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Introduction

Some historical background

The paper [11] of B.J. Green introduces several tools and one of them is a
restriction estimate, by which we mean here the following inequality, valid for
any sequence (up)p<ny of complex numbers and any ¢ > 2,

(I

Though the usage of this inequality in number theoretical context was new, such
an inequality had been already proved by J. Bourgain in [4, Proof of Theorem 3]
by using very specific information on the primes. B.J. Green & T. Tao found in
[9] another proof that reduces to sieve properties, enabling a wide generalization
of this inequality. We strengthened further the proof in [22].

Z upe(pa)

p<N

¢ 1t N 1/2
da) <<¢N‘1/£<IOgNZ|up|2) . (1) {iniBJG}

p<N

The heart of the matter

Theorem &/

Let X be a d-well spaced subset of R/Z and N > 10?3, Let (up)p,<n be a
sequence of complex numbers. We have

2,

zeX

2

Z upe(zp)

ps<N

N+6! »
p<N

Notice that in most applications, ! is smaller than N. B.J. Green & T. Tao’s
result relate to a similar inequality though with a larger dependence in |X| that
the log(3|X|) we have here*.

Origin

This theorem follows by using an enveloping sieve, and our novelty with respect
to [24] is to incorporate a preliminary unsieving into this sieving process. We
shall spend some time to describe properly this enveloping sieve.

In some sense, sieving, and this is all the more true in the context of the
large sieve, relies on describing a sequence through congruence properties. As a

[11] B. Green, 2005, “Roth’s theorem in the primes”.
[4] J. Bourgain, 1989, “On A(p)-subsets of squares”.
[9] B. Green and T. Tao, 2006, “Restriction theory of the Selberg sieve, with applications”.
[22] O. Ramaré, 2021, “Notes on restriction theory in the primes”.

*In case X = {a/q,(a,q) = 1,1 < a < ¢ < Qo}, this inequality can be found for instance
in [26, Theorem 5] (its ancestor being around [24, Eq. (7.10)]), a better version is given in
[20, Theorem 5.3].
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4 CONTENTS

consequence, properties of arithmetical sequences may well shared by sequences
properly described by sieves. The terminology transference refers to this idea;
In these lectures, we inspect how the enveloping sieve may provides with the
technology to prove such an inheritance.

Analytical Usage

Theorem %
Assume N > 1023 and let ¢ > 2. We have

<L1 > upe(pa) Zdoz) . <110 ( L 1

p<N
as soon as >,y lup|? < 2p<n L

¢ 1/¢
da)

Y, elpa)

p<N

The value ¢ = 2 is singular: Inequality (1) with £ = 2 does not hold, for instance
when u, = 1; the inequality of the theorem however does hold, as noticed by
B.J. Green in [11]. Before the work of B.J. Green, it was customary in prime
number theory to restrict our attention to the case ¢ = 2, while Green used
¢ =5/2. Theorem % shows that one may vary boundedly from the case ¢ = 2
to the case £ > 2. Furthermore, and as the proof will disclose, this result is a
direct consequence of the L2-theorem 7. There is however a maximal property
hidden in this theorem: the possibility to choose freely the set of points X. See
for instance Corollary 15. This gives us access to maximal estimates and to
distributional properties that shall enable us to control the L¢-norm.

An auxiliary problem is to get a better constant than the 10® above, and to
guess what should be the optimal one.

Arithmetical Usage

Let us now change of tack and present arithmetical problems that will help us
understand the situation. We denote by P the set of primes. We shall prove
three theorems. The first one is to illustrate the link between the envelopping
sieve and the large sieve inequality.

Theorem ¢

For every Xy > 2, there exists a ¢ > 0 such that the following holds. For
any 0 € (0,1/2] and any subset P; < P such that [Py n[1, X]| = dX/log X

{thmC}

[11] B. Green, 2005, “Roth’s theorem in the primes”.

June 10, 2022 Version 6




CONTENTS 5

when X > X, we have, for every n = Ny(9),

2
n
Z 1 < c6%log(1/8) ——.
p1+p2+p3=n, (log n)?)
P1,P2,P3€P1

In the next theorem, we put stricter conditions on one variable and reach an
equality via a very simple proof.

Theorem ¥

Let N be an odd integer. Let K > [2,loglog N| be a parameter. We set
M(K) = Hpst. Let P; and Ps be two sets of primes. We have

1 log K N2
2 1:1_[(1_‘) E 1+O<_1_>.
K1/4 3
D7 (N—(patpa), M(K))=1, (log V)

pt+p2+ps=N, p<K
P1€P1,p2€P2 P1€P1,p2EP2

It is possible to keep also the prime p in an arbitrary sequence of density.

Theorem &

We can prove Vinogradov three primes theorem without using L-functions.

We recall that historically, X. Shao gave in [32] a proof that every large enough
odd integer is a sum of three primes, without using L-functions, though the
distribution of primes in a finite number of arithmetic progressions is used. The
above proof is simpler though using the same basis. It has the advantage of
yielding the proper asymptotics for the number of representations.

The reader may consult the books [1] and [17]. Some other excellent books
on our topics : [36], [6], [3] and [8].

[1] T. Apostol, 1976, Introduction to analytic number theory.

[17] H. Montgomery and R. Vaughan, 2006, Multiplicative Number Theory: I. Classical
Theory.

[36] I. M. Vinogradov, 1954, Elements of number theory.

[6] H. Davenport, 2000, Multiplicative Number Theory.

[3] O. Bordelles, 2012, Arithmetic Tales.

[8] W. Ellison, 1975, Les nombres premiers.

[32] X. Shao, 2014, “An L-function-free proof of Vinogradov’s three primes theorem”.

&
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1 On the Selberg Sieve for Primes ——

1.1. A lightning introduction

Let us consider the primes between z and X, where z is some parameter
< VX at our disposal. Given any real sequence (A\g)a<. with Ay = 1, the
following upper bound holds true:

2
Lewp<x(n) < B(n) = (Z /\d> (1.1) {baseSelberg}

d|n

where the readers will have understood that 1, @ <x stands for the character-
istic function of the primes from the interval (z, X]. Indeed, when n is a prime
n (z,X], both left and right-hand side take the value 1, while otherwise, the
left-hand side vanishes while the right-hand side is non-negative. The square is
here for this only purpose! Once this fundamental remark is made (it is due to
A. Selberg in [31]), we may turn to summatory functions and write

S= > 1<) B(n)=58*%

z<p<X n<X

We develop the square, interchange the summations and approximate the inner
sum to infer that

st=) )\dl)\d‘z([dfdz] + O*(1)> = XS5 +07 (Z|/\d|>2

d1,d2<z d

where S§ = >3 4,<. AdiAay/[d1, d2] and [d1, d2] is the lem of di and da. Since
the Ay4’s are at our disposal (save for A1), we now seek to minimize this quadratic
form and keep the paramater z to control the “error term”, or more precisely,
to turn this second term into an error term. The way to handle this main term
is famous and an important tool even outside sieve theory. Here is how it goes.
We first introduce the ged to replace the lem, since we kow that ged’s are small
on average, getting

Ady Ad
S()k = Z dl d; (dla d2)
dy,do<z

The variables d; and dy are still linked by the factor (di,ds). We write
(di,d2) = (1% @)((dr,d2)) = Y. 9(6) = Y. o(d)

8)(dy,d2) Sldy,
5| ds

[31] A. Selberg, 1947, “On an elementary method in the theory of primes”.




8 CHAPTER 1. ON THE SELBERG SIEVE FOR PRIMES

where d; and dy are now separated! On using this decomposition, we reach

2
Sy = Z ©(4) (Z );Zd) = 2 ©(0)y? where y; = %.

0<z dld 0<z 8|d

We may revert from the variables ys to the variables Ay by the formula

2= Yuls /s (1.2

€5

Ypmof. Indeed, the right-hand side reads
A
D8/ 0ys = 335 > m(/0)
£|6 fd  )s|d

and the last sum vanishes when ¢ # d and takes the value 1 otherwise, as
wanted. O

This inversion formula implies in particular that

{condSelberg} 1=XM\= Z w(0)ys. (1.3)

<z

We are left with the problem of minimizing the quadratic form »;_. ©0(0)y?
under the linear condition (1.3). There are several way to proceed. Let us
follow Y. Motohashi and write

2 2
1= (3 L veom) <X Lt

b== V#(0) 5<z
with equality if (and only if)

_ 1)
v Ow(5)

for some constant C that is chosen to satisfy (1.3): we take C' = 1/G(z) with

G(2) = s, 12(9)/2(9).

