1
+ (2 - 5) log” z 4+ O((log 2) log log ),

1.e.

) log:
fi(m) 1+ log(z/m)

when z goes to infinity, which conclude the proof of our lemma. ]

) ~ 2 log? -

m<z

Lemma 8. We have:

p2(m) L )
) 20~ 2 oy
pl2m

m<z

where €(z) tends to zero when z goes to infinity.

Proof. Firstly, we exchange the summation’s symbol:

2 2
plm) s Lo Lo ) (
- = - 2.13)
m<zf1(m)z/m|<p<2zp p<2zpz/p|§m<z 1(m)
p2m p|2m

and we deal with the prime number p = 2 separately; the contribution is

G'(z) — G'(2/2) < log z.



22 CHAPTER 2. LEMMAS

Now, for the odd prime numbers p, by putting m = pf in the interior sum of
the right hand side of (2.13), we get, since fi(p) = (p — 2)/2,

(2 (m) Z/p G'(2/p?)
YLy s, g GG
2<p<22 z/p<m<z 2<p<2z
p2m

log p
= (44,1 O(1 E —_—
( 51 ogz + ( )) o (p . 2)2

< log z.

and the lemma follows readily since the size of G'(2) is log® z. [



Chapter 3

Proof of Theorem 2

We recall that we want to prove that there are infinitely many primes p such
that p 4+ 2 has at most four prime factors. We do that in two steps: first we
control the remainder term and afterwards we deal with the main term.

3.1 Control of the remainder term

Here, N' = {p+ 2|p < z} and

s=Y (X aw)(X )

p<z  d|p+2 v|p+2
d<y v<z

with bounded coefficients a4 and )\, that we are going to choose later. Then,
Theorem 1 gives us:

S = Li(z)& + O( > d3(m)lRm|>

m<yz2
m=1[2]
where
ST SR DI s L BN i S AT (3.1)
ot iy l(m) Qb(d) a m
m=1[2] g=1]g] r<z/m
(m,d)=1
and ( )
Li(z
R = m(x;m, =2) — )
(wim. =2) = gy

23
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Proof. The expression of & is given by (1.1); when p is an odd prime number,
then all divisors of p 4+ 2 are odds and the contribution of p = 2 in S is a
constant (it would be negligible in front of the remainder term) that’s why
the summations in (3.1) are over odd integers. Hence, we can rewrite the
remainder term

o( X (Tl () Ro)

m<yz? dm v|m
m=1[2]

o( 3 (3 1)'IRal)

m<yz2 a|m
m=1[2]

as

what is that we have announced since »_, . 1 = d(m). O

Now, by using the Bombieri-Vinogradov Theorem, we shall prove that
this remainder term is O4(z(log z)™*) on using the fact that:

Li(u)
¢(m)
Then, by using the Cauchy-Schwarz inequality, we have:

> dEmRa < (Y @)m( S m|Rm|2)1/2.

m<yz? m<yz? m<yz?
m=1[2] m=1[2]

Rim| <Ry, i= m<8ux|7r(u;m7 —2) —

We admit temporarily that there is a positive integer k (equal to 2° for
instance according to Lemma 9) such that d®(m) < di(m). Hence,

Z d*(m)|Rm| < ( Z dkyslm)>1/2< Z m\Rm]2>l/2

m<yz? m<yz? m<yz?
m=1[2]
1\ k/2 1/2
(X 5) (X miraP)
m<yz? m<yz?
1/2
< (logy=2)2( 3 mIRu[?)
m<yz2

for k = 64 which is admissible. Since |R,,| < x/¢(m) (indeed, 7(u;m, —2) <
(x 4+ 2)/m and Li(z) < z/logz) and m/¢(m) < logm (see Lemma 13), we
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obtain:

Z B (m)[Ron| < (log y=° )32+1/2 1/2( Z IR |>

m<yz? m<yz2
m=1[2]
1/2
< (logy22)65/2x1/2< } : Rm) ’
m<yz?

because |R,,| < Ry, Let A > 0 and A" := 24 4+ 65. We use the Bombieri-
Vinogradov Theorem which gives us, if B = B(A’) > 0 is large enough and
yz? < x(logx)~P:

S dmRa < Qogy (Y R,

m<yz2 m<ationa—P)
<A (10g $)65/21:1/2x1/2(10g x>65/27A
= z(logz)™ .

