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séries
d

e
D

irich
let.

A
n

n
.

In
st.

F
o

u
rier

(G
ren

o
ble),

4
7

(2
),

4
8
5
–
5
2
9
.

h
t
t
p
:

/
/
w
w
w
.
n
u
m
d
a
m
.
o
r
g
/
i
t
e
m
?
i
d
=
A
I
F
_
1
9
9
7
_
_
4
7
_
2
_
4
8
5
_
0
.

L
ejeu

n
e-D

irich
let,

P
.G

.
1
8
7
1
.

L
ectu

res
o

n
N

u
m

ber
T

h
eo

ry,
ed

ited
by

R
.

D
ed

ekin
d

.
S

eco
n

d
ed

itio
n

.
(V

o
rlesu

n
gen

ü
ber

Z
a

h
len

th
eo

rie,
h

era
u

sgegeben
vo

n
R

.
D

ed
ekin

d
.

Z
w

eite
A

u
fl

a
ge.).

B
ra

u
n

sch
w

eig
.

V
iew

eg
.

P
rem

ière
éd

itio
n

en
1
8
6
3
.

D
RAFT

6
T

A
B

L
E

D
E

S
M

A
T

IÈ
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ù

,
ce

tt
e

fo
is

-c
i,

[u
]

d
és

ig
n

e
la

pa
rt

ie
en

ti
èr
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à
pa

rt
ir

d
e
∑
n
m
≤
x
µ

(n
)d

(m
).

E
x
e
r
c
ic

e
5
9
.

M
o
n

tr
er

qu
e,

po
u

r
to

u
t

en
ti

er
n

,
n

o
u

s
a
vo

n
s

∑

d
,e
≥

1
,

[d
,e

]=
n

µ
(d

)µ
(e

)
=
µ

(n
).

E
x
e
r
c
ic

e
6
0
.

M
o
n

tr
er

qu
e

n
o
u

s
a
vo

n
s

∑ d
,e
≥

1

µ
(d

)µ
(e

)

[d
,e

]2
=

6 π
2
.

2
8

m
a
i

2
0
1
3

V
er

si
o
n

4
–

27
m

ai
20

13

D
RAFT

1
.0

M
a
jo

r
a
t
io

n
s

d
a
n
s

l
a

b
a
n
d
e

c
r
it

iq
u
e

9

T
h

é
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à
<s

>
0.

L
e
m

m
e

1
.2

S
i
s

=
σ

+
it

a
ve

c
σ
>

0
,

n
o
u

s
a
vo

n
s

      

|ζ
(s

)|
≤
|s|
(

1

|1
−
σ
|+

1 σ

)
si
|t|
≤

2,

|ζ
(s

)|
≤

4
+

lo
g
|t|

si
|t|
≥

2
et

2
≥
σ
≥

1
,

|ζ
(s

)|
≤

6σ
−

1
|t|

1
−
σ

lo
g
|t|

si
|t|
≥

2
et

1
≥
σ
≥

0.

D
ém

o
n

st
ra

ti
o
n

.
C

om
m

en
ço

n
s

p
ar

(1
.2

).
C

el
a

n
ou

s
d

on
n
e

p
ou

r
|t|
≤

2

|ζ
(s

)|
≤

|s|
|σ
−

1
|+
|s|
∫
∞

1

d
u

u
1
+
σ
.

M
ai

n
te

n
an

t,
si
|t|
≥

2
et
σ
≥

1,
n
ou

s
p
re

n
on

s
N

=
1

+
[|t
|]

d
an

s
(1

.1
)

(s
oi

t
1

p
lu

s
la

p
ar

ti
e

en
ti

èr
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ré

ci
s

n
u
m

ér
iq

u
em

en
t,

n
ou

s
n
ou

s
co

n
te

n
to

n
s

d
e

p
re

n
d
re

le
T

q
u
i

v
ér

ifi
e

x
7
/
4
T

1
/
4

=
x

2
/T

3
/
4
,

i.
e.
T

=
x

1
/
4
.

D
u

co
u
p
x

2
/T

3
/
4

=
x

2
9
/
1
6
.

C
om

m
e

n
ou

s
d
em

an
d
o
n
s

q
u
e
T

so
it

p
lu

s
gr

an
d

q
u
e

2,
ce

la
re

q
u
ie

rt
x
≥

32
.

E
x
e
r
c
ic

e
5
1
.

M
o
n

tr
er

en
u

ti
li

sa
n

t
la

m
êm

e
d

ém
a
rc

h
e

qu
e

∑ n
≤
x

ϕ
(n

)
=

(1
+
o(

1)
)π

2
x

2
/1

2
.

E
x
e
r
c
ic

e
5
2
.

M
o
n

tr
er

en
u

ti
li

sa
n

t
le

th
éo
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sé
ri

e
d
e

D
ir

ic
h
le

t
co

n
ve

rg
e

a
bs

o
lu

m
en

t
po

u
r

u
n

ce
rt

a
in

n
o
m

br
e

co
m

p
le

xe
s.