Squarefree condition and summary

The above analysis shows that we may take Ay = 0 when d is not squarefree, a
condition we now assume. We define

1 (6)
{detGdz} Galy) = ), S0 CW =60 (1.4)
(ﬁ)yzﬂ
The above leads to i (=/d)
— z
{eq: 18} A = ﬂ(d)%. (1.5)

Here are three lemmas that helps us clear the situation.

June 10, 2022 Version 6




1.1 ENVELOPING SIEVE AND TRANSFERENCE PHILOSOPHY 9

{vanLR} Lemma 1. We have G(z/q) < ﬁaq(z/q) < G(2).

This comes from [15, Eq. (1.3)] by J. van Lint and H.E. Richert. As a conse-
quence, we find that |\g| < 1.

Lemma 2. We have log z < G(z) < 1.4709 + log 2. {vanLR-2}

The lower bound is classical and can for instance be found in the book [2] of
E. Bombieri. The upper bound is a tad more difficult and can be found in [24,
Lemma 3.5] (see [19] and [29] for more precise expansions).

Lemma 3

Let z > 1 be a real number. We have

3 Al < @ (i, 4
W= Jogz \n2 " V2 )"

d<z

See [27, Lemma 4.2]. This is more precise than the obvious ;. [A\4| < z. Let

us assume these results and resume our main line of enquiry. We get, when
z = 340,

2
X 1022
S < XSE+ (Z |/\d|) <ioez (log )2 (1.6) {eq:19}

d<z
We select z = v/ X and get

_ 201+ 0(1)X

Tog X (1.7) {bound2}

Such a bound is of course known and even better is available in this special case.
Notice however the extraordinary flexiblity of the process!

1.2. Enveloping sieve and transference
philosophy

[15] J. van Lint and H. Richert, 1965, “On primes in arithmetic progressions”.

[2] E. Bombieri, 1987/1974, Le grand crible dans la théorie analytique des nombres.

[24] O. Ramaré, 1995, “On Snirel’'man’s constant”.

[19] A. P. and O. Ramaré, 2017, “Explicit averages of non-negative multiplicative functions:
going beyond the main term”.

[29] O. Ramaré, 2019, “Explicit average orders: news and problems”.

[27] O. Ramaré and P. Srivastav, 2020, “Products of primes in arithmetic progressions”.

The Kolkata Lectures, 2022 June 10, 2022



10 CHAPTER 1. ON THE SELBERG SIEVE FOR PRIMES

The first remark is that the system of weights 3(n) defined in (1.1) does
not only give an upper bound for the summatory function S but provides us
also with a point-wise upper bound. We may in fact consider (8(n)) as a full-
fledged (though weighted) sequence. And looking more closely at (1.7), we see
that this sequence is twice larger than the sequence of primes. In fact, it is
(log X)/G(z)-larger, and we may select z to be smaller. At the price of loosing
only a constant, we may thus replace the sequence of primes by a sequence that
is very flexible. This is the enveloping sieve part.

On looking more closely at what our sieve does and more specifically, at
the shape of 3(n), we see that we aim at replacing primes by the solutions of
a system of congruences, which is to say by an arithmetic progression. This
would be true if the moduli of the implied congruences were fixed, but this is
not quite true. However the transference philosophy says that the properties of
the integers may be shared by or transferred to the sequence of primes.

The books [2] and [12] are two essential references.

[2] E. Bombieri, 1987/1974, Le grand crible dans la théorie analytique des nombres.
[12] H. Halberstam and H.-E. Richert, 1974, Sieve methods.

June 10, 2022 Version 6



2 An Enveloping Sieve

We define P(zp) =[], p and we generalize the definition (1.4) by

Gy = S U Gz =Gagz). (1) {detaayao)

<y,
(£,dP(20))=1

2.1. Explicit estimates for G(z; z)

In this section, we investigate explicit lower estimates for G(z; zp).
Let us start with some estimates due to J.B. Rosser & L. Schoenfeld in [30,
Theorem 1, Corollary 2, Theorem 6-8, Theorem 23].

Lemma 4

RS
We have {rS}

n L _< e (log x) <1 4+

2¢7
e’ (logw) < H P <e(logz) + == when z < 105,

p<zp—1 \/5

5 ) when x > 286,
2log” x

both valid

Futhermore 7(z) = > ., 1 < m(l + 210g;z) and 7(x) <
when = > 114. Finally, 7(z) > z/(log x) when x > 17.

= 4logw’

e 7

—1
Lemma 5. When zy > 2, we have 1_[ & » > Tog(970/5)"
0

D=0 {getVz0}

The constant 9/5 is somewhat forced on us by 2z = 3.

Proof. This follows from direct inspection for z; < 100000 and for zy, < 10% by
Lemma 4. Again on using this lemma, we find that

~1 log(9/5 1 \!
og(0:0/5) [ > (14 B (14 L)
ooz P log 29 2log" 2o

The right-hand side is readily seen to be > 1 when y = 1/log(zp) < 0/05. The
lemma follows readily. O

[30] J. Rosser and L. Schoenfeld, 1962, “Approximate formulas for some functions of prime
numbers”.

&y




12 CHAPTER 2. AN ENVELOPING SIEVE

Lemma 6
{PR} Q(d)
When z > 1, we have Z T‘l) =logz + co + 0*(3.95/4/z), the constant
d<z
co being given by co =+ 3, -, pt;g_li). Also D4, ‘:;((;)) < log z + 1.4709.

Proof. The first estimate is taken from [19, Theorem 1.2] while the second one
is [24, Lemma 3.5, (1)] O

1
Lemma 7. When 2 < 2y < z, we have G(z;z0) > e gz
{EstGdown} log 2z

" Proof. Though the proof that follows does not require it, let us notice that
the lemma is obvious when logzy = e 7logz, as G(z;29) = 1 (consider the
contribution of the summand £ = 1 in (2.1)). We may thus assume that log zg <
e Vlog z.

By Lemma 1, we find that

P(z 1
G(z;20) = Gpag) (2) = QO(P((ZOO)))G(Z) = pl;[o (1 - p)G(z).

On combining Lemma 5 together with Lemma 6, tne result follows. O

2.2. Fourier expansion of the enveloping sieve

We fix two real parameters zg < z. It is easy to reproduce the analysis of [26,
Section 3] as far as exact formulae are concerned, but one gets easily sidetracked
towards slightly different formulae. The reader may for instance compare [24,
Lemma 4.2] and [26, (4.1.14)]. Similar material is also the topic of [20, Chapter
12]. So we present a path leading to [26, (4.1.14)] in our special case.

Following notation (1.4), we set

(d)dGa(z/d; z0)
@(d)G(2; 20)

2
{defbetan} Bay,2(n) = (Z /\d) , Ad = 1(d7P(zo))=1“ ) (2.2)
d|n

Section 3 of [26] corresponds to zp = 1.

[19] A. P. and O. Ramaré, 2017, “Explicit averages of non-negative multiplicative functions:
going beyond the main term”.

[24] O. Ramaré, 1995, “On Snirel'man’s constant”.

[26] O. Ramaré and I. Ruzsa, 2001, “Additive properties of dense subsets of sifted sequences”.
[20] O. Ramaré, 2009, Arithmetical aspects of the large sieve inequality.

June 10, 2022 Version 6




2.1 FOURIER EXPANSION OF THE ENVELOPING SIEVE 13

Theorem 8

{Fourierbetan} . . .
The coefficients S, ,(n) admits the expansion
Bzo,z(n) = Z wq(2; 20)cq(n)
q<z?,
a|P(2)/P(z0)
where ¢,(n) is the Ramanujan sum and where
wa)  Gglz20)
wq(z; 20) =
%) = D) Cleso)
with the definitions
2(¢
{defGbracketq} Giq(2520) = Z 2 (Z)fq(z/f) (2.3)
t<slva w(f)
(£,qP(z0))=1
e (@)¢2(as)
q q
Gy)= Y BE2B and gn(gs) = [0 - 2)-
919293=49, 80((]3) plg
q193sY,
4293y
We have q
&aly) = when y > ¢,
! v(q) (2.4) {eq:20}

€,(y)| < 3D for every y > 0.