Finally, we prove that:

VA >0, S=Li(2)& + Ox(x(logz)™). (3.2)

3.2 Main term

As we said in the introduction, we study the sum S with two sequences of
real numbers {a,4}4>1 which each of them gives a different term &. We recall
that we take (. as more simple as we can: (. = (; if r < z is squarefree,
¢, = 0 either. First and foremost, let us consider the case a; = 1 (in fact, we
will take a; = 2 later) and ay = 0 when d > 1. Hence, we have:

Then,

> (50 i o3

when x goes to infinity (for any choice of y and z such that (3.2) is true for
A > 2). Now, we consider the sequence {aq}q>1 such that ay = —1 when
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2 < p/ <y is an odd prime number and ay = 0 otherwise. Then,

RS- C LN STaI

m<z 2<p<y rld
m=1[2] (m,p)=1 r<z/m

Z :U’(T)Cmr = Cl
rlp

We easily see that

when p > z/m, and

Z M(T)Cmr =0
rlp

otherwise. Hence, we can simplify the main term:

_ p2(m) 1
©=3 Gl 2 pild
pl/2m

m=1[2]

We want to give an estimation of —&. For this, we use the following approx-
imation which is the object of Lemma 11: for every ¢ > 0,

Z— log(1 +logt) + Ay + O(

p<t

1+ logt) (34)

(where Aj is a numerical constant which is not important for our subject)
and our lemmas in the chapter 2. Before applying them, we write:

&= Z p(m) b

-1
ey P mng'[zz] ¢1(m) p<z/mp
u?(m) 1

n;z m) /;< P 1‘
m=1[2] Pz

The estimate (3.4) gives us:

—6( %= G(z)(log(l +logy) + Ao+ 0(@»

1 ( 1
. log(1 + log(z/m)) + Ay + O(—————
n;g < (z/m)) 0 (1—|—log(z/m)>>
m=1[2]
-y e L
m<z m /m<p< p_l
m=1[2] Y

pl2m
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where we apply Lemma 2, Lemma 3 and Lemma 4:

- logy
2 _
6 = {log ] +1+ e(z)}G(z)

where €(z) tends to zero when z goes to infinity. Moreover, Li(z) ~ z/logx
at infinity and (; = \1/G(z) (according to (1.2)), so we get:

Z ( Z 1>( Z )\V>2 ~ {1 +log iZEZ}G(z)xloga:)\% (3:5)

p<z  p'|p+2 v|p+2
p’ <y v<z

if y22 < 2'/%(logz)~P, so as to make the remainder term smaller than the
main term. Hence, the two expressions (3.3) and (3.5) of S give us:

Z [2 B Z 1] ( Z )\”>2 ~ {1~ log E§Z}G(z)xlogx)\%

p<w P’ |p+2 v|p+2
p/<y v<z

when z goes to infinity. Now, if we choose y = 2'/4*% and z = /8~ (with
€o small), we have yz% < 21/%(logz)~F and

Z [2 B Z 1} ( Z /\”>2 ~{1- IOg(fi—::)}G(z)ﬁog$ﬁ' (36)

p<z p'|p+2 v|p+2
p/<y v<z

We take ¢y > 0 small enough in order to make the term into embraces in the
right hand side of (3.6) positive. Since x/(G(z)logz) tends to infinity when
x goes to infinity, it follows that

2—21>0

P’ |p+2
p'<y

for a lot of prime numbers p. But )42 1 is exactly the number of prime
factors of p + 2 smaller than y, so therpe% at most one prime factor of p 4 2
not more than y. Furthermore, with our choice of y, we see that there is at
most |log(z+2)/logy| = [4log(x+2)/(log x(1+4€y))| = 3 prime factors of
p + 2 bigger than y. Eventually, p + 2 has at most four prime factors, which
conclude the proof of our first Theorem.
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3.3 A lower bound

We proved in the previous section that
NG| = #{p < zlw(p+2) <4} — +oo

when z goes to infinity and we want to quantify this fact. We start with (3.6).
We note that the function of p: 2 — 3" ,12 1 is bounded by twice the char-
p'<y

acteristic function of Np; moreover the weights A, are bounded in absolute
value by one (with the choice A; = 1; see Lemma 12) and there is at most
four squarefree divisors of p + 2 which contribute in the sum (if v is not
squarefree, then A\, = 0 and if p’ and p” are the possible prime factors of
p + 2, the squarefree divisors of p + 2 are 1, p/, p” and p'p”). Then,