A
lo

rs
,

po
u

r
to

u
t

n
o
m

br
e

ré
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é
fi

n
itio

n
2
.2

O
n

a
p
pelle

ab
scisse

d
e

con
vergen

ce
a
b
so

lu
e

d
e

la
fo

n
ctio

n
f

,
le

p
lu

s
petit

réel
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étiq
u
e
f

u
n
e

série
d
e

D
iri-

ch
let,

et
cette

série
con

vergera
ab

solu
m

en
t

au
m

oin
s

en
u
n

p
oin

t
si

la
fon

ction
f

crôıt
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ré
p
ar

,
p
u
is

q
u
e
x
κ

=
ex

2
,

2e
x

2

(
lo

g
T

T
+

1
+

lo
g
x

T

)
≤

2
ex

2
1

+
2

lo
g
x

T
≤

14
x

2
lo

g
x

T
.

N
ou

s
av

on
s,

lo
rs

q
u
e
x
≥

10
et

av
ec

κ
=

2
+

(1
/

lo
g
x

)
et

u
n

u
n

p
ar

am
èt
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à

G
P

,
v
ia

le
p

etit
scrip

t
:

p
r
o
d
e
u
l
e
r
(
p
=
2
,
3
0
0
0
0
0
,
1
.
0
+
3
*
(
p
+
1
)
/
(
p
^
(
7
/
4
)
-
1
)
/
p
^
(
3
/
4
)
)

L
e

lem
m

e
1.2

n
ou

s
d
on

n
e

alors

|D
(f

0 ,s)|≤
6·

20

σ
−

1 |t| 2−
σ

log|t|

et
il

est
alors

fa
cile

d
e

con
clu

re
p
u

isq
u
e
σ
−

1
≥

3/4.

L
a

p
rép
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éorèm
e

6.6
av

ec
κ
a

=
2

et
κ

=
2

+
(1
/

log
x

)
p

ou
r

x
≥

10.
L

a
form

u
le

d
e

ce
th
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in
tro

d
u
ites

d
an

s
(D

irich
let,

19
37)

p
ar

P
.G

.
L

ejeu
n
e-D

irich
let

en
1937

p
ou

r
m

on
trer

d
e

l’ex
isten

ce
d
’u

n
e

in
fi
n
ité
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étab
li

p
lu

sieu
rs

p
rop

riétés
d
e

ces
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érifi

er
:

L
a

fon
ction

f
0

est
u
n
e

fon
ction

m
u
ltip

licative.

É
ta

p
e

1

N
otre

ou
til

p
rin

cip
al

est
le

lem
m

e
d
e

G
au

ss,
q
u

e
voici

:

L
e
m

m
e

7
.1

(L
em

m
e

d
e

G
au

ss)
S

i
a

et
b

so
n

t
d
eu

x
en

tiers
p
rem

iers
en

tre
eu

x,
a
lo

rs
et

si
le

n
o
m

bre
p
rem

ier
p

d
ivise

le
p
rod

u
it
a
b,

a
lo

rs
p

d
ivise

a
o
u
p

d
ivise

b.

(U
n

p
eu

d
e

th
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ré
e

p
ar

le
m

ax
im

u
m

d
es

ab
sc

is
se

s
d
e

co
n
ve

rg
en

ce
ab

so
lu

e
d
es

sé
ri

es
d
e

D
ir

ic
h
le

t
as

so
ci

ée
s

à
d
e
f

et
g
.

C
et

te
m

a
jo

ra
ti

on
es

t
so

u
v
en

t
u
n
e

ég
al

it
é
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rè

m
e

6
.6

(F
or

m
u
le

d
e

P
er

ro
n

tr
on

q
u
ée

)
S

o
it
F

(s
)

=
∑
n
a
n
/n

s
u

n
e

sé
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é
o
rè
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É

E
D

E
M

E
L

L
IN

�
2
�

S
i
<(
s)
>

1,
a
lo

rs

ζ
(s

)
=

1

Γ
(s

)

∫
∞

0

1

et
−

1
ts
d
t t
.

6
.2

.
T

ra
n

sf
o
rm

é
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à

ce
ll
e

d
e

la
sé
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à
l’

en
ti

er
n
>

1
a
ss

oc
ie

le
d
o
u

bl
e

d
e

la
so

m
m

e
d
es

en
ti

er
s

en
tr

e
1

et
n

qu
i

lu
i

so
n

t
p
re

m
ie

rs
,

et
qu

i
à
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té
gr

al
e

su
r

u
n

ch
em

in
fi
n
i

:

1 2i
π

∫
2
+
i∞

2
−
i∞

x
−
s
d
s

s(
s

+
1)

=
li
m

T
,T
′ →
∞

1 2i
π

∫
2
+
iT
′

2
−
iT

x
−
s
d
s

s(
s

+
1)

où
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té

gr
at

io
n

ve
rs

la
d
ro

it
e”

.
S
i
x
<

1,
n
ou

s
d
ép

la
ço

n
s

ce
tt

e
fo

is
-c

i
la

d
ro

it
e

d
’i
n
té
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É

E
T

S
É
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à

cau
se

d
u

th
éorèm
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éal

serait
d
’a

ju
ster

v
j

p
ou

r
avoir

(1
+
u
j )(1

+
v
j )

=
1

p
ou

r
tou

t
j.

O
r

c’est
p

ossib
le

car
1

+
u
j 6=

0.
E

t
ça

d
on

n
e

v
j

=
1

1
+
u
j −

1
=
−
u
j

1
+
u
j
,

d
’où
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éta

n
t

m
u

ltip
lica

tives
(à
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écritu
re

sou
s

la
form

e
n

=
`m

où
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