It is worth mentioning that, when developing the theory of local models, we
show the much neater expression:

1 d
om=Sh=goy X Egan

d|n d<z,
(d,P(z0))=1
In the theory of local models, we realize a(n) as being (close to) the best ap-
proximation of the characteristic function of the primes, while in the theory of
#@, the Selberg sieve, we also ask for a pointwise upper bound.

Proof. We develop the square above and get

Ady Ad
ﬁzo,z(n) = Z )‘d1)‘d21[d1,d2]|n = Z [d d2:| Z Z e(na/Q)
dy,da dy,ds 1,52 q|[d1,d2 amod*q
= > we(z20)cq(n)
q<z>,
(¢,P(20))=1

&

The Kolkata Lectures, 2022 June 10, 2022




14 CHAPTER 2. AN ENVELOPING SIEVE

where
Ady Ad,

wy(z520) = Y] Rrava) (2.5)

q|[d1,d2
We introduce the definition the Ag’s, see (2.2), and obtain

$ LR g )

0,0<z, e(l1) (L) ol dr o], [dy, ds]
(£1€2,P(20))=1 dy |1, [0

G(Z;Zo)qu(Z;Zo) =

The inner sum vanishes is 1 has a prime factor prime to ¢fs, and similarly
for ¢5. Furthermore, we need to have ¢|[¢1, 2] for the inner sum not be empty.
Whence we may write £1 = g1g3f and l5 = go2g3l where (¢,q) = 1 and ¢ = ¢1¢2gs.
The part of the inner sum corresponding to ¢ has value [, ,(p =2+ 1) = ¢(¢).
We have reached

25 20)%wq(2; 20) = R0} _ dipa(dr)dapi(ds)
G( ) 0) (I( ’ 0) 527 (p(f) qlqg?;:q’ (p(q)(p(qs) ql[dlz,:d?’], [dl,dg] .

(£,qP(z0))=1 q1934<z, dilq1qs
o< 3,
a243ts2 d2|q2q3

In this last inner sum, we have necessarily d; = ¢1d} and dy = ga2d}, so g3 =
[d},d,]. Here is the expression we have obtained

3 12(0) 3 (@)p(gs) D dypu(d)dop(ds)

G(z; Zo)zwq(zézo) =

<z, SD(K) q19293=4, @(Q)Sﬁ(%) gs[ds ] [d/lvdIQ]
(¢,qP(z0))=1 q1q3¢<z, 1,02
q2q3f<z

This last inner sum has value ¢2(g3), whence

1(q) D 1> (0) D 1(g3)©2(q3)

G(z; 20)*we(2; 20) = —=
(53 20)"wq (7 20) vl@) 2 o) gefg—e  #las)

£,qP(20))=1 q193¢<z,
(6:aP(z0)) q2q3l<z

as announced. The size conditions are readily seen to imply that ¢ < z/,/q. O

As these coefficients wy are of extreme importance, it is a good idea to
identify them geometrically. As can be guessed from Theorem 8 and up to
some renormalisation, they are simply the Fourier coefficients of the (weighted)
sequence 3(n), as shown in the next lemma.

Lemma 9
d
{geonwd} We have, for any a coprime with d,

. Gz
G(2; 20)wa(z, z0) = J\}liﬂoo%

June 10, 2022 Version 6




2.1 FOURIER EXPANSION OF THE ENVELOPING SIEVE 15

wg(2; 20)
v(q)

log 2z

Lemma 10. When 2 < 25 < z, we have .
Vqlogz {Courageous}

i
Proof. We deduce from the definition the estimate |¢,(y)| < 3¢(?), and thus
|G (23 20)wq (25 20)| < 39 /o (g). (2.6) {eq:7}

As zy > 2, we may assume that ¢ is odd, since otherwise wy(z;29) = 0. We use
Lemma 7 to get

3\/ﬁ 1 1851og 2z
Gz . < ;1 < .
|G (2; 20)wq(2; 20)| E[max(p 1 ) G(2;20)/@ v/qlog z

O
2 log 2
Lemma 11. When 20000 < zy < z, we have Waq(2 20) < 8(/)9g %0
¢(q) q°/”log z {CourageousBis}
/,._
T
Proof. We proceed as in the previous lemma, but notice that
LPS/Q < 1.
p—1
O

The Kolkata Lectures, 2022 June 10, 2022
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3 An upper estimate with primes

In this chapter, we illustrate the use and effect of the enveloping sieve, and its
excellent adequation with the large sieve inequality. The proof that follows is
taken from my PhD memoir [21].

Theorem %
For every Xy > 2, there exists a ¢ > 0 such that the following holds. For
any 0 € (0,1/2] and any subset P; < P such that |P; n[1, X]| = 6X/log X
when X > X, we have, for every n = Ny(9),
2 n’
1 < cd*log(1/0 .
Y 1< e lon(l/d) s

p1+p2+p3=n,
P1,P2,P3€P1

Setting the stage

We fix some large enough X and assume that X < n < 2X. We assume that
0 < 1/4, else the result is a trivial consequence of the sieve (it may also be
obtained by the method we develop, but let us simplify the stage). We also
assume that §(X/2)/log X < |P1 n [1,X]]| < 26X/log X, which can be done
by suppressing some elements from P;. We furthermore assume that P; has no
elements less than v/X. We also set

rin)= > 1 (3.1) {defrn}
p1+p2+p3=n,
P1,P2,P3€EP1

Large sieve external bounds

We will require two large sieve inequalities. The first one is the classical large
sieve inequality.

Theorem 12
{Ls}

Let X be a finite set of points of R/Z. Set § = min {|x — 2'|,x # 2’ € X'}.
For any sequence of complex numbers (u,)1<n<n, We have

> \Zune(m)f <D fun (N =14 671).

zeX n

[21] O. Ramaré, 1991, “Contribution au probleme de Goldbach : tout entier > 1 est d’au
plus 13 nombres premiers”.

43 &




18 CHAPTER 3. AN UPPER ESTIMATE WITH PRIMES

The L.H.S. can be thought as a Riemann sum over the points in X’; at least
when the set X is dense enough. The spacing between two consecutive points
being at least d, this L.H.S. multiplied by § can thought as approximating

Jl‘z une(na)rda = Z |un?.
0 n n

This is essentially so if ! is much greater than N, but it turns out that the case
of interest in number theory is the opposite one. The theorem in this version
is due to A. Selberg. The same year and by a different method, a marginally
weaker version (without the —1 on the right) was proved by H. Montgomery
and R.C. Vaughan in [18].

A second ingredient is an improved large sieve inequality for primes. This is
a ready consequence of Theorem 27, but can be proved more easily.

Lemma 13
{EIR}
For any complex sequence (u,)p<n, We have

2 N1
Y 2| wetwasa) <7 IOZgJ?OZm

q<Qo amod*q'p<N

for any Qo < v/N and provided N = 100.

This is a consequence of [20, Theorem 5.3], but is already contained in [26, Theo-
rem 5], save for the numerical constants. Specializing X to {a/q,q < Qo, (a,q) =
1} in Theorem & essentially gives this result, though in a slightly different
phrasing. Note that, when setting Montgomery’s sieve, we prove, under the
above hypothesis on (uy,), that we have

(log Qo)

2 un

n

<X 2

q<Qo amod*q

Zun na/q

n

which shows our lemma to be optimal, up to the constant 7 (simply choose for
u, tye characteristic function of the primes up to N).

P.D.T.A. Elliott in [7, Lemma (6.3)] proves a result of similar strength,
though restricts the moduli g to primes.

8] H. Montgomery and R. Vaughan, 1973, “The large sieve”.

0] O. Ramaré, 2009, Arithmetical aspects of the large sieve inequality.

