
Sieving with Fourier
Polynomials on Primes

—-

Large sieve, Brun-Titchmarsh Theorem and

Cusps

—

International Center for Theoretical
Sciences

May 4th / May 8th 2026

—

Olivier Ramaré
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Introduction

The players

With the aim of understanding some given sequence, say punqnďN , we consider
the associated trigonometric polynomial, which we may also call a Fourier
polynomial, defined by

Spαq “
ÿ

nďN

unepnαq where epxq “ expp2iπxq. (1)

The sequence to which S corresponds remains understood by the context in this
notation. The length N of the sequence is of utmost importance, and we may
also have in some situations

Spαq “
ÿ

MănďM`N

vnepnαq.

Notice that, when α is rational, say α “ a{q, then Spa{qq depends only the
variables

Spq; bq “
ÿ

nďN
n”brqs

un

so, in short, only on the distribution of the sequence punq modulo q.

Present situation

When using the large sieve inequality for sieving purpose, whether as Linnik
originaly did or in the modern version that is Montgomery’s sieve, we rely on
two informations:

• Some local lower bounds of arithmetical nature, see Theorem 1.2 or (3)
below (see also Theorem 1.1 and Theorem 1.3),

• and a global upper bound, usually the Large Sieve inequality, see Theorem 4.2
or (4) below.

This process has proven to be very efficient and to lead to the best known
results in several cases, the most famous one being surely the Brun-Titchmarsh
Theorem. These lectures are largely centered on an example of crucial interest.
Let us define

Spαq “
ÿ

MăpďM`N

eppαq (2)

where p denotes a prime number andM and N ě 1 are real numbers. We readily
find that, when q ď M , we have

ÿ

amod˚q

|Spa{qq|2 ě
µ2pqq

φpqq
|Sp0q|2 (3)
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and the Large Sieve inequality will tell us that

ÿ

qďQ

ÿ

amod˚q

|Spa{qq|2 ď pN `Q2qSp0q. (4)

When we join both, we swiftly infer that

plogQq|Sp0q|2 ď
ÿ

qďQ

µ2pqq

φpqq
|Sp0q|2 ď pN `Q2qSp0q

from which we deduce that the number Sp0q of primes in the interval pM,M`N s

is at most∗ p2` op1qqN{ logN . The same process applies to primes in arithmetic
progressions. Here is the reference result in this area that has been coined “the
Brun-Titchmarsh inequality” by Y. Linnik in his book [22] (see Lemma 1.3.1
therein), because E. Titchmarsh used in [53] a similar inequality which he proved
by employing the Brun sieve.

Theorem A

When ℓ is prime to k, M ě 0 and N ą k are real numbers, we have

ÿ

MăpďM`N
p”ℓrks

1 ď
2N

φpkq logpN{kq
.

This very precise form has been given by H. Montgomery & R.C. Vaughan
in [29]. It is usually believed that the factor 2 that appears on the right-hand
side is superfluous. It seems to have appeared for the first time in the paper [7]
by I. Čulanovskĭı. As it turns out, several different proofs of this inequality lead
to the same factor 2. We shall give two such proofs, one as above in Chapter 4,
and another (new) one in Chapter 6. The Selberg sieve would lead to a third
proof. The hitherto asymptotically strongest upper bound has been given in [38].
See also the preprint [56] by T. Yamada.

Factor 2 in the Brun-Titchmarsh inequality and Siegel zeros

Reducing the factor 2 in the Brun-Titchmarsh inequality, see Theorem , would
have a deep consequence on bounding Lp1, χq from below, when χ is a quadratic

∗We selected Q “
?
N{ logN and assumed that Q ď M , an assumption that is easily lifted.

[22] Y. Linnik, 1961, “The dispersion method in binary additive problems”.
[53] E. Titchmarsh, 1930, “A divisor problem.”
[29] H. Montgomery and R. Vaughan, 1973, “The large sieve”.
[7] I. V. Čulanovskĭı, 1948, “Certain estimates connected with a new method of Selberg in
elementary number theory”.
[38] O. Ramaré and J.-C. Schlage-Puchta, 2008, “Improving on the Brun-Titchmarsh theorem”.
[56] T. Yamada, 2023, Explicit improvements of the Brun-Titchmarsh theorem for arbitrary
intervals.
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Dirichlet character, and consequently on the zeros of such functions in the vicinity
of s “ 1. Here is a result due to Motohashi in [30].

Theorem B

There exist two effective constants c3 and c4, such that for k ě c4, the
following two conditions are equivalent.

(a) There exist a constant ξ ą 0 such that for any ℓ prime to k, we have,
with X “ kc3 :

ÿ

Xăpď2X
p”ℓrks

1 ď
2 ´ ξ

ϕpkq

ÿ

Xăpď2X

1.

(b) For any real character modulo k, we have Lp1, χq " 1{ log k.

A direct proof from the circle method viewpoint

With the idea of finding where the loss of this factor 2 occurs, we may start

from the Parseval identity on R{Z, i.e.
ş1

0
|Spαq|2dα “ Sp0q. No loss occurs

in this complete integral. On splitting the unit circle into Farey arcs, and
working out some local lower bounds to replace (3), we shall prove the next
theorem.

Theorem C

When M ě Q, we have
logQ

1 `Q2{V

ż 8

´8

ˇ

ˇ

ˇ

ˇ

ÿ

|p´t|ďV
MăpďM`N

1

ˇ

ˇ

ˇ

ˇ

2
dt

4V 2
ď Sp0q.

Since we readily prove that

ˆ

1 ´
2V

N

˙

1

N

ˇ

ˇ

ˇ

ÿ

n

un

ˇ

ˇ

ˇ

2

ď

ż 8

´8

ˇ

ˇ

ˇ

ˇ

ÿ

|n´t|ďV

un

ˇ

ˇ

ˇ

ˇ

2
dt

4V 2
,

we may for instance select Q2 “ V “ N{ logN and deduce the Brun-Titchmarsh
inequality, yet again with a loss of a factor 2.

This proof is a surprise as the reader will see that we have barely the feeling
of loosing anything. But this is assuming that the main contributions are indeed
at the points a{q for q ď Q and that Spαq has a rather sharp decrease around
such points. The philosophical outcome is that this is not the situation.

[30] Y. Motohashi, 1979, “A note on Siegel’s zeros”.

ICTS, 2026 May 4, 2026
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Large values of the Fourier polynomial

If we assume that we have enough primes in the interval pM,M `N s, where are
the large values of the Fourier polynomial? Let us introduce a notion for clarity.

Definition 0.1

We define the set of A-cusps by C pAq “
␣

α P R{Z : |Spαq| ě Sp0q{A
(

.

As the involved trigonometric polynomial is continuous, the set C pAq is closed,
hence compact, and is more precisely a finite union of arcs. The above set may
sometimes be called spectrum, as in Section 3.4 or [46] by T. Sanders, but, first
this word is overloaded and, second the right-hand side is often N{A rather than
the one we employ above.

Let us assume that we have a K ě 1{2 such that

Sp0q ě
N

K logN
. (5)

For instance, the number of primes in the interval rN9, N9 ` N s is typically
N{p9 logNq.

We first will prove that the number of A-cusps is well controlled.

Theorem D

There exist positive constants C1 and C2 such that the following holds.
Define DpAq to be the maximal cardinality of a 1{N -well spaced subset
of C pAq. We have, for A ď

?
N ,

C1A
2

K logp2Aq
ď DpAq ď C2A

2K logp2Aq.

Furthermore, we have

C1A ď

ż A

1

Dpaq

a2
da,

ż A

1

Dpaq

a3
da ď C2K logp2Aq.

Both upper bounds are valid also for A ě
?
N .

The lower bound for DpAq is fact comes from the fact that we are able to produce
Farey points (i.e. rational points) where Spαq takes large values. Let us mention
this fact specifically.

[46] T. Sanders, 2011, “On Roth’s theorem on progressions”.

May 4, 2026 Version 6
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Theorem E

The set F “
␣

pa{qq : a mod˚ q, q ď A
(

X C pAq contains more than

A2{p7000K logAq elements when A P r2,
?
N s and N ě 104.

Notice that there are about 6A2{π2 Farey points with denominator q ď A, so
that this theorem in fact shows that many cusps seem indeed to be located
around the Farey points. For many A’s, this proportion of cusps is even positive.

Let us spend some time on this production of Farey points where Spαq takes
large values. We easily check that

ÿ

amod˚q

|Spa{qq| ě µ2pqqSp0q

provided that q ď M , and this ensures the existence of at least one point
a0{q such that |Spa0{qq| ě µ2pqqSp0q{φpqq. Producing only one point for every
square-free q would lead to A points in C pAq, while we need C1A

2{ logp2Aq of
them. But, if all the other points a{q corresponded to very small values of Spa{qq,
then in fact |Spa0{qq| would be much bigger and would have Spa0{qq " Sp0q.
We have however a result that prevents such values a0{q to be too numerous;
such a case may happen, but it will be rare, as q varies. This follows from the
next large sieve inequality.

Theorem F

Let X be a δ-well spaced subset of R{Z and N ě 1. Let pupqpďN be a
sequence of complex numbers. We have

ÿ

xPX

ˇ

ˇ

ˇ

ˇ

ÿ

MăpďM`N

upepxpq

ˇ

ˇ

ˇ

ˇ

2

!
N ` δ´1

logN
logp2|X |q

ÿ

MăpďM`N

|up|2.