2[2— 3 1]<ZAV)2§2(1+1+1+1)2 Yo

p<z p'|p+2 v|p+2 p<z
p'<y vz w(p+2)<4
=32 E 1.
p<x
w(p+2)<4

So, since G(z) ~ ay log z when z goes to infinity, we have:

x
#{p <zlwlp+2) <4} > ——.
log” x

(3.7)



Chapter 4

Proof of Theorem 3

We recall that we want to prove that there are infinitely many integers n such
that n(n + 2) has at most six prime factors. In order to do so, we sieve the
set of integers of the form n(n + 2), where n is an integer not more than z.
We control the remainder term first, and we deal with the main term lastly
as in the previous chapter.

4.1 Control of the remainder term

Here, N' = {n(n + 2)|n < x} and

s=3 (X a)( X A)

n<z  dn(n+2) v|n(n+2)
d<y v<z

with bounded coefficients ay and A\, that we are going to choose later. Then
Theorem 1 gives us:

S=06+0( X (X la) (X NN 1Rul),

m<yz? dlm v|m
d<y v<z
where (
p2(m) 2v2(d) 2
°=2 2 Fm —aa( D2 nlr)om)
m<z r|d
(m d) 1 r<z"/m
and
2w2(m)
R = |Nm| — x.
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Under the same hypothesis that the real numbers a; and A, are bounded
by one, we can rewrite the remainder term which becomes, as in the proof

of the previous Theorem O(Zm<y22 d3(m)|Rm|>. But [R.,,| = O(2%2(™)

and 2™ < d(m). We know that d(m) <. m¢ for all € > 0, according to
Lemma 14. So, we can rewrite the remainder term as O.(3,,_,.» m*), that

is to say O((yz?)'), for every e > 0. Finally, we prove that:

Ve >0, S =26+ O ((yz*)'").

4.2 Main term

We follow the proof of Theorem 2 (with our sequence {( },>1: ¢ = ¢ if
r < z is squarefree, and (. = 0 either). First, let a; =1 > 0 (in fact, we will
take a; = b for some positive real number later) and a; = 0 when d > 1. In
this case,

2 (m)

©= [ f1(m)

m<z

Z( 3 >\> ~ G'(2) (4.1)

n<zr  vln(n+2)
v<z

e,

Then,

when z goes to infinity (for any choice of y and z which make the remainder
term smaller than the main term). In a second time, we consider the sequence
{a4}a>1 such that a, = —1 when p < y is prime and a; = 0 otherwise. This
time, we get:

-6 =6;+6;
where ) 1
_ N 2
S f1<m)2(%; (n) ¢
m=1[2] r<z/m
and
Y I ).
m<z 2<p<y rlp
(m,p)=1 r<z/m

Firstly, we have for &;:

lg > —;”'jf
2<m

:1[2}
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which is negligible in front of G’(2)(} because the size of Y . jo<m<. p(m)/fi(m)

. m=1 mod 2
is log z. Then, we study the second term Gs:

S :j (S urieen)

m<z 2<p<y rlp
(m,p)=1 r<z/m
p%(m) 1
=23 ol X ld
(m) p
m<z z/m<p<y
pl2m

We want to give an estimate of G,. For this, we use the approximation (3.4)
and our lemmas in the chapter 2. Before applying them, we write:

62<1 ! - m - m) 1
=Gl Z (m) f1(m) Z

p<y p m<z p<z/m p m<z z/m|Sp<y P
p|2m
The estimate (3.4) gives us:
2(1 (2 (m) 1
log(1+1 +By+O0(———
2 m<z fl(m)( Og( Ogy) ‘ <1+1Ogy))
- Z e (m) (log(l +log(z/m)) + By + O(;D
2 Fim) T+ Tog(/m)
= p(m) 3 1
ot 1(m) Z/m§p<yp

where By = Ao — > 5, 1/(p(p — 1)) is a constant. Now, we apply Lemma 6,
Lemma 7 and Lemma 8:

CHeRE logy 3 ,
5 —{log 1ng—|—2—|—e(z)}G(z)

where €(z) tends to zero when z goes to infinity. Then, we have the second
estimation:

Z( 3 1)( 3 AV)Q {3+21 Lgi}G%A% (4.2)

n<z  pln(n+2) v|n(n+2)
p<y v<z

when = goes to infinity (for any choice of y and z which make the remainder
term smaller than the main term) since ¢; = A\/G’(2) (according to (1.2)).
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Using the two asymptotic results (4.1) and (4.2), we conclude that, if b is a
positive real number, we have (by substituting ”1” for ”5” in (4.1)):

S{m ¥ (2 a) ~{e-s- st}

n<x p|n n+2 vin(n+2)
v<z

at infinity. We choose the parameters y and z such that: y = z'/?t% and
2z = zM/* %0 where ¢, is a small positive real number, so as to make the
remainder term (recall that it is O,((yz?)'*¢), for all € > 0) negligible in front
of the main term. Moreover, we want to choose the positive real number
b as small as we can in order to give the smaller lower upper bound for
w(n(n + 2)) with this method. But we see that 3 + 2log(logy/logz) =
3+ 2log ((2 4 2€¢9)/(1 — 4€g)) — 3+ 2log2 ~ 4.4 when € goes to zero with
positive values. So, we can choose the real number b such that 4.5 < b < 5.
We take b = 4.99 which gives us the next estimate:

Slaoo— >l X Ay>2

n<z pln(n+2) ~  vln(n+2)
<y v<z

2—|—2€()
1 —460)}G’(z)

~ {1.99 — 2log ( A2 (4.3)

when x goes to infinity. Since the term on the right of (4.3) tends to infinity
when x goes to infinity (because of the positivity of 1.99 —2log((2+2¢)/(1—
4eg)) when ¢ is small) we conclude that:

499—- Y 1>0,

p|n(n+2)
p<y

i.e.

for many integers m. Then, such an integer n(n + 2) has at most four
prime factors not more than y. Moreover, n has at most |logz/logy| =
|2/(1 + 2¢9)] = 1 prime factor greater than y and n + 2 has at most
llog(z + 2)/logy| = [2log(x + 2)/(log x(1 + 2¢y)) |=1 prime factor greater
than y. Eventually, there are infinitely many integers n with at most six
prime factors, i.e. w(n(n +2)) < 6, which establishes our Theorem.
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4.3 A lower bound

We showed in the previous section that
INol = #{n < zjw(n(n+2)) <6} — +oo

when x goes to infinity and we want to quantify this fact. We start with (4.3).
We note that the function of n: 4.99 — me n+2) 1 is raised by five times

the characteristic function of Ny; moreover, the weights A\, are bounded in
absolute value by one (with the choice A\, = 1; see Lemma 12) and there is
at most 2% squarefree divisors of n € N (the divisors v of n which are not
squarefree give a contribution zero in the sum: A, = 0). Then, the square of
the sum ), jn(n+2) Av is uniformly bounded by 28 when n € M. So,

v<z

2[4.99— 3 1]( 3 )\,,>2§1280 Yo

n<z p|n(n+2) v|n(n+2) n<x
p<y v<z w(n(n+2))<6

Consequently, since G’(z) ~ (3 log” z, we have:

#{n < zlw(n(n +2)) <6} > 10;”2 . (4.4)
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Chapter 5

Without small prime factors

5.1 On the sequence {p +2},>9

In this section, we consider prime numbers p such that all prime factors p’
of p + 2 are greater than p®, where a > 0 is small. We want to determine
such an admissible value of a: there should be infinitely many primes p with
at most four prime factors of p 4+ 2 greater than p® and no prime factors less
than p® (i.e. with our notations: w(p +2) < 4 and p € P,). More precisely,
we want to prove that:

Theorem 7. Fora = 1/17, we have:

S o1
log?z’

p<z
PEPq
w(p+2)<4

Proof. We follow the proof of Theorem 2. Firstly, we keep the same values of
ag: a3 = 2 and ag = 0 when d > 1 which gives the estimation (3.3). Lastly,
we choose the sequence {ag4}q4>1 such that a,, = —2 when 2 < p’ < z* and
ay = —1 when 2% < p' <y. Then,

o= Y Y B Y )]

m<z_ 2<p<y r|d

m=1[2] (m,p)=1 r<z/m
=6+ 6,
o= ¥ S X )
1= N —_ -
mez ¢1(m) Z/m<p<yp—1 !
m=1[2] plZm