6] O. Ramaré and I. Ruzsa, 2001, “Additive properties of dense subsets of sifted sequences”.
] P. Elliott, 1985, Arithmetic Functions and Integer Products.
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The basic proof

We set zp = 1, z = X0 and use our enveloping sieve B(m) = B .(m)
from (2.2). The first set is to notice that

r(n) <rf(n)= >, B(m).
p1+p2+m=n,
p1,p2€P1

We then appeal to Theorem 8 to write

a +p2—n
rf(n) = Z B(n —p1 — ps) = Z wy(z;1) Z Z e<(mp?))
p1,p2€P1 q<z? amod* g p1,p2€P1 q

2
= Z wq(z; 1) Z S(Pl;a) e(—na)
q<z? amod*q q q

Once we have reached this expression, we first dispense with the large ¢’s by
using Lemma 10 and the Large Sieve Inequality of Theorem 12 (together with
some integration by parts). This leads to, with an obvious notation,

<q<z? mod*gq

S(Pl; “)
q
IS G
« g X (%Qo +z >|731|
« log X N Z2log X\ (0X)? « (6X)?
0/ Qo 0X (log X)2 ~ (log X)3

with Qp = (log X)? and provided X is large enough in terms of §. The part
r(n; q¢ < Qo) is treated with our refined large sieve inequality from Lemma 13.
Indeed we infer from this inequality that

)Y

¢<Q1 amod*q

2

1 1
(-
r*(n;q > Qo) <« —
( ) longOZ \/aaz

2 ax?
S(PUZ)‘ « mlog@@l). (3.2) {eq:11}

By summation by parts, we deduce from that the inequality

5, 50

A<qg<Qo amod*q

2<< 5X2  log(24)
(logX)2 A

. (3.3) {eq:12}

and we select A = 1/52.

Better analysis for the initial Farey fractions

Now that ¢ is reduced in size, we may investigate our sum more closely. Let us
start by a better apprximation for wy(z;1).

[ 3
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Lemma 14. We have w,(z;1) =

AC/E +O<3“(‘” 10gq>

¢(q)G(2)? {wdasymp}

The reader will find in [24, Lemma 4.3] a more precise asymptotic development
for wq(z;1).

Proof. We start from Lemma 8 and check there that &,(y) = 1 when y > ¢.

LG, (z/q w(q)
Wy 1) — 1(9) (@ q(z/ ) (3 logfé>.
elg)  G(2) e(q)G(2)
Lemmas 1 and 2 imply that
q
——G4(z/q) =logz + O(logq).
We infer from this expression that
1(q) (3“(‘” logq>
wo(z;1) = L o289 3.4
D= aom O\ et 4

On appealing to Lemma 14 leads to the main expression
2
— 5X)?
= Y p(q) D S(p.“> ( ”“>+o(( ) (3.5)
r*(n 15 e 3 .
AP T POG(2) | q q (log X)
provided X > X(5). We set M = P(1/62) and we define
TM/M)= >, e(mb/M).

m mod* M

Note that when b/M = a/q with (a,q) = 1, we have T'(a/q) = o(M/q)p(q) and
thus

rt(n) = m D T(a/q)s<7>1; Z>26<_Z“> " 0(&%)

q|M amod*q

which is readily to equal

M §X)2 log(2/6 9 6X)?
o= inem 5 O(lear) < e P o

P1,p2€P1,
(p1+p2—n,M)=1
Our theorem follows readily from this estimate. It is likely, that, on using
the technique developed in [26], the factor log(2/d) may be brought down to

loglog(3/4).

[24] O. Ramaré, 1995, “On SnireI’'man’s constant”.
[26] O. Ramaré and I. Ruzsa, 2001, “Additive properties of dense subsets of sifted sequences”.
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3.0 FURTHER REMARKS 21

3.1. Further Remarks

We could have used a bilinear form representation for the sequence of primes.
This is for instance how K. Mallesham proceeds in the paper [16] where he stud-
ies an additive problem involving upper bounds, namely the maximal cardinality
of the set of primes contained in some arbitrary subset A + B when A and B
are rather large subsets of [1, N].

It is interesting to note that his definition Eq.(7) of w(q, L) is the corre-
sponding version of our wg(L;1), so that [16, Lemma 2.1] corresponds to our
Lemma 14.

[16] K. Mallesham, 2018, “Primes in sumsets”.
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4 Restriction Theory in the Primes

4.1. Introduction and some results

Let us recall that a set X < R/Z is said to be d-well spaced when ming e x |2—
2’|z = 0, where |y|z = mingez |y — k| denotes in a rather unusual manner the
distance to the nearest integer.

At the heart of B. Green & T. Tao’s result lies an estimate close to our
next theorem. The main difference (aside from the fact that we state it in dual
format, Theorem 18 below being its true analogue) is that the dependence in |X|
is not |X|, but log(2|X|). This positive & came from some average of restricted
divisors. A more precise proof leads to exp ICIOg ||

TogTog [X] for some constant ¢ > 0,
but to nothing better.

Theorem &/

Let X be a d-well spaced subset of R/Z and N > 1023, Let (up),<n be a
sequence of complex numbers. We have

2 Z upe(zp)

zeX'1<p<N

2 N +6°1L

2
p<N

This result should be compared with Lemma 13. A way to compare both results
is to state the maximal estimate we can now get.

Corollary 15

{Extensionprecisebis}

Let N > 10% and Qq € [2,v/N]. Let (u,)p,<n be a sequence of complex
numbers. We have

IO

_a
q<Qo a mod*q |\‘JQO

2
<3

Nlong 9
IOgN Z | P|

D1 upe(ap)

1<p<N

Some analytical consequences

Here is our first result.

Theorem 16

o

{Extension}
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Let X be a d-well spaced subset of R/Z. Assume N > 10?3 and let h > 0.
We have

Z Z upe(zp)

zeX'p<N

2+h = 14+h/2
N+61t
< 1300((1+ g1a)"+1/R) ( Tog N Z | p|2> :

On taking X = {f + k/N,0 < k < N — 1} and integrating over S in [0,1/N],
we get the corollary we advertised above.

Corollary 17
Assume N > 1022 and let A > 0. We have

1 2+h (1+ 3 )h+1/h IN 1+h/2
do < 1300—— 2108 2 .
L Z upe(pe) el N Tog N Z |up|

p<N p<N
This result offers an optimal (save for the implied constants) transition to the
case h = 0. Indeed, on selecting h = 1/log N, this corollary implies that, when
|up| < 1, we have the optimal

1
)
All of that leads to already stated Theorem 2. It may be easier to remember
the following weaker form of Corollary 17:

1 1/ N\
Ve > 2, fo Z upe(par)| da « N(logN) when |u,| <1

p<N
4.2. The fundamental estimate. Proof of
Theorem <7

{mainCor}

2+h

da « 2 |up)?.

p<N

Z upe(pa)

p<N

14

Let us now state and prove our main lemma.

Lemma 18

Bel
{Bel Let N > 1023, Let B be a §-well spaced subset of R/Z. For any function f

m
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4.1 THE FUNDAMENTAL ESTIMATE. PROOF OF THEOREM & 25

on B, we have

2

1<p<N

3 FO)elbr)| < 30(N + 57| FIEES G

beB

A rapid inspection discloses that the best constant this proof yields is (4e¥+0(1))
rather 30.

Proof. Let z = (N/100)/4 > 1000 and
|f||f>2
2= (2001) 5 g
( 1713

Preparation I: ensuring zy is smaller than z

We have zg < z when | f|3/|f|3 < (IN/100)*/%/2. When this condition is not
met, we use the dual of the usual large sieve inequality (i.e. Theorem 12) to
infer that

2

1<p<N

2

> Fb)ebp)| < (N +8HIfI3

beB

log (2| f13/11/13)
0g((V/100)1/%/2)

< (N + 87113,

log N

< log (2] f113/1/12)
= 1og((N/100)1/5/2) |

log N

(N +a 13

Some numerical analysis shows that this establishes our inequality in this case.

Preparation II: ensuring z; is numerically large

We readily check that | Y, 5 f(b)e(bp)| < || = (1/2)y/z0] f[3, and therefore

2
7(N)y/Z0, .o _ 1.03/20 N 9 21 o2
< V7 < ——— log(2 .
D211 < S 1 o211

2

1<p<N

> f(b)e(bp)

beB

since by Lemma 4 the lower bound 7(N) < 1.03N/log N holds true. We then
numerically check that the front coefficient is not more than 30 when zy < 42000.
We will henceforth assume that zg = 42000.