Generalisations

These lectures are centered on the case of primes. However a large part of this
material (but not everything!) may be extended to what we loosely call “a
general sieving situation”. A more precise meaning is given in Chapter 1. Main
examples are

• The (possibly finite) sequence of primes twins, of (sieve) dimension 2,

• The sequence of integers that are both primitive Gaussian and primitive
Loeschian (i.e. integers that may be written in the form u2 ` v2 with u
and v coprime (these are the primitive Gaussian integers), and in the form
u2 ` uv ` v2 with also u and v coprime (these are the primitive Loeschian

ICTS, 2026 May 4, 2026
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integers)), of sieve dimension 3{4. Its members below 1500 are

1, 17, 53, 89, 125, 197, 233, 269, 305, 377, 449, 485, 593, 629,

773, 809, 845, 1025, 1097, 1205, 1277, 1313, 1385, 1493.

• The sequence of odd primitive Gaussian integers n that are such that n` 4
is also a primitive Gaussian integer. This sequence is of sieve dimension 1,
it can be shown to be infinite. Its members below 600 are

1, 13, 25, 37, 61, 85, 97, 109, 145, 169, 181, 193, 229, 265, 277,

289, 313, 349, 373, 397, 421, 445, 457, 481, 505, 541, 565.

Intended schedule:

Day 1 Introduction. Local estimates in the case of primes and some smoothing
considerations.

Day 2 Proof of the Large Sieve inequality from Selberg’s Lemma and deduction
of the Brun-Titchmarsh inequality. Link with Siegel zeros.

Day 3 Proof of Montgomery’s sieve from the Parseval Identity. A comparison
note with Gallagher’s approach to the Large Sieve inequality.

Day 4 Large Sieve inequality for primes. Enveloping sieve for primes.

Day 5 Special Large Sieve inequality when the phase set is small. On the
number of rational cusps.

May 4, 2026 Version 6



1 Local estimates, modulo q

We work in this chapter on functions over Z{qZ that have a support on a
restricted “multiplicative” subset.

1.1. Three geometrical notions modulo q

Let us start with an easy notion which takes longer to define than to grasp.
A subset Kq Ă Z{qZ is said to be multiplicative∗ if, when the decomposition of
q in prime factors reads

q “ pe11 p
e2
2 ¨ ¨ ¨ perr , p@i ‰ j, pi ‰ pjq,

and the Chinese Remainder Map is defined by

σ : Z{qZ Ñ
ź

1ďiďr

Z{peii Z

x ÞÑ
`

x mod peii
˘

,

we have the property
σ´1

`

σ
`

Kq

˘˘

“ Kq. (1.1)

This is often written in the shorter form

Kq “
ź

1ďiďr

Kp
ei
i
. (1.2)

We further need a second notion. For any divisor d of q, we define

Kd “ Kq{dZ. (1.3)

We say that Johnsen-Gallagher condition condition holds whenever

@d|q,@y P Kd,#tx P Kq : x ” yrdu “ |Kq|{|Kd|. (1.4)

This is equivalent to saying that the number of preimages in Kq of any point y
of Kd does not depend on y.

When q is square-free and Kq is multiplicative, this condition always holds.
We finally need to endow the vector space F pKqq of complex valued functions

over Kq with a hermitian product, and this one is given by

rf, gsKq
“

1

|Kq|

ÿ

cPKq

fpcqgpcq. (1.5)

When Kq “ Z{qZ, we simply write rf, gsq. Notice that if f and g are in F pKqq

and are considered as elements of F pZ{qZq that vanish outside Kq, then
rf, gsKq

“ pq{|Kq|qrf, gsq. In particular orthogonality is preserved.

∗In earlier work, I used multiplivatively split instead of the simpler multiplicative.



10 CHAPTER 1. LOCAL ESTIMATES, MODULO q

1.2. A local lower bound

Here is a lemma based on his ideas.

Theorem 1.1

Under the Johnsen-Gallager condition (1.4) and when punq is carried by
Kq, we have

ÿ

amod˚q

ˇ

ˇ

ˇ

ÿ

n

unepna{qq

ˇ

ˇ

ˇ

2

ě
ź

pα
}q

ˆ

pα

|Kpα |
´

pα´1

|Kpα´1 |

˙

|Kq|
ÿ

bPKq

ˇ

ˇ

ˇ

ˇ

ÿ

n”brqs

un

ˇ

ˇ

ˇ

ˇ

2

.

When further
ř

n un “ 0, we may divide the RHS by

mpqq “ max
pα}q

ˆ

1 ´
|Kpα |

p|Kpα´1 |

˙

provided mpqq does not vanish.

We shall give a full proof of this lower bound as well as a full description of the
LHS quadratic form in the next chapter. The first and easier first inequality
is what we shall use later in these lectures. When q is square-free, Huxley in
Section 6 of [20] sketches the proof of such an inequality. We now provide a full
proof in the case when q is square-free. The prime-case is more detailled in the
next section.

Proof. Let us set vb “
ř

n”brqs un. We have to study the eigenvalues of the
quadratic form

ÿ

b,b1PKq

vb vb1 cqpb´ b1q

where cqpaq is the Ramanujan sum. The operator

Uqp¨;Kqq : pvbqb ÞÑ

´

ÿ

bPKq

vb cqpb´ b1q

¯

b1
(1.6)

is self-adjoint since
“

Uqpv;Kqq, w
‰

Kq
“
“

v, Uqpw;Kqq
‰

Kq
,

it may be diagonalised in an orthonormal basis.
When q “ p, we have cppb ´ b1q “ p ´ 1 when b “ b1 and cppb ´ b1q “ ´1

otherwise. This implies that the matrix representing our operator is a circulant
matrix. Let us set for short T “ |Kp|. With

P pY q “ p´ 1 ´X ´ Y ´ Y 2 ´ ¨ ¨ ¨ ´ Y T´1 “ p´X ´
1 ´ Y T

1 ´ Y
, (1.7)

[20] M. Huxley, 1972, “Irregularity in sifted sequences”.

May 4, 2026 Version 6
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the characteristic polynomial of our matrix is

P p1qP pξqP pξ2q ¨ ¨ ¨P pξT´1q “ pp´ T ´Xqpp´XqT´1.

The eigenvalues are thus p ´ T “ p ´ |Kp| with multiplicity 1 and p with
multiplicity T ´ 1 “ |Kp| ´ 1. The operator modulo q is the tensor product of
the operators modulo each prime divisors of q. The eigenvalues are thus

´

ź

p|d

pp´ |Kp|q
q

d

¯

q|d
(1.8)

with multiplicity
ś

p|q{dp|Kp| ´ 1q. The smallest one occurs when d “ q with
multiplicity 1, and the readers will swiftly check that it is attached to the
eigenvector p1qbPKq

. Therefore, when v is orthogonal to this vector, i.e. when
ř

n un “ 0, we may use the second smallest eigenvalue. The proof follows swiftly
from there.

The first inequality has an important consequence, namely:

ÿ

amod˚q

ˇ

ˇ

ˇ

ÿ

n

unepna{qq

ˇ

ˇ

ˇ

2

ě
ź

pα
}q

ˆ

pα

|Kpα |
´

pα´1

|Kpα´1 |

˙
ˇ

ˇ

ˇ

ˇ

ÿ

n

un

ˇ

ˇ

ˇ

ˇ

2

(1.9)

which follows from Theorem 1.1 since

|Kq|
ÿ

bPKq

ˇ

ˇ

ˇ

ˇ

ÿ

n”brqs

un

ˇ

ˇ

ˇ

ˇ

2

ě

ˇ

ˇ

ˇ

ˇ

ÿ

n

un

ˇ

ˇ

ˇ

ˇ

2

.

The intermediate quantity is however more refined in case the sequence punq is
not equidistributed modulo q. This consequence of the potential imbalance may
be proved by appealing to the Lagrange’s Identity:

ÿ

i

|ai|
2
ÿ

i

|bi|
2 “

ˆ

ÿ

i

aibi

˙2

` 1
2

ÿ

i,j

ˇ

ˇ

ˇ
aibj ´ ajbi

ˇ

ˇ

ˇ

2

, (1.10)

see for instance the book [51] of J.M. Steele. It implies in our case that

|Kq|
ÿ

bPKq

ˇ

ˇ

ˇ

ˇ

ÿ

n”brqs

un

ˇ

ˇ

ˇ

ˇ

2

“

ˇ

ˇ

ˇ

ˇ

ÿ

n

un

ˇ

ˇ

ˇ

ˇ

2

` 1
2

ÿ

b,b1PKq

ˇ

ˇ

ˇ

ˇ

ÿ

n”brqs

un ´
ÿ

n”b1rqs

un

ˇ

ˇ

ˇ

ˇ

2

.

Another path would be to rely on the Mean-Variance Identity i.e.

ÿ

iďn

|ai|
2 “

ÿ

iďn

ˇ

ˇ

ˇ
ai ´

1

n

ÿ

j

aj

ˇ

ˇ

ˇ

2

`
1

n

ˇ

ˇ

ˇ

ÿ

i

ai

ˇ

ˇ

ˇ

2

. (1.11)

We leave the details to the reader and end here this section.

[51] J. M. Steele, 2004, The Cauchy-Schwarz master class.

ICTS, 2026 May 4, 2026
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1.3. A direct proof in the prime case

Theorem 1.2

When punq is supported on prime-to-q integers n and q is square-free, we
have

ÿ

amod˚q

ˇ

ˇ

ˇ

ˇ

ÿ

n

unepna{qq

ˇ

ˇ

ˇ

ˇ

2

ě
ÿ

bmod˚q

ˇ

ˇ

ˇ

ˇ

ÿ

n”brqs

un

ˇ

ˇ

ˇ

ˇ

2

ě
1

φpqq

ˇ

ˇ

ˇ

ˇ

ÿ

n

un

ˇ

ˇ

ˇ

ˇ

2

.