35
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and

_ (*(m) L 2
62 B m<z (’bl(m) <Z/m§?;<xa p= 1>C17

mEl[Q} plﬁm

where we apply again Lemma 2, Lemma 3 and Lemma 4 which give us (with
this second choice of {ag}q>1):

_Z ( Z ad>< Z >\,,)2 N {2+10g iggy +10g(aii§j)}G<Z>‘ﬁogm)\%

j
p<z  d|p+2 v|p+-2
d<y v<z

(5.1)
when z goes to infinity (morally, we have added (3.5) to (3.5) with y = x%).
Thus, the estimates (3.3) and (5.1) give us:

S ¥ = 3 (X )~ { sl tonteE D) b o

p<w P’ |p+2 p'|p+2 v|p+2
2<p’ <x® z9<p'<y vz

at infinity. We take back the parameters y and z of the proof of Theorem 2,
ie. y=azl/%0 and z = 21/57 (g > 0 small), which gives us:

Z [2 B Z 2= Z 1} ( Z )\">2 ~ log (82(;f€§25))G(2)a;10gw)\%'

p<w p'lp+2 p'lp+2 vip+2
2<p’ <x® 2 <p'<y v<z

(5.2)
Here, we take the constant a in order to make the logarithm in the right
hand side of (5.2) positive, which is equivalent to make the function of a in
the logarithm greater than 1. In short, we want to determine a such that
a < (1 —8¢)?/(16(1 + 4€q)) where this function (of the variable €y) decrease
on |0,1/8[ with a limit in zero equals to 1/16 = 0.0625. So, we can choose
for a every value in ]0,1/16]; for instance, a = 1/17 is admissible. Now, the
right hand side of (5.2) tends to infinity when z goes to infinity for this value
of a. Then, we conclude that

2- ) 2- ) 1>0
P'lp+2 P |p+2
2<p'<x® zo<p'<y
for a lot of primes p. This inequality implies that the sum over prime factors
of p 4+ 2 not more than z* is zero. Finally, a prime number p which satisfies
the previous inequality is such that p + 2 has no prime factor less than x%,
one prime factor p’ in [z%, y| (or no prime factor in this interval) and at most

2
)\1,
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three prime factors bigger than y. By the same arguments as in the proof of
(3.7), we conclude that:

p<z
pEP1 /17
w(p+2)<4

In particular, there is infinitely many prime numbers p such that p + 2 has

at most four prime factors not more than p'/!” and no prime factors lower
than p'/17. [

5.2 On the sequence {n(n+2)},>1

Here, we consider integers n such that all prime factors of n(n+2) are greater
than n”, where @’ > 0 is small. We want to determine such an admissible
value of a’: there should be infinitely many integers n such that n(n + 2)
has at most six prime factors greater than n® and no prime factors less than
n® (i.e. with our notations: w(n(n +2)) < 6 and n € Q). More precisely,
we have:

Theorem 8. Fora' = 1/17, we have:

x
>l ——

= log” x

nGQa/
w(n(n+2))<6

Proof. We follow the proof of Theorem 3. We keep the coefficients a; = b
and ag = 0 when d > 1 at the begining and we get the estimate (4.1). Next,
let a, = —b when p < 2 and a, = —1 when 2* < p < y (for some positive
real number b). Then, we have in this second case:

Nz(m> Ap 5ws(p
—GZZ Z W?Q U( TZ“; M(T)Crm)

m<z p<yYy
(m,p)=1 r<z/m

= 61 -+ 62 -+ G(Z)G/(Z’)Cf
where )
Si¢

2

2
1
= (b-1) p=(m) -
fl (m> z/m<p<z® p
plZm
1
p

m<z

Sa(i? (% (m)
2 fi(m) Z

m<z z/m<p<y
pl2m
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and €(z) tends to zero when z goes to infinity. We apply Lemma 6, Lemma 7
and Lemma 8 (morally, we add (b — 1) times the estimate (4.2) for to (4.2)
with y = 2%) which give us (for this second choice of {ag}i>1):