75
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26 CHAPTER 4. RESTRICTION THEORY IN THE PRIMES

Preparation III: removing small primes

Henceforth, we assume that zy < z. We first notice that

2

1<p<z

2

D, f®elp)] < z|fIF < N*F|f]3/2

beB

< n 1 /13108@IS /1 /13) _log N

log N N5/81og 2
_ 1 U loslrIz/E)
1012 log N

The main case

Let us now call W the quantity to be studied with z < p < N. We bound above
the characteristic function of those primes by our enveloping sieve and further
majorize the characteristic function of the interval [1, N] by a function ¢ of non-
negative Fourier transform supported by [—d1,61] where 6; = min(d, 1/(2z4)).
We can choose ¢ so that () < N + 071, So we write

2

S F(b)e(bn)

beB

W <) Bay iz (n)t(n)

We then develop the square and use the Fourier expansion for 3., .(n) provided
by Theorem 8 to get

W< Y wzn) Y Y F00)FG) Y el - ban)elan/qni(n).

q<2?, amod®*q b1,ba nez
(q,P(20))=1
We split this quantity according to whether ¢ < zy or not:
W =W(q < 2)+W(g=2).

When ¢ > zp, Poisson summation formula tells us that the inner sum is also
Yimez ¥(b1 — bz — (a/q) + m). At most one integer m contributes to this sum,
and therefore, the sum over by, by and n is

< (N 467 S £l F(b2)[#{(a/a)/ b — bz + a/ql < 61}

b1,b2

Given (b, bs), at most one a/q may work, since 1/z% > 26;. By bounding above
wq(2; z0) by Lemma 11, we see that

_ ?log 22
W(g > z) < (N +6; 1)7‘”1}9 BE%0
2y logz
1 5log2
< 718 (N+6;1) HfHQ 0g ZO.
225 log z

7
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4.2 ON MOMENTS. PROOF OF THEOREM 16 27

When g < 2, only ¢ = 1 remains. This yields

e "1 /13108220

W(g < z) < (N +67 log 2

We check that (N + 071 < M(N +671). We finally get, since 1/2z9 <
IFI3/1£13,

2
1 26 4log N 1
Z Zf(b)e(bn) < <+><2 ><( +e”>>
Wt by 1012 25 " log(IN/100) 2 - 420007/18
- log (3] f13/1f12)
N 1 2 1 2 .
e
The theorem follows readily. O

Proof of Theorem o7 . We write

w-3 %

zeX'1<p<N

:Zzup%

zeX p<N

where S(z) = >, <p<N upe(zp). On using the Cauchy-Schwarz inequality, we

get
W2 < Sl 3| S@elan)

p<N p<N zeX

We invoque Lemma 18 and notice that

(2 15@1) < Y [S@P

zeX zeX

This leads to

N+5—
W2 < Tog N Z up|> D |S() [ log(2|X]).
reX

On simplifying by >} ., |S(z)|? (after discussing whether it vanishes or not),
we get our estimate. O

4.3. On moments. Proof of Theorem 16

Lemma 19. When y/logy <t, y > 2 and t > 107, we have y < 2tlogt. {easy}

Proof. Our property is trivial when y < 107. Notice that the function f : y
y/logy is non-increasing when y > e. We find that f(2tlogt) = ¢t > (y),
O

whence 2tlogt > y as sought.
72\
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28 CHAPTER 4. RESTRICTION THEORY IN THE PRIMES

Proof of Theorem 16. For typographical simplification, we define

N S 1 1/2
B( lo’;N 3 ,,|2) . (4.1) {detB}

p<N
We also set £ = 2 + h. For any £ > 0, we examine the set

> upe(:cp)’ > 53}. (4.2)

p<N

ng{xe)ﬁ/

By Lemma 4, we see that £ < ¢; = min(5/4,1 + 210gN)
empty. We consider (as in [13] by A.J. Harper, bottom of page 1141)

rE = >,

T€Xe

or else, the set X¢ is

> upe(acp)'. (4.3)

p<N
We apply Cauchy’s inequality to this expression to get
X P B* <T(€)* < 30 B?|Xe| log (3| Xe|)
by Theorem 7. It follows that
3|Xe|/log(3]Xe[) < 330 /€.

which we convert with Lemma 19 in 3|X;| < 1802 log(90/£2).
We can now turn towards the proof of the stated inequality and select &; =
c1/c? for some ¢ > 1 that we will select later. We get

DD upe(ap)

zeX'p<N

¢ 0
C
/B <Y (1% | = | X )

>0

602 c1 2(log 90 — 210g01+2j10gc)

c(=2)j
Jj=0
c1 2(4 + 2jlogc)
< 60 Z ct=2)j
j=0

We note that

2 x4 240 x ¢?
602 cl=2)i 1 — 24

and

01 ]210gc logc e 9
60; ct=2)j < 120 2 cle— 2)(J 1)
J

120 x (¢1/c)*~ 2logc
= (1— 6276)2 )

[13] A. J. Harper, 2016, “Minor arcs, mean values, and restriction theory for exponential

sums over smooth numbers”.
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4.3 OPTIMALITY AND UNIFORM BOUNDEDNESS. PROOF OF THEOREM % 29

When ¢ > 3, we select ¢ = 2, getting

N +6 1 1+h/2
Z Z upe(zp)| < (480(1 + 525)" + 210) < Z | p|2> .

zeX'p<N

2+h

When £ € (2,3), we select ¢ = exp(1/h), getting

2+h 1 14+h/2
1201\ /N 4+ ¢ 9
Z Z upe(xp) (380(1 + o)+ )( Z [up| ) .
zeX'p<N 8 h 1Og N p<N
Our theorem follows readily. O

4.4. Optimality and uniform boundedness. Proof
of Theorem %

il — jg—t
Lemma 20. Let h > 0. We have Z d 1+h > 5 .

L= i {appGh}

Proof. We first notice that

1 1 1
(Z k(1+h)> = Z PIED = Z T+h"
Concerning this last quantity, we write
(1+h) dt [D]
gl+h Z 12+h D1+h
gt

>JD (1 + h)dt Dl_h+1( 1) D—-1

q<D q

Vs o s U oR) T o
>1—D—’L ) 1 >1—D—h
2= Yoo

as required. O

We assume that N > 1023 and set

S(a) = )] e(pa). (4.4) {eq:1}
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30
The argument employed at the bottom of page 1626 of [11] by B. Green is not

enough for us. Instead, we got our inspiration from the argument developped
by R.C. Vaughan in [34]. Tt runs as follows. We first notice that

u o~ 1/e (e—1)/¢
(2 G (2

q amod¥*q

amod¥*q

% 5 +0)

amod¥*q

A direct inspection shows that

Y, S(5+8) = na)SE) + 7. 5)

amod¥*q

where T(g, 8) = ¥.,1, €(pB)(cq(p) — 1(q)). The bound |¢y(n)| < p((n, )) for the
Ramanujan sum ¢,(n) (use for instance the von Sterneck expression for ¢,(n))
(4.5)

gives us
{eq:10} T(g,8) <D(p—1+1)<q
plg
The last inequality follows from the trivial property that a sum of positive
integers is certainly not more than its product. We next get a lower bound for

Bp
e(t)dt

S(B8) by writing
1 — 2
e(Bp) Zﬂfo

(4.6)

whence
log N

1S(8)] = S(0) — 27BN S(0) = (1 — 27BN)S(0) > (1 — 27N

{you}
by Lemma 4. When |8 < 1/(7N), this leads to |S(8)| = caN/log N with
co = 1—27/7, and, when ¢ is squarefree and not more than VN, to
(4.7)

N
Ba)S(8) + T(@, A)] > eagpze = VN 2 o

{eq:13}

We thus get, when |5] < 1/(7N),
12(q) A C) N
56) + T8 > 2l ()

2. ‘SG " ﬂ)‘g g o(g)t1

—

amod¥q
Thus
a4 1
RECIRIEES Y Y M ET R I
0 g<v/N amod*q riakot q
Zi Z M2(Q) ( N >€.
TN o o(q@)=1\ 10log N

[11] B. Green, 2005, “Roth’s theorem in the primes”.
[34] R. C. Vaughan, 1988, “The L! mean of exponential sums over primes”.
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4.4 A MAXIMAL LARGE SIEVE ESTIMATE. PROOF OF COROLLARY 15 31