Theorem 1.1 tells us also that, when
ř

n un “ 0, we may multiply this lower
bound by minp|q p. Eq. (6.10) proposes a variant of the above inequality, while
Theorem 1.3 below generalizes it. This proof extends to more general sieving
situations.

Proof. We argue by recursion on the number of prime factors of q. Let us start
with the prime case and use q “ p for clarity. We readily find that

ÿ

amod˚p

ˇ

ˇ

ˇ

ˇ

ÿ

n

unepna{pq

ˇ

ˇ

ˇ

ˇ

2

“ p
ÿ

bmod˚p

ˇ

ˇ

ˇ

ˇ

ÿ

n”brps

un

ˇ

ˇ

ˇ

ˇ

2

´

ˇ

ˇ

ˇ

ˇ

ÿ

bmod˚p

ÿ

n”brps

un

ˇ

ˇ

ˇ

ˇ

2

(1.12)

ě p
ÿ

bmod˚p

ˇ

ˇ

ˇ

ˇ

ÿ

n”brps

un

ˇ

ˇ

ˇ

ˇ

2

´ pp´ 1q
ÿ

bmod˚p

ˇ

ˇ

ˇ

ˇ

ÿ

n”brps

un

ˇ

ˇ

ˇ

ˇ

2

ě
ÿ

bmod˚p

ˇ

ˇ

ˇ

ˇ

ÿ

n”brps

un

ˇ

ˇ

ˇ

ˇ

2

.

This inequality is very similar to the one employed in Montgomery’s sieve. Let
us now consider q “ q1p with q1 square-free and prime to p. We find that

ÿ

amod˚q

ˇ

ˇ

ˇ

ˇ

ÿ

n

unepna{qq

ˇ

ˇ

ˇ

ˇ

2

“
ÿ

a1 mod˚q1

ÿ

cmod˚p

ˇ

ˇ

ˇ

ˇ

ÿ

n

une

ˆ

na1
q1

`
nc

p

˙
ˇ

ˇ

ˇ

ˇ

2

ě
ÿ

bmod˚p

ÿ

a1 mod˚q1

ˇ

ˇ

ˇ

ˇ

ÿ

n”brps

une

ˆ

na1
q1

˙ˇ

ˇ

ˇ

ˇ

2

by invoking the prime case. We may now use a recursion hypothesis and derive

ÿ

amod˚q

ˇ

ˇ

ˇ

ˇ

ÿ

n

unepna{qq

ˇ

ˇ

ˇ

ˇ

2

ě
ÿ

bmod˚p

ÿ

b1 mod˚q1

ˇ

ˇ

ˇ

ˇ

ÿ

n”brps

n”b1rq1s

un

ˇ

ˇ

ˇ

ˇ

2

.

The claimed inequality follows from there.

The above proof proves in fact a more general result which reads as follows.
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1.3 An even simpler proof in the prime case! 13

Theorem 1.3

When punq is supported on prime-to-q1 integers n and q1 is square-free and
prime to q2, we have

ÿ

amod˚q1q2

ˇ

ˇ

ˇ

ˇ

ÿ

n

une

ˆ

na

q1q2

˙
ˇ

ˇ

ˇ

ˇ

2

ě
ÿ

bmod˚q1

ÿ

a2 mod˚q2

ˇ

ˇ

ˇ

ˇ

ÿ

n”brq1s

une

ˆ

na2
q2

˙
ˇ

ˇ

ˇ

ˇ

2

ě
1

φpq1q

ÿ

a2 mod˚q2

ˇ

ˇ

ˇ

ˇ

ÿ

n

une

ˆ

na2
q2

˙
ˇ

ˇ

ˇ

ˇ

2

.

1.4. An even simpler proof in the prime case!

The proof of Theorem 1.2 extends to more general sieving situations. Here is
an almost trivial proof, which is this time very specific to the primes.

Theorem 1.4

When punq is supported on prime-to-q integers n and q is square-free, we
have

ÿ

amod˚q

ˇ

ˇ

ˇ

ˇ

ÿ

n

unepna{qq

ˇ

ˇ

ˇ

ˇ

2

ě
1

φpqq

ˇ

ˇ

ˇ

ˇ

ÿ

n

un

ˇ

ˇ

ˇ

ˇ

2

.

Notice that this inequality is generally considered to optimal since
ř

n unepna{qq “

µpqq
ř

n un{φpqq when the sequence punq is evenly distributed among the invert-
ible residue classes.

Proof. We simply write (with an obvious notation)

ÿ

amod˚q

Spa{qq “
ÿ

nďN

uncqpnq “ µpqqSp0q

and consequently, when q is square-free, we have

|Sp0q| ď
ÿ

amod˚q

|Spa{qq|. (1.13)

Cauchy’s inequality ends the proof.

We will again see (1.13) in Chapter 9 in Eq. (9.4).
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2 Local estimates, the hard way through

We work in this chapter on the relations between functions over Z{qZ, with a
support maybe restricted to some subset Kq, and functions over Z{dZ when d
divides q. We develop a “local” L2-formalism that shares several similarities
with the Fourier formalism, either over the additive group pZ{qZ,`q or over
the multiplicative group ppZ{qZq˚,ˆq. Some geometric notions are required to
handle a more general situation which we introduce in this chapter. Of this
setting, we shall use Theorem 1.1 intensively, and some of the vocabulary.

A general theory of “characters” and “conductors” is developed in [35]. It
also appears in [41].

2.1. Introduction

Let F pKqq be the vector space of functions from some subset Kq Ă Z{qZ
to C. We shall regularly consider functions of F pKqq as functions from F pZ{qZq

that vanish outside Kq.
When f P F pZ{qZq, we may decompose it according to additive characters

via the Fourier transform:

fpnq “
ÿ

amod q

ˆ

1

q

ÿ

cmod q

fpcqep´ac{qq

˙

epna{qq

“
ÿ

d|q

ÿ

amod˚d

ˆ

1

q

ÿ

cmod q

fpcqep´ac{dq

˙

epna{dq “
ÿ

d|q

fdpnq (2.1)

say, where fd is a function that depends only on n modulo d. We may do
the same when the support of f lies in pZ{qZq˚ with multiplicative Dirichlet
characters. When n is prime to q, we have:

fpnq “
ÿ

χmod q

ˆ

1

φpqq

ÿ

cmod˚q

fpcqχpcq

˙

χpnq

“
ÿ

d|q

ÿ

χmod˚d

ˆ

1

φpqq

ÿ

cmod q

fpcqχpcq

˙

χpnq “
ÿ

d|q

f˚
d pnq (2.2)

say, where again the f˚
d ’s are functions that depend only on n modulo d. We

used above a mod˚ d to say that a is running through every invertible classes
modulo d, and later χ mod˚ d to say that χ is running through every character
of conductor d. We may confuse the character, say χ1, modulo q induced by a
character χ, and χ itself because c and n can be restricted to being prime to q,
in which case we have χ1pcq “ χpcq and χ1pnq “ χpnq.

[35] O. Ramaré, 2007, “An explicit result of the sum of seven cubes”.
[41] O. Ramaré, 2022, “The number of rationals determined by large sets of sifted integers”.



16 CHAPTER 2. LOCAL ESTIMATES, THE HARD WAY THROUGH

2.2. Some geometry modulo q

We consider a collection pKqqqPQ that is such that:

• We have Kq Ă Z{qZ. This is an obvious requirement, but is put to clarify
the setting for readers that would skip too many paragraphs!

• Q is some divisor-closed set∗ of moduli, maybe Nzt0u, or tq ď Qu or the set
of square-free integers. The choice of this set is usually of no consequence,
it is introduced only to ease usage, so no effort should be made at this
level.

• The sequence should be consistent, i.e. when d|q, we have Kd “ Kq{dZ.
This could be stated with a lot of symbols, introducing the canonical
projection σqÑd from Z{qZ to Z{dZ and saying that σqÑdpKqq “ Kd.

We call such a collection a compact set. This terminology has some history: if
we are to consider the profinite completion Z along Q, our sequence indeed lifts
as a topological compact.

This being set, we need two regularity notions:

• First, the geometric equivalent of multiplicativity. A compact set is said
to be multiplicative† whenever Kq1 ˆ Kq2 » Kq1q2 as soon as q1 and q2 are
coprime. This is to say that the arrow

Kq1q2 Ñ Kq1 ˆ Kq2

x ÞÑ px mod q1, x mod q2q

is one-to-one. This is a very natural notion which is easily checked. All
our examples will be multiplicative.

• We recall the Johnsen-Gallagher condition introduced in the previous
chapter. We say that this condition holds whenever

@d|q,@y P Kd,#tx P Kq : x ” yrdu “ |Kq|{|Kd|. (1.4)

This is equivalent to saying that the number of preimages in Kq of any
point y of Kd does not depend on y. When the set of moduli Q contains
only square-free moduli, which is the case in most sieving situations, this
condition automatically holds.

We finally endow F pKqq with a hermitian product given by (1.5). When
Kq “ Z{qZ, we simply write rf, gsq. Notice that if f and g are in F pKqq and
are considered as elements of F pZ{qZq that vanish outside Kq, then rf, gsKq

“

pq{|Kq|qrf, gsq. In particular orthogonality is preserved.