(X w)( X n)

n<z  d|n(n+2) v|n(n+2)
d<y v<z

~ {S(b —1)+2(b—1)log (alo

x logyy = |,
21 AT (5.
z)+3+ Oglogz}G’(z) 1 (53)

at infinity. Thus, with the two choices of the sequence {aq}4>1, we have
(accorrding to (4.1) and (5.3)):

)OI Z (X v
nSe o phGegd) ) ()
p<z® <p<y v<z

1—460

)+ 20 (G b (6

~ { —2b+2(b— 1) log (
where we have kept the same expressions of our parameters y = z'/?*< and
z = /479 We want to make the term into embraces positive (we take b in
]4,5[ as in the proof of Theorem 3). So, we want to have:

b 1 1 —4¢g
log(4a) < —— +log(1 — 4 —1
i.e. . 1_4
— F€0N\1/(b-1) _1/(b-1)
<—(1-14
¢ 46( 60)(2+460) c

where the term on the right hand side is a decreasing function of ¢, (for a
given b €]4,5[) which tends to =1~/ (=1272-1/(=1) "gay f(b). We see that
f is an increasing function of b and we find that o’ = 1/17 is admissible (we
look at b near to 5). Now, the right hand side of (5.4) tends to infinity when
x goes to infinity. Then, we conclude that

Zb— Y 1>0

n(n+2) pln(n+2)
p<x z*<p<y

for many integers n. This inequality implies that the sum over prime factors
of n(n+2) not more than z is zero. Finally, an integer n which satisfies the
previous inequality is such that n(n + 2) has no prime factor less than z¢, at
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most four prime factors in [z%, y[ and at most two prime factors bigger than
y. By the same argument as in the proof of (4.4), we conclude that:

D -
log?z’

n<x
n€Qy /17
w(n(n+2))<6

In particular, there are infinitely many integers n such that n(n + 2) has

at most six prime factors bigger than n'/'7 and no prime factors lower than
1/17 O
nt/17,
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Chapter 6

Appendix

6.1 A combinatorial result

In the proof of Theorem 2, we have admitted the following fact.

Lemma 9. There is an integer k (equal to 25 for instance) such that d®(m) <
dx(m), for every integer m > 1.

Proof. 1t suffices to show the result on the power of prime numbers because
the function dj is multiplicative (for this, we note that when (m,n) = 1
then all divisor ¢ of mn take the form bc, where a is a divisor of m, b is a
divisor of n and this decomposition is unique). Then, we want to find an
integer k such that d®(p") < di(p"), that is to say (r + 1)® < di(p"), for
every prime number p and every integer r > 1. But di(p") is the coefficient
of 2" in the series’ expansion of 1/(1 — 2)*. The derivation rule gives us
dp(p") = (Tji;l) The case r = 1 gives a good idea of the candidate for k.
Indeed, d(p) = 25 and dy(p) = k so k > 2% necessarily and we prove that
k = 25 is admitted. For this, we can say that (r + 1) < (r +1)...(r + 6)
and we see that (26 — 1) < (r +25—1)...(r +7) when r > 3. Finally, we

check that (r +1)% < (T'gfizl) for r = 2 and the lemma follows readily. [

6.2 Some useful estimates

We give below two estimates that we used in each of the proofs of the The-
orems and that can be found in [3].

Lemma 10. For everyt > 0,

1
> — =logt+7+ o@t='/3).

n<t
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Proof. Let t be a real number greater than 1. We study the sums »_ _, 1/n
since0 <, 1/n—=>%" _,1/n<1/n. Then,

Ly ([ e [Tl
:/t(u—{u})i—g—kl—%

=logt+~+ O(1/t) =logt + v+ Ot /?)

since v =1 — [{u}du/u? and [{u}du/u® < 1/t. When t < 1, the result
follows to the fact that t'/3logt goes to 0 when t goes to 0. O

Lemma 11. For everyt > 0,

Z— log(1 + logt) + Ag + O(

p<t

)

1+ logt

where Aqy is a numerical constant.
Proof. We use Mertens Theorem which says that, for every u > 2,
1
Z %8P _ logu + O(1).
p

p<u

Let t > 0. If we denote by R the bounded function defined by:
R(u) =3 ., logp/p — log u, we have:

logp 1 ~~logp/ [t du 1
Z Z p @_Z P </ U(logU)2+logt>

p<t p<t p<t
= logu logt P
| d 1 |
=/[z °gp] et tzm
2 p ‘ullogu og po p

t t
By TR R
o ulogu  Jy u(logu)? logt
1+1lo )
gt
because [ R(u)/(ulog® u)du = O(1/logt) and where