By Lemma 20, we conclude that

o )

1
1—
Cdo >
L'S(O‘”da/ ] 7N \ 10log N

We thus find that

[

where { = 2 + h and

L

> upe(pa)

p<N

da < K(e)(lo;ng 3 u]g|2>w2 L 1 da  (4.8)

p<N

U+ gew)" +1/hf 282 \? '  aN/ N 7'
K(2+ h) = 1300——=21e X < )2> 1 ( )

N (log N 2 \10log N
= 1300((1 + )+ 1/h)2€/2h710“.
2log N 1_ \/th 2

When h > 0.8, this is readily bounded above by 6.2 - 20¢ < 35°. Else, it is
bounded above by

11570 &
h 1N~

This is bounded above by 110 when h > 1/log N. When 0 < h < 1/log N, we
use

11570 7
1—+v/N "2

- g(loﬁ)f =

1 L h/2 1 2
[1% wetwa| da < <w<N> 5 |up|2> |13 wetwa| da
0 lp<n p<N p<N
log N N2 NN
<+/5/4 N~llog N

p<N

which leads to (4.8) with
54( N \° hlogN 7N/ N \*
K(2+h) = Y2 < > filog _h7< )
N \logN ) 1 _ VN 2 \10log N

TV/5/4 <10 < 4.

<
2(1 — exp(~1/2))

Theorem £ follows readily.

%
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4.5. A maximal large sieve estimate. Proof of
Corollary 15

Proof of Corollary 15. The split the Farey sequence

F(Qo) = {21 <0 <a< Qo (0,0) = 1 (4.9)
={0<z <z2<...<zg =1}

in FI(QO) = {.’L‘zi, 1<1< K/Q} union FQ(Q()) = {x2i+1, 1<0< (K—l)/Q} We
recall that the distance between two consecutive points a/q and o’ /¢’ in F(Qp) is
1/(qq’); this is at least as large as ﬁ + ﬁ by the known property ¢ +¢’ = Qq.
: a 1 a 1 a 1 a 1 : a a
Hence two intervals [{1 — -, o1+ —5-] and [(2 — -, 82+ -] with £, 22 €
F1(Qo) are separated by at least 1/Q3. We check this is also true when seen

on the unit circle: the largest point of F'(Qq) is 1 and its smallest is ﬁ The

0
same applies to F(Qo). We finally notice that |F(Qo)| < Qo(Qo + 1)/2 < Q2.
To prove our corollary, for every xo; € F1(Qo), we select a point Zo; such

that
' Z upe(pra;) L 2 upe(px)’ (4.10)

p<N 9Qo p<N

= max
|z —wa;|<

and apply Theorem .¢7 to the set X; = {Z2;}. We proceed similarly with F5(Qo).
The last details are left to the readers. O

£x
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Vinogradov Theorem
without L-functions

5.1. Introduction and some results

In [32], the author gives a proof that every large enough odd integer is a sum
of three primes, without using L-functions, though the distribution of primes in
a finite number of arithmetic progressions is used. We propose a much simpler
proof, using the same basis, and which has the advantage of yielding the proper
asymptotic for the number of representations. Here is what we prove.

Theorem &

Let N be an odd integer. Let K > [2, 1 loglog N] be a parameter. We set
P(K) =[],.xp- Let P1 and P> be two sets of primes. We have

—1 )
1 logK N
1= 1—= 1+0 =— —-———- ).
> 1=-T(1-3) S o)
p+p2+ps=N, p<K (N—(p2-+ps3),P(K))=1,

p1€P1,p2€P2 P1EP1,p2€P2

Theorem 21
Let N be an odd integer. Let K > [2, 1loglog N] be a parameter. We

have G3(N)N? log K N?
2 1= (13(>(g1\)f)3 +O(;gl/4 (1ogN)3>’
p1+p2+p3=N

{th1}

where

)n _11]) 2)2)' (5.1) {eq:8}
pIN

As a slightly unusual notation, we mention that we use
a) = Z A(n)e(na). (5.2) {eq:4}

n<N

5.2. Lemmas for Theorem 2

[32] X. Shao, 2014, “An L-function-free proof of Vinogradov’s three primes theorem”.
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Lemma 22
L21
For any |a — a/q| < 1/(¢Q), we have {r2t}

|S(A, )| « (logN)3(Nq—1/2 L NA5 4 N1/2q1/2).

This is [35, Theorem 3.1] by R.C. Vaughan in the form given in [14, Theorem
13.6] by H. Iwaniec and E. Kowalski.

Lemma 23
{L22}
For any |a — a/q] < N='/30 and ¢ < N30, we have

1S(A, @) « Nv/a/e()-

This is a consequence of [28, Theorem 4]. See also [23, Theorem 3]. In the last
chapter, we prove Theorem 28 that is enough to prove this lemma but for a
more restricted range and with a weaker error term. This would however be
enough to prove the Lemma 24 below with A = 1/2; which in turn is enough
for our final goal.

We use the above two lemmas to infer the next one.

Lemma 24

For any A > 1/2, any Q = N (log N)~ for some B > 2A+6, for [a—a/q| <
1/(¢Q) and ¢ < @Q, we have

N.q N
|S(A, &) «a.B 20 + e N2

Proof. When ¢ > (log N)24%6  this estimate is a consequence of Lemma 22.
When ¢ < (log N)?4+6 Lemma 23. O

Lemma 25

12} Let Q = N/(logN)B, ¢ > 0, C > 0 and v(8) = X, .y e(8m). When

[35] R. Vaughan, 1981, The Hardy-Littlewood method.

[14] H. Iwaniec and E. Kowalski, 2004, Analytic number theory.

[28] O. Ramaré and G. K. Viswanadham, 2021, “Modular Ternary Additive Problems with
Irregular or Prime Numbers”.

[23] O. Ramaré, 2010, “On Bombieri’s asymptotic sieve”.
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oo —a/q| <1/(¢Q), ¢ < C and N = Ny(B, C,¢e), we have

S(A, o) = %v(a g) + O(eyf(\;)).

The proof of [35, Lemma 3.1] by R.C. Vaughan applies.

5.3. Proof of Theorem 21

We consider the Dirichlet dissection of the torus R/Z:

M(a/q) = {a/|la —a/q] < 1/(¢Q)}

for Q@ = N/(log N)Z. We set m = Ur<,<0M(a/q) where the constant K > 2
is introduced in the statement of Theorem 21.
We employ the circle method in Vinogradov’s format:

_ Ll S(A, a)Pe(—Na)da (5.3)
and write
r(N) =ro(N)+7r'(N J S(A, a)*e(—Na)da. (5.4)
To evaluate 1/(N), we proceed as follows. Let £ € (2,3). We notice that
1 1 (-2 / 33—/

7t t— =1 —(+— (5.5)

and use Holder inequality to infer that

i< ([ Iseaia) " ([ 1sta.)paa) "

(e=2)/¢
U |5Aa||SAa)|52da> .

0(3-0)
We use Lemma 24 on |S(A,a)| 72 , extend the remaining integrals to the full
torus and appeal to Theorem . This gives us

/ 1—1 1—1 logK 3t 3_p A, E=DE=2)
" (N) <« N"7T x N7t x N°"N—¢
VK

by using
NG log K

max ¢

=K o(q) VK
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Of course, we have

1 1 -1 —2)
L=l 83—l = =2,

We study the major arcs as usual. We finally select £ =5/2, A=1and B=T7.

5.4. Additional lemmas for Theorem 21

We set M = P(K) whenever notation P(K) is too heavy, and introduce the
function

{defgM} g (n) = L(p(x)ny=1- (5.6)

Lemma 26
{L1b}

For any ¢ > 2 and any subset P of primes, we have
1 14 -1
J da « <QP(M)N > .
0 M

Proof. We simply use Parseval:

[

2 gm(n) e(na)

n<N

Z gm(n) e(na)

n<N

éda < (Z gM(n)>£2 > am(n)*.

n<N

Lemma 27

Let @ = P(K)* and v(8) = X,y e(8m). When |a — a/q| < 1/(¢Q) and
q|P(K), we have

{L3b}

a

S(gm, @) = olg) M v(a— 5) + O(P(K)%).