∗I.e. when d|q and q P Q, we should have d P Q. In particular, 1 always belongs to Q.
†In earlier work, I used multiplivatively split instead of the simpler multiplicative.
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2.3 The Fourier structure 17

2.3. Local couplings

Our next task is to link together the arithmetic modulo distinct moduli.
Let us assume that the compact set pKqqqPQ satisfies the Johnsen-Gallagher
condition (1.4). To do so, we consider the usual lift when d|q:

Ld̃
q̃ : F pKdq Ñ F pKqq

f ÞÑ f ˝ σqÑd : Kq Ñ C
x ÞÑ fpx mod dq

(2.3)

This function is a natural one. The reader may wonder why we chose q̃ instead
of q; it will avoid troubles later on. In order to further compare the Hermitian
structures, we consider the operator J q̃

d̃
from F pKqq to F pKdq which associates

to f P F pKqq the function

J q̃

d̃
pfq : Kd Ñ C, x ÞÑ

|Kd|

|Kq|

ÿ

nPKq

n”xrds

fpnq. (2.4)

This operator satisfies the fundamental:

rLd̃
q̃pfq|gsq “ rf |J q̃

d̃
pgqsd. (2.5)

Proof. We simply check directly that

rLd̃
q̃pfq, gsq “

1

|Kq|

ÿ

xPKd

fpxq
ÿ

nPKq

n”xrds

gpnq

“
1

|Kd|

ÿ

xPKd

fpxq

ˆ

|Kd|

|Kq|

ÿ

nPKq

n”xrds

gpnq

˙

as required.

Thus the maps Ld̃
q̃ and J q̃

d̃
are adjoint to each other, even if the reader may

be unfamiliar with the concept when applied to linear functions that are not
homomorphisms. Let us define

Uq̃Ñd̃ “ Ld̃
q̃J

q̃

d̃
. (2.6)

The next section is devoted to understanding these operators. Note that they
depend on K, so whenever required, we shall add this parameter as in Uq̃Ñd̃pf ;Kq.
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18 CHAPTER 2. LOCAL ESTIMATES, THE HARD WAY THROUGH

2.4. The Fourier structure

Let us assume that the compact set pKqqqPQ satisfies the Johnsen-Gallagher
condition (1.4). We start with the following fundamental property.

Lemma 2.1

The operator Uq̃Ñd̃ is Hermitian. Furthermore, Uq̃Ñd̃1
and Uq̃Ñd̃2

commute
with each other and we have

Uq̃Ñd̃1
Uq̃Ñd̃2

“ U
q̃Ñ Čpd1,d2q

. (2.7)

Proof. The Hermitian property is quickly proved:

rUq̃Ñd̃pfq|gsq “ rLd̃
q̃J

q̃

d̃
pfq|gsq “ rJ q̃

d̃
pfq|J q̃

d̃
pgqsq

“ rJ q̃

d̃
pgq|J q̃

d̃
pfqsq “ rLd̃

q̃J
q̃

d̃
pgq|f sq “ rf |Ld̃

q̃J
q̃

d̃
pgqsq,

where, in fact, we have not used any property of K. The commuting property
requires more hypothesis. By using the definition of Uq̃Ñd̃1

, we find that

Uq̃Ñd̃1
Uq̃Ñd̃2

pfqpxq “
|Kd1

|

|Kq|

ÿ

nPKq

n”xrd1s

Uq̃Ñd̃2
pfqpnq

into which we substitute the definition of Uq̃Ñd̃2
to obtain

Uq̃Ñd̃1
Uq̃Ñd̃2

pfqpxq “
|Kd1 |

|Kq|

ÿ

nPKq

n”xrd1s

|Kd2 |

|Kq|

ÿ

mPKq

m”nrd2s

fpmq

“
|Kd1

||Kd2
|

|Kq|

ÿ

mPKq

W pm;xqfpmq,

say, where we have written W pm;xq to denote

W pm;xq “
ÿ

nPKq

n”xrd1s,n”mrd2s

1. (2.8)

The reader will check that W pm;xq “ 0 when m and x are not congruent
modulo pd1, d2q and that W pm;xq “ |Kd1 ||Kd2 |{|Kpd1,d2q| when they are. This
proves (2.7), and consequently the fact that the operators Uq̃Ñd̃ commute with
each other. Note that this argument depends crucially on the split multiplicativity
of K.
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2.3 The Fourier structure 19

A consequence of the above lemma is that Uq̃Ñd̃ is a Hermitian projection. Let
us further define

Uq̃Ñd “
ÿ

ℓ|d

µpd{ℓqUq̃Ñℓ̃. (2.9)

The main structure theorem is the following:

Theorem 2.2

The operators pUq̃Ñdqd|q are two by two orthogonal Hermitian projections.
For each divisor r of q, we further have

Uq̃Ñr̃ “
ÿ

d|r

Uq̃Ñd.

Note that Uq̃Ñq̃ is the identity.

Proof. On applying the preceding lemma, we get

Uq̃Ñd1
Uq̃Ñd2

“
ÿ

ℓ1|d1,ℓ2|d2

µpd1{ℓ1qµpd2{ℓ2qU
q̃Ñ Čpℓ1,ℓ2q

“
ÿ

t|pd1,d2q

ˆ

ÿ

ℓ1|d1,ℓ2|d2

pℓ1,ℓ2q“t

µpd{ℓ1qµpd{ℓ2q

˙

Uq̃Ñt̃.

The inner coefficient is multiplicative and is readily seen to vanish when d1 ‰ d2
and to equal µpd1{tq otherwise, thus establishing that Uq̃Ñd is indeed a projection
and that Uq̃Ñd1

and Uq̃Ñd2
are orthogonal when d1 ‰ d2. The remaining

statements follow.

Theorem 2.2 is the main basis of what now follows. Let us set

Mpq̃ Ñ dq “ Uq̃ÑdF pKqq (2.10)

which we endow with the scalar product of F pKqq. This set depends on q: it is
made of functions over Kq but this dependence proved to be immaterial in the
next lemma.

Lemma 2.3

When d|q, the arrows in
J q̃

d̃

Mpq̃ Ñ dq
ÝÑ

ÐÝ
Mpd̃ Ñ dq

Ld̃
q̃

are isometries, inverses of one another.

This lemma legitimates a special name for Mpd̃ Ñ dq, which we simply call
Mpdq.Its elements will sometimes be called primitive.
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20 CHAPTER 2. LOCAL ESTIMATES, THE HARD WAY THROUGH

Proof. We first note that Ld̃
q̃Ud̃ÑdJ

q̃

d̃
pF q “ Ud̃ÑdpF q, which in passing proves

that Ld̃
q̃Mpd̃ Ñ dq “ Mpq̃ Ñ dq. Next, given any two elements Ud̃Ñdpfq and

Ud̃Ñdpgq of Mpd̃ Ñ dq, we have

rLd̃
q̃Ud̃Ñdpfq|Ld̃

q̃Ud̃Ñdpgqsd “ rLd̃
q̃Ud̃ÑdJ

q̃

d̃
pF q|Ld̃

q̃Ud̃ÑdJ
q̃

d̃
pGqsd

if we write f “ J q̃

d̃
pF q and g “ J q̃

d̃
pGq. We continue simply:

rLd̃
q̃Ud̃ÑdJ

q̃

d̃
pF q|Ld̃

q̃Ud̃ÑdJ
q̃

d̃
pGqsd “ rUq̃ÑdpF q|Uq̃ÑdpGqsd “ rUq̃ÑdpF q|Gsd

“ rLd̃
q̃Ud̃ÑdJ

q̃

d̃
pF q|Gsd “ rUd̃ÑdJ

q̃

d̃
pF q|J q̃

d̃
pGqsd

“ rUd̃Ñdpfq|gsd “ rUd̃Ñdpfq|Ud̃Ñdpgqsd

indeed establishing that the restriction of Ld̃
q̃ to Mpq̃ Ñ dq is an isometry. To

show that both operators are inverses of each other, we note that

Ld̃
q̃

`

J q̃

d̃
Ld̃
q̃Ud̃Ñdpfq

˘

“ Uq̃ÑdUq̃ÑdpF q “ Uq̃ÑdpF q “ Ld̃
q̃

`

Ud̃Ñdpfq
˘

and since L is an injection, this indeed implies that J q̃

d̃
Ld̃
q̃Ud̃Ñdpfq “ Ud̃Ñdpfq.

The reverse equation

Ld̃
q̃J

q̃

d̃
Uq̃Ñdpf 1q “ Uq̃Ñdpf 1q

is quickly proved.

Thus in the relation

F pKqq “
à

r|q

Mpq̃ Ñ rq (2.11)

we may regroup
À

r|d Mpq̃ Ñ rq for some divisor d of q and identify it with

F pKdq via L or J , and this identification respects each summand. We may then
identify F pKdq with the set of functions of F pKqq that depend only on the class
of the variable modulo d, and Mpq̃ Ñ rq as being the functions that depend
only on the class of the variable modulo r, where r is minimal subject to this
condition. Naturally, r is some kind of conductor.

We may split f according to (2.11), which we term decomposing f in Fourier
components, and this is done via

f “
ÿ

r|q

Uq̃Ñrpfq. (2.12)

Note finally that

›

›Uq̃Ñqpfq
›

›

2

q
“

1

|Kq|

ÿ

nPKq

ˇ

ˇ

ˇ

ˇ

ÿ

d|q

µpq{dq
|Kd|

|Kq|

ÿ

m”nrds

fpmq

ˇ

ˇ

ˇ

ˇ

2

. (2.13)

May 4, 2026 Version 6



2.5 Some explicit expression in the reference case 21

2.5. Reduction to local properties

Let us assume that the compact set pKqqqPQ satisfies the Johnsen-Gallagher
condition (1.4). Given a sequence punqně1 carried by K up to level D∗, we
consider

∆dpuqpnq “ |Kd|
ÿ

m”nrds

um (2.14)

which is a function of F pKdq provided d ď D, which we assume. We have chosen
this normalisation because it yields

J q̃

d̃
∆q “ ∆d, (2.15)

allowing us to use either notion. In particular, it implies that

›

›Uq̃Ñdp∆qpuqq
›

›

2

q
“
›

›Ud̃Ñdp∆dpuqq
›

›

2

d
(2.16)

whenever d|q.
Though we will not use it, expressing explicitely the adjoint of ∆q is easy.