=loglogt+ c+ O(

—/+OOR() W oglog2 ~ 0,26
= 9 uu(logu)2 6106271, 20
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We end the proof by writing:
1 1 1 1
— = — (@)
Z 1 Zp+zp(p—1)+ (1—{—10gt)

which gives us the lemma with the constant Ag =c+ > ., ]ﬁ. ]

6.3 On the weights \,

In the proofs of our Theorems, we used the following result:

Lemma 12. In the case where (. = (; when r < z is squarefree and (. = 0
otherwise, the weights A, are bounded in absolute value by |Aq].

Proof. We recall that

(2 (rv)
f1 (TV)

Gru-

r<z/v

Let v be a squarefree integer. With the hypothesis, we get:

= a0 3 ]
r<zfv

i) ),
fily) Gi(x)™
since (3 = A\1/G1(z) and where

Now,

o = L) S [©) S L)
(s,v)=0 (r,v)=1
12 (9)
2 [ 5@ o)

since § < v. Since the function p?/f; is multiplicative, we have:

#20) _ N0
> o)~ L0 760 = Ry
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Eventually
| )\V | S | )‘1 |

and the lemma follows readily. O

6.4 On the function ¢

In order to control the remainder term in the proof of Theorem 2, we claim
that m/¢(m) < logm. In fact,

Lemma 13. We have:
m/¢(m) < loglogm.

Proof. We expand the multiplicative function Id /¢ as a product:

m 1
WZHl—l/p'

plm

Let P be a parameter that we will choose later. We get:

p p p
Im plm plm
1 1
= -+ -+ 0(1
S+ +oW)
plm plm
p<P p>P
logm
<loglog P 1
according to Lemma 11. The choice P = logm gives us:
log(——) < logloglogm + O(1)
og(——) < logloglogm
¢(m)
and we easily conclude. O]

6.5 On the function d

In the proof of Theorem 3 we use the following estimation of the function d.

Lemma 14. For every e > 0, d(n) <. n-.
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Proof. Let n be an integer. It is well-known that d(n) = [[ ), (a+1). Thus,
for a parameter P that we will choose later, we have:
logd(n) = Z log(a+1) + Z log(a + 1).
p¥|n p¥n
p<P p>P
Now,
logn
Zlog(aJrl)S aglogP
p®|n p¥n
p>P p>P
and |
ogn
Z log(a + 1) <log (1+ @) Z 1< loglognlogp.
p*In p<P
p<P

We take P = logn/loglogn and we get:

logn
logd(n) < C
ogd(n) < log logn

for some constant C' > 0. Finally,
d(n) < nC/loglogn

and the lemma follows readily. ]
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Notations

Notations used troughout these notes are the following:

—— The use of the letters p and p’ always refer to prime numbers.
— [m, n] stands for the lem and (m,n) for the ged of n and m.
— |A| or #.A stands for the cardinality of the set A.

— w(d) is the number of prime factors of d, counted without multiplic-
ity.

— wo(d) is the number of odd prime factors of d, counted without mul-
tiplicity.

— ¢(d) is the Euler totient function.

— p(d) is the Mébius function, that is 0 when d is divisible by a square
> 1 and otherwise (—1)", where r is the number of prime factors of d.

— d(n) is the number of divisors of n and di(n) is the number of rep-
resentations of n as ay ...ar = n where aq, ..., a; are positive integers.

— The notation of Vinogradov f < g means that |f(t)| < cg(t) for some
constant ¢ independant of the variable ¢.

— The notation f = O4(g) means that there exists a constant B such
that | f| < Bg but that this constant may depend on A.

—— The notation f <4 ¢ means that f < g¢g with a constant ¢ which
may depend on A.
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—— The notation f* g denotes the arithmetical convolution of f and g, that
is to say the function / on positive integers such that h(d) = >_, f(¢)g(d/q).

—— The integer part of the real number z is defined by |z].

— The notation a = b[q] means that ¢ divides a — b, for any three in-
tegers a, b and q.

— The logarithmic integral function Li is defined by Li(z) = [ dt/logx
and satisfies Li(z) < z/log .
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