When |a —a/q| < 1/(qQ) and q 1 P(K), we have S(gar, ) = O(P(K)%).

Proof. We readily find that

{gMexact} S(gm,a) = Z u(d)%. (5.7)
d|P(K)
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When d < P(K) we have |da| > ||da/q| — d/P(K)? = 1/(2q) except when g|d.
Whence
Stosna) = ¥ (@) UEIN L 0lgp())

qld| P(K)

If we specialize this to a = a/q, we get

N
Stanaf) = ¥ ()] | + o) = MOEAT L opry
d pla) M
qld| P(K)
The general case in « follows by summation by parts. O

5.5. Proof of Theorem &

We proceed as for Theorem 21. We consider the Dirichlet dissection of the
torus R/Z:

M(a/q) = {a/|la—a/ql <1/(qQ)}
for Q@ = N/(log N)P. We set

m=|J Ma/g)

q<Q,
P (K)

where the constant K > 2 is introduced in the statement of Theorem &.
We set

Si(a) = Z (logpr)e(prar), Sa(a) = Z (log p2)e(pacy), (5.8) {eq:5}

p1<N, p2<N,

p1€P1 P1EP2
and
S(a) = Z (logp)e(pa), S*(a) = Z e(na). (5.9) {eq:6}
p<N n<N,
(n,P(K))=1

We employ the circle method in Vinogradov’s format:

r(N) = J S(a)S1(a)Sa(a)e(—Na)da,
o (5.10) {eq:2}
r*(N) = J S*(a)S1(a)S2(a)e(—Na)da

and write

r(N) =ro(N)+7r(N), +'(N)= f S(a)S1(a)Sa(a)e(—Na)da (5.11) {eq:1}

1
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and, correspondingly,

r*(N) =r§(N)+r*(N), r¥(N)= J S*(a)S1(a)S2(a)e(—Na)da. (5.12)

m

On imitating the proof of Theorem 21, we find that
loo K\ /2
(N) « (og > N2
VK

The same proof applies for r* (N), tough the estimates for S*(«) are different.
We obtain:

¥ (N) « N>~#% (biKLm)gzN?’é(w(MmN

=1)(-2)
I3

which reduces to

r*(N) « N? (loiK> o (@5\2/[) > o

(-1)(e=2)

Since p(M)/M = 1/log K, and we select ¢ = 5/2, this gives

On the major arcs, S(a) and (M /p(M))S*(«) are similar, hence the result.

r*(N) «
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6 The Exponential Sum over Primes

In 1937, Vinogradov introduced in [37] a very innovative technique to handle
sums over primes (his book [38] is an excellent source). We refer to the survey
paper [25] for a historical introduction on the subject. Lemma 22 originates
from this line of development. In problems using a lemma like Lemma 22,
the contribution of small ¢’s is often handled by examining the distribution in
arithmetic progressions to a small modulus (meaning ¢ < (log N)¢ for some C),
and this is achieved through L-functions. Diminishing the value of C' has thus
become an issue, most notably because any choice C' > 2 renders the result
ineffective, due the use of a theorem of C. Siegel.
In the same way we prove (1), we may also prove that

2,

a<N

4

Z upe(pa/N)

p<N

02
&4 N DUl ) (6.1) {biniBG}
log N P
p<N

On taking for instance ¢ = 4, the above inequality* implies that |[S(A;a/N) »
eN on a set of a’s of cardinality « 1/2. So, if we need to save only a small
constant € > 0, we need worry only on a finite number (though depending of
¢) of points. The next theorem shows that the corresponding rationals a/N
may also assumed to be well approximated by rationals of small denominator,
or more precisely, whose denominator is bounded above in terms of ¢.

Theorem 28 (sFA}
SFA
Let N be a large real parameter, let § > 0, let a and ¢ € [1, exp(loglog N)?]

be coprime integers and let |ga — a| « N~27%, We have

loglog N)3\ N
Ze(pa)«(\/a—l—(()gOg )> :
= »(q) log N log N

Lemma 23 is stronger than the above, but we propose a different and simpler
proof, which is the core of the approach used in [23]. It has the advantage, from
the viewpoint of these lectures, on relying only on an enveloping sieve. This
proof relies of the Selberg Formula from [49] (see also [33] by T. Tatuzawa and

[37] 1. Vinogradov, 1937, “Representation of an odd number as a sum of three primes”.

[38] I. Vinogradov, 2004, The method of trigonometrical sums in the theory of numbers.
[25] O. Ramaré, 2013, “Prime numbers: emergence and victories of bilinear forms decompo-
sition”.

*It is worth mentionaing that, in that case, the inequality we need is a consequence
of the orthogonality of the additive characters n — e(na/N) combined with the sieve bound
2ipy+pa=n 1 € (np(n))n/(log n)2, see [12, Theorem 3.11] by H. Halberstam and H.-E. Richert.
[23] O. Ramaré, 2010, “On Bombieri’s asymptotic sieve”.

[33] T. Tatuzawa and K. Iseki, 1951, “On Selberg’s elementary proof of the prime-number
theorem”.
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{defzetaq}

{eq:17}

{mthelp}
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K. Iseki), namely the identity

Alog +A « A = p % log?, (6.2) {SelbergFormula}
ie.
A(n)logn + Z A(O)A(m) = Z w(€)(logm)?.
Im=n Im=n
We shall also borrow an idea of I.M. Vinogradov that is also used by H. Daboussi
in [5]. This last paper contains also an estimate for IOIgVN »<n €(pa) that goes
to 0 when ¢ goes to infinity, but which relies on different sieve ingredient. We
stick to the envelopping sieve since this is the theme of these notes. We set
S(Alog; a Z A(n)(logn)e(na)
n<N
= Z w(0)(logm)?e(fma) Z AL Je(fma) = S1(a) — Sa(a)
Im<N Im<N

say. We readily transfer results from S(Alog; ) to S(A; ).

6.1. A variation on the Selberg Formula

Identity (6.2) is the consequence of the differentiation formula:

¢ (=Y (¢
¢ ‘< <) +< c)‘

Let us define

1 1
a= ¥ -T2 ) -pe 63
(1 i
say, so that ,
¢ -\ —¢
G Dq(s)( R ) +Dq(s)( c ) . (6.4)
Note that
Z -
tlg®

where the notation ’t|¢g*’ means that the prime factors of ¢t divide q. As a
consequence, we find that

Z 0)(logm)? Z Z An logn+2 Z A()A(m

Im<Y, tlg® n<Y/t t|g® fm<Y /t
(4,9)=1
Y Y
« Y TlogY + Y T logY « YlegY. (6.5
e il #(q)
t<Y t<Y

[5] H. Daboussi, 2001, “Brun’s fundamental lemma and exponential sums over primes”.
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6.2. Some auxiliaries

Lemma 29
. e {Vino}
Let a, q be two coprime positive integer and a = (a + 3)/q where |3] <

1/(3y). We have

Y o < -+ 7@ og(20)
<y,

(£,9)=1

where y > 1 is an arbitrary positive real parameters and 7(g) is the number
of divisors of q.

_i\

~ T
Proof. We split the integer interval [1,y] in at most 1+yg~* intervals of length
at most ¢. When £ is in a typical interval [1 + kq, ¢ + kq] and is prime to ¢, the
point af remains close enough to af/q. The points (af/q),; remains 1/(3¢)-well-
spaced and avoid 0. The corresponding contribution to our sum is « ¢log 2q.
However, when (¢, q) = q/d, we need to proceed differently: group those the a’s
in d groups of ¢/d elements: where af is constant modulo d. The contribution
is

1

<« (g/d) Z m « qlog(2d).

1<b<d-1

The lemma follows readily. O
6.3. Study of 5;(«)

In Vinogradov’s terminology, S1(«) is a "Type I’ sum, also called later the
'linear part’.

Truncation

We simply write

Si(a) = 2 u(ﬁ)(logm)ze(aém)—k(?( 2 (logm)2N/m)

L<Lm<N/L m<N/L

= w(l (logm)?e(alm) + O (N log®(N/L)).
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Cancellation due to the phase

We readily check that
Z (logm)?e(afm) « min <M, 1) (log M)2.
m<M HOCEH
We use the decomposition
Sia)= 31 u(0)(logm)e(atm)
Im<N,
qle
+ > ue) D) (logm)e(alm) + O(Nlog?(N/L)).
(<L, m<N/¢
att
On using Lemma 29, we infer that
Si(@) =p(g) Y. p(t)(logm)e(qatm)

tm<N/q,
(L,q)=1

+ O((L + ¢)log(2q)(log L)? + Nlog?’(N/L)).