We consider

∇q : F pZ{qZq ÝÑ F pr1, N sq

h ÞÑ ∇qphq : r1, N s ÝÑ C
x ÞÑ hpx mod qq

(2.17)

which satisfies
r∆qph1q|h2sq “ rh1|∇qph2qs, (2.18)

(where rh, gs “
ř

nďN hpnqgpnq) justifying again our scaling in the definition of
∆q. Note further that

@d|q, ∇qpLd̃
q̃phqq “ ∇dphq, (2.19)

both properties stated with obvious notations.

2.6. Some explicit expression in the reference case

When the compact set K is pZ{qZqq, also denoted Ẑ, we have at our disposal
the usual Fourier decomposition

fpnq “
ÿ

d|q

ÿ

amod˚d

f̂pq, a{dqepna{dq (2.20)

where we have set

f̂pq, a{dq “
1

q

ÿ

nmod q

fpnqep´na{dq. (2.21)

∗I.e. such that @n for which un ‰ 0, we have n P Kd for every d ď D.
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22 CHAPTER 2. LOCAL ESTIMATES, THE HARD WAY THROUGH

This decomposition is the one given by (2.12), for we immediately check that

Uq̃Ñdpf ; Ẑqpnq “
ÿ

amod˚d

f̂pq, a{dqepna{dq. (2.22)

Let us give a formal proof of this last equality.

Proof. Using (2.9), we infer that

Uq̃Ñdpf ; Ẑqpnq “
ÿ

r|d

µpd{rq
r

q

ÿ

m”nrrs

fpmq “
1

q

ÿ

mmod q

fpmq
ÿ

r|d
r|m´n

rµpd{rq

where we identify the summation over r as the Ramanujan sum cdpn´mq. On
using the expression of this Ramanujan sum as a sum of exponentials, we get

Uq̃Ñdpf ; Ẑqpnq “
1

q

ÿ

mmod q

fpmqcdpn´mq

“
1

q

ÿ

amod d

ÿ

mmod q

fpmqep´ma{dqepna{dq

where the reader will swiftly recognize (2.22).

The above formula applies when f is a function modulo q, while in practice, we
deal with functions on the integers. So let us see what happens when f “ ∆qpuq.
Here is the main result in this situation that we for instance use for the large
sieve inequality.

›

›Uq̃Ñqp∆qpuq; Ẑq
›

›

2

q
“

ÿ

amod˚q

ˇ

ˇ

ˇ

ˇ

ÿ

m

umep´am{qq

ˇ

ˇ

ˇ

ˇ

2

. (2.23)

Proof. We follow the definitions one by one to reach

Uq̃Ñqp∆qpuq; Ẑqpnq “
ÿ

amod˚q

ˆ

1

q

ÿ

bmod q

q
ÿ

m”brqs

umep´ab{qq

˙

epna{qq

“
ÿ

amod˚q

ÿ

m

umep´am{qq epna{qq.

We are now ready to compute }Uq̃Ñqp∆qpuq; Ẑq}2q. We find that

›

›Uq̃Ñqp∆qpuq; Ẑq
›

›

2

q
“

1

q

ÿ

nmod q

ˇ

ˇ

ˇ

ˇ

ÿ

amod˚q

ÿ

m

umep´am{qq epna{qq

ˇ

ˇ

ˇ

ˇ

2

i.e.
›

›Uq̃Ñqp∆qpuq; Ẑq
›

›

2

q
“

ÿ

amod˚q

ˇ

ˇ

ˇ

ˇ

ÿ

m

umep´am{qq

ˇ

ˇ

ˇ

ˇ

2

as we have claimed.
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2.6 A local lower bound 23

2.7. A local lower bound

Let us assume that the compact set pKqqqPQ satisfies the Johnsen-Gallagher

condition (1.4). In this section, we use Uq̃Ñdp¨; Ẑq for the sequence of operators
U associated to K “ pZ{dZqd, denote by } ¨ }q the corresponding norm (this norm

depends on the ambient compact set), and also ∆p¨; Ẑq for the projection operator.
We reserve Uq̃Ñd for the operators associated with K, and exceptionally here
}¨}Kq

for the relevant norm. Note that if f is in F pKdq, then }f}2q “ |Kq|}f}2Kq
{q

and ∆dp¨; Ẑq “ d∆d{|Kd|. When we know that our sequence is carried by a
smaller compact set K, we may introduce this information via the following
transformation (see (2.9)):

›

›Uq̃Ñqp∆qpu; Ẑq; Ẑq
›

›

2

q
“
ÿ

d|q

µpq{dq
›

›∆dpu; Ẑq
›

›

2

d
“
ÿ

d|q

µpq{dq
d

|Kd|

›

›∆dpuq
›

›

2

Kd

“
ÿ

d|q

µpq{dq
d

|Kd|

ÿ

r|d

›

›Ur̃Ñrp∆rpuqq
›

›

2

Kr
.

Let us continue this line of thoughts, though only locally, i.e. modulo q. On
recalling (2.23), the above equation gives us the formula:

ÿ

amod˚q

ˇ

ˇ

ˇ

ÿ

n

unepna{qq

ˇ

ˇ

ˇ

2

“
ÿ

r|q

ź

pα
}q

pα
}r

pα

|Kpα |

ź

pα
}q

pα∤r

ˆ

pα

|Kpα |
´

pα´1

|Kpα´1 |

˙

›

›Ur̃Ñrp∆rpuqq
›

›

2

Kr
. (2.24)

We have therefore reached a decomposition of the quadratic form on the LHS
on the space of sequences carried by Kq as a sum of the norm of orthogonal
Hermitian projections. When q is square-free, Huxley in Section 6 of [20] proves
and uses such a decomposition. Here is another proof of Theorem 1.1 based on
these ideas.

Second proof of Theorem 1.1. The proof is easier to follow when q is square-free.
When

ř

n un “ 0, the contribution of r “ 1 in (2.24) vanishes, leading to:

ÿ

amod˚q

ˇ

ˇ

ˇ

ÿ

n

unepna{qq

ˇ

ˇ

ˇ

2

ě
ź

p|q

p´ |Kp|

|Kp|
min
1ăr|q

r
ś

p|rpp´ |Kp|q

ÿ

r|q

›

›Ur̃Ñr∆rpuq
›

›

2

Kr
.

The reader will swiftly complete the proof of this case by using

ÿ

r|q

›

›Ur̃Ñr∆rpuq
›

›

2

Kr
“ |Kq|

ÿ

bPKq

ˇ

ˇ

ˇ

ˇ

ÿ

n”brqs

un

ˇ

ˇ

ˇ

ˇ

2

,

and adapt the proof to the case of non-square-free modulus q.

[20] M. Huxley, 1972, “Irregularity in sifted sequences”.
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3 Local estimates, size condition

Up to now, we did not investigate precisely what happens at the place at
infinity. The approach we follow here is due to Selberg to prove the large sieve
inequality; in particular he built the function Cr´M ;Ms,δ given below. It turned
out that Beurling had already achieved such a construction in the late 1930’s
without publishing. This explains why this function is now referred to as the
Beurling-Selberg function.

The next exposition is based on the paper [54] of Vaaler (see also the joint
work [14] by Graham & Vaaler). We explicitate several formulas by simply
reading carefully this paper.

3.1. Some special functions

Let us follow the classical paper [54] by J. Vaaler. We first introduce some
notation and define∗

Ĵptq “

$

’

&

’

%

1 if t “ 0,

πtp1 ´ |t|q cotπt` |t| if 0 ă |t| ă 1,

0 if 1 ď |t|.

(3.1)

As per [54, Theorem 6], the function Ĵ is even, non-negative, continuously
differentiable, and strictly decreasing on r0, 1s. We also have Jpxq “ H 1pxq{2
where H is defined in (3.2) below. We continue with the definitions from the
same paper:

Kpzq “

ˆ

sinπz

πz

˙2

, Hpzq “

ˆ

sinπz

π

˙2ˆ
ÿ

mPZ

sgnpmq

pz ´mq2
`

2

z

˙

(3.2)

(with sgn 0 “ 1), and the Beurling-Selberg function Bpxq “ Kpxq ` Hpxq. We
finally set

2Cra,bs,δpxq “ Bpδpb´ xqq `Bpδpx´ aqq ě 2 ¨ 11xPra,bs. (3.3)

Theorem 3.1

Let δ ą 0 and M ě 0 be two parameters. The function Cr´M,Ms,δ is an
upper bound for the characteristic function of r´M,M s. When |t| ď δ, we

[54] J. Vaaler, 1985, “Some Extremal Functions in Fourier Analysis”.
[14] S. Graham and J. Vaaler, 1981, “A class of extremal functions for the Fourier transform”.

∗The Fourier transform f̂ is defined by f̂ptq “
ş8

´8
fpuqeputqdu.
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1

0
-1 1

Figure 3.1: Ĵptq

have

Ĉr´M,Ms,δptq “ δ´1p1 ´ |δ´1t|q cos 2πMt`
Ĵpδ´1tq

πt
sin 2πMt.

When |t| ě δ, we have Ĉr´M,Ms,δptq “ 0. We have |Ĉr´M,Ms,δptq| ď

Ĉr´M,Ms,δp0q “ 2M ` δ´1.

Notice that Ĉr´M,Ms,δptq “ δ´1Ĉr´δM,δMs,1pδ´1tq.

Proof. Let us start with somewhat more generality and write

2Cra,bs,δpxq “ 211xPra,bs `Bpδpb´xqq ´ sgn δpb´xq `Bpδpx´ aqq ´ sgn δpx´ aq.

Set F pxq “ Bpxq ´ sgnx and F2pxq “ F pδpb´xqq. By [54, Corollary 7], we have

F̂ ptq “ p1 ´ |t|q11|t|ď1 `
1

iπt

`

Ĵptq ´ 1
˘

and classically F̂2ptq “ epbtqδ´1F̂ p´t{δq. This leads to

2Ĉra,bs,δptq “
epbtq ´ epatq

iπt
` δ´1epbtqF̂ p´δ´1tq ` δ´1epatqF̂ pδ´1tq.

[54] J. Vaaler, 1985, “Some Extremal Functions in Fourier Analysis”.
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Let us proceed by specializing a “ ´b “ ´M , we get

2δĈr´M,Ms,δptq “ pepMtq ` ep´Mtqqp1 ´ |δ´1t|q `
epMtq ´ ep´Mtq

iπδ´1t
Ĵpδ´1tq.

The lemma follows readily from this expression.

Lemma 3.2

Let λ P r0, 1s be a positive parameter. When |u| ď 1, we have

Ĉr´λ,λs,1puq “ p1 ´ |u|q cos 2πλu`
Ĵpuq

πu
sin 2πλu.

When |u| ě 1, we have Ĉr´λ,λs,1puq “ 0.
When |y| ď λ, we have Cr´λ,λs,1pyq ě 1.

Proof. By construction, we have Cr´λ,λs,1pyq ě 1 when |y| ď λ. When λ ď 1{4,
the function p1 ´ |u|q cos 2πλu is decreasing over r0, 1s. The same holds true for
the functions Ĵpuq and sinp2πλuq{u, hence for Ĉr´λ,λs,1puq. We readily find that

Cr´λ,λs,1pyq “

ż 1

´1

Ĉr´λ,λs,1puqep´uyqdu “ 2

ż 1

0

Ĉr´λ,λs,1puq cosp2πuyqdu.

The lemma follows readily.

Figure 3.2: Cr´250,250s,1{50puq

ICTS, 2026 May 4, 2026
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Figure 3.3: Cr´10,10s,1{2puq in black, Cr´10,10s,1{5puq in blue, Cr´10,10s,1{10puq in
cyan and Cr´10,10s,1{20puq in red

Figure 3.4: Cr´1,1s,1{2puq

May 4, 2026 Version 6
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3.2. A quadratic form

This section is somehow off-topic, but prepares to a problem we will find
later on. We consider the quadratic form

Qppunqq “

ż δ

´δ

|Spβq|2dβ “
ÿ

m,n

umun
sinp2πpm´ nqδq

πpm´ nq
. (3.4)

To be in accordance with other works, we assume that N is an integer.∗

Eigenvectors and eigenvalues

The eigenvectors of this quadratic form are called the discrete prolate spheroidal
sequences, DPSS in short. Following D. Slepian in [50], we write

ÿ

m

sinp2πpn´mqδq

πpn´mq
v

pkq

m´1pN, δq “ λkpN, δqv
pkq

n´1pN, δq. (3.5)

These eigenvalues are normalized so that
ÿ

n

v
pkq

n´1pN, δq2 “ 1, (3.6)

and
ÿ

n

v
pkq

n´1pN, δq ě 0,
ÿ

n

pN ` 1 ´ 2nqv
pkq

n´1pN, δq ě 0. (3.7)

They are furthermore ordered in k P t0, ¨ ¨ ¨ , N ´ 1u with decreasing values
of λkpN, δq. The reader will find numerous papers and numerics on these
sequences. (Voir [17])

A minimization

As it turns out, the problem will shall meet is to find the best constant CpN, δq

such that
ż δ

´δ

|Spβq|2dβ ě CpN, δq|Sp0q|2. (3.8)

And we would even be able to restrict this question to sequences punq that are
non-negative, obtaining a constant C`pN, δq. A consequence of the later study
(see Section 6.8) will show that

C`pN, δq ě

ˆ

1 ´
2

?
δN

˙

{N. (3.9)

∗Except that D. Slepian considers sequences punq0ďnďN´1 while we have punq1ďnďN .
This explains several of the ´1 the reader will see in the indices.
[50] D. Slepian, 1978, “Prolate spheroidal wave functions, Fourier analysis, and uncertainty -
V: The discrete case”.
[17] F. A. Gruenbaum, 1981, “Eigenvectors of a Toeplitz matrix: Discrete version of the
prolate spheroidal wave functions”.
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It is easy to show that (when 1{2 ě δ)

1{N ě CpN, δq ě C`pN, δq. (3.10)

This is simply proved by noticing that (when

N “

ż 1{2

´1{2

ˇ

ˇ

ˇ

ÿ

n

epnβq

ˇ

ˇ

ˇ

2

dβ ě

ż δ

´δ

ˇ

ˇ

ˇ

ÿ

n

epnβq

ˇ

ˇ

ˇ

2

dβ ě CpN, δq

ˇ

ˇ

ˇ

ÿ

n

1
ˇ

ˇ

ˇ

2

.

Numerical optimization with positivity conditions

We may consider this problem with Kuhn-Tucker conditions, i.e. examine the
function

HN,δppunq, λq “ 2δ
ÿ

m,n

umun sincp2πpm´nqδq´
ÿ

n

λnun`µ

ˆ

ÿ

n

un´1

˙

. (3.11)

For every local minima of 2δ
ř

m,n umun sincp2πpm´ nqδq under the conditions
´un ď 0 for every n and

ř

n un “ 1, there exists∗ for every n some λn ě 0 and
a real µ such that

$

’

’

’

’

&

’

’

’

’

%

@m, 2δ
ÿ

n

un sincp2πpm´ nqδq “ λm ´ µ,

@m, um ě 0 and λmum “ 0,
ÿ

n

un “ 1.

(3.12)

In which case the minimum is readily checked to be ´µ. This means that there
exists a subset I Ă t1, ¨ ¨ ¨ , Nu of indices that are such that um “ 0 and that
λm “ 0 when m R I. Since in each case, we get a linear system of N ´ |I| ` 1
unknowns (the `1 is for the µ-variable), with N´|I|`1 equations. Such a system
is likely to be non-degenerate (its determinant is a real analytic function of δ,
so it cannot vanish on any non-trivial interval without vanishing everywhere;
this implies that we need only move δ by a tiny amount to get a non-zero
determinant).

We get the next table for NC`pN, δq:

N δ “ 0.2 δ “ 0.1
10 0.8488... 0.7105...
11 0.8593... 0.7333...
12 0.8567... 0.7474...
13 0.8608... 0.7471...
14 0.8794... 0.7458...
15 0.8882... 0.7426...
16 0.8896... 0.7563...
17 0.8852... 0.7773...
18 0.8973... 0.7943...
19 0.9063... 0.8063...
20 0.9098... 0.8143...

∗In our present problem, this necessary condition can furthermore be proved to be sufficient.

May 4, 2026 Version 6



3.1 A quadratic form 31

And a table for NC`pN, δq{p1 ´ 2{
?
δNq:

N 19 20 21 22

δ “ 0.3 5.8499... 5.1885...21 4.6818... 4.3113...

Sadly enough, this last data is barely significant as Nδ is not large enough.
A major slowing factor is that we have to investigate every possible subset of
indices. Notice however that, when an admissible optimum (i.e. a minimum with
non-negative coordinates) has been found for a given subset, it is not required to
investigate the subsets of this subset. This remark does not speed the process,
as it turns out that checking that a given subset does not belong to the list of
cleared ones takes too much time.

Here is the Pari-GP script used to compute the above tables.