We then use Eq. (6.5) and infer the bound
Nlog N
(q)

We take L = N/(log N)? and get
Nlog N
(q)

Si(a) « + (L + ¢)log(2q)(log L)? + N log®(N/L).

Sy (a) « + N(loglog N)3. (6.6)

6.4. Study of Sy(«)

In Vinogradov’s terminology, Sa(«) is a "Type IT” sum, also called later the
"bilinear part’.

Preparation 1
Let us first discard powers of primes. Let us momentarily set
0 when Q(n) =1
A(n) = ’ 6.7
() {A(n) otherwise. (6.7)

We readily check that Y _ A¥(n) « \/y, hence

n<y

D7 (Ax A¥)(n)e(na) « N.

n<N
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Preparation II

Let us now discard the small primes. Let Ny = exp(loglog N)3. We have

>, D, (logpi)(logpa)e(apips) « N(loglog N)*.
P1<No p2<N/p1
Sharp localization

To handle the noise from a/q to «, we study interval version of the sum to study.
We follow I.M. Vinogradov and H. Daboussi in [5] to do so. First we can reduce
our problem to studying

S (logpr)(logpa)e(pipa).

N<pip2<2N
To do so, we consider
a
(MY 2)= Y (ogm)(ogp)e(pipa/a) (6.8) {defSigna}
4 N¥<pipa<N¥4Y,
p1,p2>No

for N N* < N*¥+Y <2N.

Contribution of a diadic slice

We further reduce our study to consider

So(N*,Y) = ). logp > (logpa)e(pipaa/q)  (6.9) {detSigmao}
p1~P N¥<p1pa<N*4Y,
p2>p1

for some P € [Np,v/N]. Let us select some parameter z = P* and use an
enveloping sieve with parameters z though we discard the divisors of ¢, i.e.

2 A Gag(2/d
@;(n)—( 3 Ad), Ad—u(d)w- (6.10) {eq:21}
d|n, q
(d,q)=1

We thus get

2

|So(N*,Y)|? « P(log P) 3 Bq(n) > (log p2)e(p1p2a/q)

n~pP N*<pipa<N*+Y,
p2>n
and therefore
[Zo(N*,Y)[?
" PlogP « Z Z Ady Ady Z e(a(pa — py)[d1, dz2]m/q)

N* r < N¥+y  dy,da<z, m € I(p2,py, [d1,d2])
2p <P2:P2S—p (d1ds,q)=1

[5] H. Daboussi, 2001, “Brun’s fundamental lemma and exponential sums over primes”.
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where I(p2,ph,d) is the interval obtained by the intersection of the intervals

P <dm < 2P, dm < pa,ph.

N* N*+Y  N* N*+Y
— <dm < , — <dm < —
p2 P2 2 2

It is of length L(pe, ph)/d + O(1) for some L(pa,ph) « min(P,Y /P).

Diagonal contribution

When py = p[q], we use

Z >\d1 /\d2 B 1
[di,d2]  Gg(2)

di,d2<z,
(d1da,q)=1

to get the contribution

Y Y 1 q Y2
Ploa(Y/P) (@) Plog(Y (aP)) Ga(z) " Y/ P) < 12 Pliog N log P

Off-diagonal contribution

Let us, on counting ps trivially by the Brun-Titchmarsh Theorem and discarding
the primality condition for pj, we readily get the bound

Z ]_ & L

- Plog(Y/P)’
P2—Ph=1u,

NE o < MY

By Lemma 29, we get the contribution
Y2

Y (Y
( + Q)T(Q) logq « 7(q) IquW~

Plog(Y/P)” \ P

since ¢ « N <Y/P.

Contribution of a full slice
We have reached
Y? Y2
So(N* V)P« —2 = 1 log P) ————
| ()( ) )| < @(Q)Q (10gN)2 +T(Q)(qu)( 0g )Pl/QIOgN
and, on recalling (6.8), this leads to

E(N*,Y, g) « (p\g)y

valid for ¢ < NOI/IO and Y > N3+e,
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Adding an analytical offset
We find that

E(N*’Y’azﬂ> _€<N*B) 2 (10gp1)(1ogp2)e<p1§2a>e((p1p2—N*)B>

q N*<pips<N*+Y, 4
p1,p2>No
Y
« ﬁmogjv + ﬂYlogN « (1+ Y|ﬂ|)£YlogN.
©(q) q ©(q)

Summary for S,

On gathering the error terms coming from the preparations, and the final esti-
mate, we readily reach

Sy(a) <. (1 + N5+€|B|)(;(Z)YlogN + N(loglog N)3. (6.11) {majs2}
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£y
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Notation

The notation used throughout these notes is standard ... in one way or the
other! Here is a guideline:

— e(y) = exp(2imy).

— The use of the letter p for a variable always implies this variable is a prime
number.

— [d, d'] stands for the lem and (d,d’) for the ged of d and d'.

— |A| stands for the cardinality of the set A while 14 stands for its charac-
teristic function.

— 1 denotes a characteristic function in one way or another. For instance,
1k, is 1 if n € K4 and 0 otherwise, but we could also write it as lnex,,
closer to what is often called the Dirac §-symbol. We also use 1(,, 4)—1 and
ly=g-

— P is the set of prime numbers.

— ¢||d means that ¢ divides d in such a way that ¢ and d/q are coprime. In
words we shall say that g divides d exactly.

— The squarefree kernel of the integer d = [ [, pi"" is | [, pi, the product of
all prime factors of d.

— w(d) is the number of prime factors of d, counted without multiplicity.

— ¢(d) is the Euler totient, i.e. the cardinality of the multiplicative group
of Z/dZ.

— 7(d) is the number of positive divisors of d.

— 7(d) is the number of k-tuples of (positive) integers (dy, - - - , dj) such that
dy---di =d, so that 75 = 7.

— p(d) is the Moebius function, that is 0 when d is divisible by a square > 1
and otherwise (—1)" otherwise, where r is the number of prime factors of
d.

— ¢4(n) is the Ramanujan sum. It is the sum of e(an/q) over all a modulo ¢
that are prime to q.

— A(n) is van Mangoldt function: which is logp is n is a power of the prime

p and 0 otherwise.
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— The notation f = O4(g) means that there exists a constant B such that

| /| < Bg but that this constant may depend on A. When we put in several
parameters as subscripts, it simply means the implied constant depends
on all of them.

The notation f = O*(g) means that |f| < g, that is a O-like notation,
but with an implied constant equal to 1.

The notation fxg denotes the arithmetic convolution of f and g, that is to
say the function h on positive integers such that h(d) = >, f(¢)g(d/q).
exists for every real number x.

— U is the compact set (Uy)q where, for each d, Uy is the set of invertible

elements modulo d.

The letter v is used in two different context: either to denote the sum-
matory function of the van Mangoldt function, that is to say ¥(z) =

Yin<a M), with the variation ¢ (z, x) = >, <, x(n)A(n).

We used the Chebyshev functions ¥ and v as well as their variations
U(z;x), U(z; ¢, a), ¥(z,x) and (239, a).

&%
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We present in this series of lectures the idea of the enveloping sieve and
the way its leads to transfer some properties of the sequence of integers to
the sequence of prime. Termed the Transference Principle for Primes, this
penomenom is for instance a leading idea of the proof by B.J. Green and T. Tao
in [10] of the equivalent of Szemerédi’s Theorem in the sequence of primes. Still
following these two authors, we shall also prove a Hardy-Littelwood majorant
property for the primes. The transition from the L2-setting to the L‘-setting
will particularly detailled. As consequences, we shall investigate some ternary
problems with primes that now admit particularly simple solutions. If time
permits, we will conclude this series by proving a sharp exponential sum estimate
for the trigonometric polynomial on the primes, that complements the artillery
at our disposal.

[10] B. Green and T. Tao, 2008, “The primes contain arbitrarily long arithmetic progressions”.
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