{getmin(listindices, delta) =

my(locN = length(listindices), mymat = matrix(locN + 1),

vecimage = vector(locN + 1), res, isok = 1, firstnonzeron = 1);

\\ Initialization:

for(m = 1, locN,

for(n = m, locN,

mymat[m, n] = sinc(2*Pi*(listindices[m]-listindices[n])*delta)*2*delta;

mymat[n, m] = mymat[m, n]));

for(m = 1, locN, mymat[m, locN + 1] = 1);

for(n = 1, locN, mymat[locN + 1, n] = 1);

for(n = 1, locN, vecimage[n] = 0);

vecimage[locN + 1] = 1;

\\ Get possible minimum:

res = matsolve(mymat, vecimage~);

\\ Analyze the result:

while(res[firstnonzeron] == 0, firstnonzeron++);

if(res[firstnonzeron] < 0, res = -res);

for(n = firstnonzeron + 1, locN,

if(res[n] < 0, isok = 0; break,));

return([isok, - res[locN + 1]]);}

{work(N, delta, DoTell = 1) =

my(locres, res = 1);

forsubset(N, listindices,

if(length(listindices) == 0,,

locres = getmin(listindices, delta);

if(locres[1] == 1,

if(DoTell == 1,

print("Minimum at ", listindices, " = ", locres[2]),);

res = min(locres[2], res),)));

return(res);}
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3.3. Reproducing the plots

The figures in this chapter have been drawn by Sage, see [45]. Here is
the script “Curves.sage” we have used which we load with the command
load("Curves.sage").

import math

begInterval = -10 # We bound above the characteristic function of

endInterval = 10 # [begInterval, endInterval]

begDraw = -20 # The plot axis is [begDraw, endDraw]

endDraw = 20

mydelta = 1/10

myapectratio = 20 # This should be around (endDraw - begDraw)/2.

def Bz(z, Nmax=100000): # An approximation of

if z.is_integer(): # the Beurling-Selberg function.

return(1)

else:

aux = 2/z +1/z^2

for n in [1..Nmax]:

aux += 1/(z-n)^2-1/(z+n)^2

return(aux*(sin(float(pi)*z)/float(pi))^2)

def Majo(z, a, b, delta, Nmax=100000):

return((Bz(delta*(z-a), Nmax)+Bz(delta*(b-z), Nmax))/2)

def CharFun(z, a, b): # A generic version of SpeFun

if a <= z <= b:

return(1)

else:

return(0)

def SpeFun(z): # The characteristic function to bound above

return(CharFun(z, begInterval,endInterval))

plot1a = plot(Majo(x, begInterval, endInterval, 1/2, 6000),

(x, begDraw, endDraw),

color = "black", aspect_ratio = myapectratio)

plot1b = plot(Majo(x, begInterval, endInterval, 1/5, 6000),

(x, begDraw, endDraw),

color = "blue", aspect_ratio = myapectratio)

[45] W. Stein et al., 2024, Sage Mathematics Software (Version 9.5).
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plot1c = plot(Majo(x, begInterval, endInterval, 1/10, 6000),

(x, begDraw, endDraw),

color = "cyan", aspect_ratio = myapectratio)

plot1d = plot(Majo(x, begInterval, endInterval, 1/20, 6000),

(x, begDraw, endDraw),

color = "red", aspect_ratio = myapectratio)

plot3 = plot(SpeFun, (x, begDraw, endDraw),

color = "green", aspect_ratio = myapectratio)

(plot1a + plot1b + plot1c + plot1d + plot3).show()
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4 The large sieve inequality

The large sieve terminology appears for the first time in the paper [23] by
Y. Linnik. This concept has evolved largely since then. An historical account
may be found in the book [28] by H.Montgomery. See also the paper [27] by the
same author.

4.1. The large sieve inequality

Let us start with a complex vector space H endowed with a hermitian form
rf |gs, left linear and right sesquilinear. To be consistent with later notations,
the norm of φ is denoted by }φ}2. Our first lemma reads as follows

Lemma 4.1

For any finite family pφ˚
i q of points of H, and with Mi “

ř

j |rφ˚
i |φ˚

j s|, we
have

ÿ

i

M´1
i |rf |φ˚

i s|2 ď }f}22.

So that if rφ˚
i |φ˚

j s is small for i ‰ j then Mi is close to }φ˚
i }22. This lemma is

due to Selberg, as mentioned in Section 2 of [4] and in [3].

Proof. For the proof, we simply write

›

›

›
f ´

ÿ

i

ξiφ
˚
i

›

›

›

2

2
ě 0

and expand the square. We take care of }
ř

i ξiφ
˚
i }22 by using

›

›

›

ÿ

i

ξiφ
˚
i

›

›

›

2

2
“
ÿ

i,j

ξiξjrφ˚
i |φ˚

j s

to which we simply apply 2|ξiξj | ď |ξi|
2 ` |ξj |2. We have reached

}f}22 ´ 2ℜ
ÿ

i

ξirf |φ˚
i s `

ÿ

i

Mi|ξi|
2 ě 0.

We finally select ξi “ rf |φ˚
i s{Mi. The lemma readily follows.

[23] Y. Linnik, 1941, “The large sieve”.
[28] H. Montgomery, 1971, “Topics in Multiplicative Number Theory”.
[27] H. Montgomery, 1978, “The analytic principle of the large sieve”.
[4] E. Bombieri, 1987/1974, “Le grand crible dans la théorie analytique des nombres”.
[3] E. Bombieri, 1971, “A note on the large sieve”.
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Theorem 4.2

Let X be a finite set of points of R{Z. Set δ “ min
␣

}x´ x1}, x ‰ x1 P X
(

.
For any sequence of complex numbers punq1ďnďN

a, we have

ÿ

xPX

ˇ

ˇ

ˇ

ÿ

nďN

unepnxq

ˇ

ˇ

ˇ

2

ď
ÿ

n

|un|2pN ´ 1 ` δ´1q.

aThe parameter N is not restricted to integer values.

The theorem in this version is due to Selberg. The same year and by a different
method, a marginally weaker version (without the ´1 on the right) was proved
by Montgomery & Vaughan in [29].

Proof. Instead of localising n P r1, N s, let us set M “ rpN ´ 1q{2s and use
n P r´M,N ´M ´ 1s X Z Ă r´M,M s. For each x P X , we define

@n P Z, φxpnq “ epnxq

b

Cr´M,Ms,δpnq. (4.1)

We also define fpnq “ un for n P r´M,M s and appeal to Selberg’s Lemma 4.1.
We readily find that

ÿ

nPZ
φxpnqφx1 pnq “

ÿ

nPZ
epnpx´ x1qqCr´M,Ms,δpnq “ Ĉr´M,Ms,δpx´ x1q

by Poisson’s formula. When x and x1 are in X , this quantity has value 2M ` δ´1

when x “ x1 and vanishes otherwise. This proves our inequality.

4.2. A global inequality

Here is the common consequence of Theorem 4.2 we shall use.

Theorem 4.3

For any sequence of complex numbers punq1ďnďN , we have

ÿ

qďQ

ÿ

amod˚q

ˇ

ˇ

ˇ

ÿ

nďN

unepna{qq

ˇ

ˇ

ˇ

2

ď
ÿ

n

|un|2pN ´ 1 `Q2q.

[29] H. Montgomery and R. Vaughan, 1973, “The large sieve”.
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4.3. Montgomery’s sieve and the
Brun-Titchmarsh inequality

Joining the global inequality given in Theorem 4.3 together with the local
ones given in Theorem 1.1 gives Montomery’s sieve. The reader should go
through Section 2.2.

Theorem 4.4

Let pKqqqďQ be a multiplicative compact set, i.e. a consistent sequence of
multiplicative subsets of Z{qZ satisfying the Gallagher-Johnsen condition.
Let Z be the number of integers n from rM ` 1,M `N s that are such that
n P Kq for every q ď Q. We have

Z ď
N ´ 1 `Q2

G˚pQq
where G˚pQq “

ÿ

qďQ

ź

pα
}q

ˆ

pα

|Kpα |
´

pα´1

|Kpα´1 |

˙

.

Theorem A is a consequence of the above, in a strong form. With the above
Theorem 4.4, one gets 2`op1q instead of 2. In such a strong form, it is Theorem 2
in [29] by H. Montgomery & R.C. Vaughan.

4.4. Reminder on the G-function for the primes

In the context of the Selberg sieve, there appears a family of G-functions. The
reader may find the details in the book [18] by H. Halberstam & H.-E. Richert,
or in [34, 36]. For the primes, the main player is

Gpzq “
ÿ

qďz

µ2pqq

φpqq
. (4.2)

It is evaluated in several places. Here is a simple lemma.

Lemma 4.5. We have Gpzq ě log z.

Proof. We find that

µ2pqq

φpqq
“
ź

p|q

1

1 ´ 1
p

“
ÿ

ně1
p|n ùñ p|q

1

n

[18] H. Halberstam and H.-E. Richert, 1974, Sieve methods.
[34] D. S. Ramana and O. Ramaré, 2025, Arithmetical aspects of the large sieve inequality –
II.
[36] O. Ramaré, 2009, Arithmetical aspects of the large sieve inequality.
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and therefore, on setting kpnq “
ś

p|n p, we find that

µ2pqq

φpqq
“

ÿ

ℓ:kpℓq“q

1

ℓ
.

We may check this identity by noticing that we indeed get a sum of 1{ℓ, with
kpℓq “ q, that every such integer indeed appears, and that it appears only once.
Consequently, we get

Gpzq “
ÿ

qďz

µ2pqq
ÿ

ně1
p|n ùñ p|q

1

n
“

ÿ

ně1
kpnqďz

1

n
ě

ÿ

nďz

1

n
ě log z.

This ends the proof.

The function G belongs to the more general family

Gkpzq “
ÿ

qďz
pq,kq“1

µ2pqq

φpqq
. (4.3)

We shall use next simple inequality.

Lemma 4.6. We have φpkq

k Gpzkq ě Gkpzq ě
φpkq

k log z.

This can be found, for instance, page 23 in the proof Brun-Titchmarsh inequality
in [4] by E. Bombieri and has its origin in the paper [24] by J.E. van Lint and
H.E. Richert (around Eq. (1.1)–(1.3) therein).

Proof. We have

Gpzq “
ÿ

d|k

ÿ

nďz
pn,kq“d

µ2pnq

φpnq
“
ÿ

d|k

µ2pdq

φpdq

ÿ

nďz{d
pn,kq“1

µ2pnq

φpnq

“
ÿ

d|k

µ2pdq

φpdq
Gkpz{dq

$

’

’

&

’

’

%

ď
k

φpkq
Gkpzq,

ě
k

φpkq
Gkpz{kq.

This inequality together with Lemma 4.5 leads to the announced inequalities.

In Chapter 8, we shall also require an upper bound. The litterature has a
large amount of work on very precise estimates (see for instance Theorem 3.1
in [39]). Let us prove a quick estimate as an exercise.

[4] E. Bombieri, 1987/1974, “Le grand crible dans la théorie analytique des nombres”.
[24] J. van Lint and H. Richert, 1965, “On primes in arithmetic progressions”.
[39] O. Ramaré, 2019, “Explicit average orders: News and Problems”.
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Lemma 4.7. We have Gpzq ď logp20zq.

Proof. We write

Gpzq “
ÿ

qďz

µ2pqq

q

ÿ

d|q

1

φpdq
“

ÿ

dďz

µ2pdq

φpdq

ÿ

qďz
d|q

µ2pqq

q

“
ÿ

dďz

µ2pdq

dφpdq

ÿ

qďz{d
pq,dq“1

µ2pqq

q
.

By mimicking the proof of Lemma 4.6, we readily find that

ÿ

qďz{d
pq,dq“1

µ2pqq

q
ď
ź

p|d

p

p` 1

ÿ

qďz

µ2pqq

q
. (4.4)

This gives us

Gpzq ď
ÿ

dďz

µ2pdq
ś

p|dpp2 ´ 1q

ÿ

qďz

µ2pqq

q
ď

ź

pě1

ˆ

1 `
1

p2 ´ 1

˙

ÿ

qďz

µ2pqq

q

ď
π2

6

ÿ

qďz

µ2pqq

q
.

We now find that

ÿ

qďQ

µ2pqq “
ÿ

qďQ

ÿ

d2|q

µpdq “
ÿ

dď
?
Q

µpdq

ˆ

Q

d2
` O˚p1q

˙

ď

ˆ

6

π2
`

1
?
Q´ 1

˙

Q`
a

Q ď
6

π2
Q` 3

a

Q.

This inequality is readily proved for Q ě 10 and extended by direct checking.
Therefore

ÿ

qďz

µ2pqq

q
“

ÿ

qďz

µ2pqq

ż z

q

dt

t2
`

1

z

ÿ

qďz

µ2pqq “

ż z

1

ˆ

ÿ

qďt

µ2pqq

˙

dt

t2
`

1

z

ÿ

qďz

µ2pqq

ď

ż z

1

ˆ

6

π2
t` 3

?
t

˙

dt

t2
`

1

z

ˆ

6

π2
z ` 3

?
z

˙

ď
6

π2
log z ` 6 `

6

π2
` 3 ď

6

π2
logp20zq.

The proof of complete.
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4.5. Proof of a weak form of Theorem A

We want to use Theorem 4.4. We consider the interval I “ rpM ´ ℓq{k, pM `

N ´ ℓq{ks and, for every prime p ď
a

N{k, we set
#

Kp “ Z{pZ˚ ´ ℓk´1 when pp, kq “ 1,

Kp “ Z{pZ when p|k.
(4.5)

Then let p1 P rM ` 1,M ` N s be a prime ą
a

N{k that is ” ℓrks and let us

define n “ pp1 ´ ℓq{k. For any p ď
a

N{k, we have p1 P Z{pZ˚, and therefore
n P Kp. We define Kq by multiplicativity∗.

After some thoughts, we see that Theorem 4.4 tells us that, for any Q ď
a

N{k, we have
ÿ

MăpďM`N
p”ℓrks

1 ď
a

N{k `

N
k ´ 1 `Q2

GkpQq
.

The reader will readily conclude from there, with the choice Q2 “ N{k.

4.6. A stronger form of Theorem A

We may use Theorem 1.3 rather than Theorem 1.2. This leads to the next
result that has not yet appeared in print.

Theorem 4.8

When ℓ is prime to k, M ě 0 and N ą k are real numbers, we have

ÿ

qďQ
qPS

pq,kq“1

φpqq

q
log

Q

q

ÿ

amod˚q

ˇ

ˇ

ˇ

ˇ

ÿ

MăpďM`N
p”ℓrks

upeppa{qq

ˇ

ˇ

ˇ

ˇ

2

ď
N ` kQ2

φpkq

ÿ

MăpďM`N
p”ℓrks

|up|2

where S is the set of square-full integers.

Let us recall that an integer in said to be square-full when p|n ùñ p2|n. This
sequence is referenced on the Online Encyclopedy of Integer Sequences [31] as
A013929. The readers will check that there are ζp3{2qp1 ` op1qq

?
Q square-full

integers below Q.
Theorem 4.8 is seen to indeed be an extension (up to the 1 ` op1q) of

Theorem A by selecting Q “
a

N{k{ logpN{kq, up “ 1 and q “ 1. A less

∗Though not needed, we may define Kp2 as the reverse image of Kp by the canonical
projection σp2Ñp recalled in Section 2.2, and similarly for Kpν .

[31] OEIS Foundation Inc., 2019, The On-Line Encyclopedia of Integer Sequence.
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common way to recover this result is to select again Q “
a

N{k{ logpN{kq,
but up “ epp{4q and q “ 4. And though we take another path, we again loose
the now famous factor 2.

ICTS, 2026 May 4, 2026
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5
From the Brun-Titchmarsh Theorem
to Siegel zeros

5.1. Siegel zero and Brun-Titchmarsh theorem

We follow here an idea of Motohashi in [30], though by other means. The
fact that beating the constant 2 in the Brun-Titchmarsh theorem could “remove”
a possible Siegel zero seems to have been first conjectured by Rodosskĭı as noted
by Klimov in [21]. See also the paper [49] by Siebert.

Theorem B

There exist two effective constants c3 and c4, such that for q ě c4, the
following two conditions are equivalent.

(a) There exist a constant ξ ą 0 such that for any ℓ prime to q, we have,
with X “ qc3 :

ÿ

Xăpď2X
p”ℓrqs

1 ď
2 ´ ξ

ϕpqq

ÿ

Xăpď2X

1. (5.1)

(b) For any real character modulo q, we have Lp1, χq " 1{ log q.

Such a statement is always tricky. For instance, we indeed use characters and
not only primitive characters. We will not prove the reverse implication in these
notes.

Proof that (a) implies (b). We follow Ramachandra, Sankaranarayanan & Srini-
vas in [33]. By summing our upper bound over all ℓ such that χpℓq “ ´1, we
discover that the number of primes in pX, 2Xs with χppq “ 1 is at least

ξ
ÿ

Xăpď2X

1{2.

Consider next Gpsq “ ζpsqLps, χq “
ř

ně1 gpnqn´s where gpnq “ p11 ‹ χqpnq.
Note that gpnq is non-negative. Note further that gppq “ 2 when χppq “ 1, from
which we infer that

ÿ

Xănď2X

gpnq ě
ÿ

Xăpď2X

gppq " ξX{ logX.

[30] Y. Motohashi, 1979, “A note on Siegel’s zeros”.
[21] N. I. Klimov, 1961, “Almost prime numbers”.
[49] H. Siebert, 1983, “Sieve methods and Siegel’s zeros”.
[33] K. Ramachandra, A. Sankaranarayanan, and K. Srinivas, 1996, “Ramanujan’s lattice
point problem, prime number theory and other remarks”.
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This readily yields

1

2iπ

ż c`i8

c´i8

Gps` 1qΓpsq
`

p2Xqs ´Xs
˘

ds

“
ÿ

ně1

gpnq

n

`

e´n{p2Xq ´ e´n{X
˘

"
ÿ

Xănď2X

gpnq

X
" ξ{ logX.

Next, shifting the path of integration in the above integral to ℜs “ ´1{4, we see
that it is

Lp1, χq log 2 ` O
ˆ

X´1{4

ż c`i8

c´i8

|Gps` 1qΓpsq|ds

˙

.

The exponential decay of Γpsq in vertical strips (a consequence of the Stirling
formula) as well as the bound |Gp3{4 ` itq| ! q1{4p1 ` |t|q ensures us that this
last error term is at most Oppq{Xq1{4q, which in turn is Opq´1q since c3 ě 5. In
conclusion, we find that Lp1, χq " 1{ logX " 1{ log q as required.

Thus, improving on the constant 2 in the Brun-Titchmarsh theorem when
X is a power of q would remove any Siegel zero. Note that we use only the
Brun-Titchmarsh theorem for the initial range.

Drawing on similar ideas in [1], Basquin established a theorem linking an
effective lower bound for Lp1, χq of the shape 1{qc for some c Ps0, 1{2s with
the improvement on the constant 2 in the Brun-Titchmarsh theorem, but in a
different range for X.

Theorem 5.1

Let c ą 0 be a parameter. The following three problems are equivalent:

1. For every ε ą 0, and every real character χ, prove in an effective way
that Lp1, χq " q´c´ε.

2. For every ε ą 0, prove (5.1) for every q ď plogXqp1{cq´ε.

3. For every ε ą 0, prove in an effective way that ψpX; q, ℓq „ X{ϕpqq

for every q ď plogXqp1{cq´ε.

This statement also tells us that, if we are able to beat the factor 2 in the
upper bound, then a much stronger conclusion follows, namely an equivalent for
ψpX; q, ℓq. This situation is comparable to what happens with the elementary
proof of the prime number theorem, a proof this time heavily linked to the parity
principle. See the papers [48] and [47] by Selberg and the paper [9] from Erdős.

[1] J. Basquin, 2006, “Mémoire de DEA, Lille”.
[48] A. Selberg, 1949, “An elementary proof of the prime-number theorem”.
[47] A. Selberg, 1949, “An elementary proof of Dirichlet’s theorem about primes in an
arithmetic progression”.
[9] P. Erdös, 1949, “On a new method in elementary number theory which leads to an
elementary proof of the prime number theorem”.

May 4, 2026 Version 6



6 Montgomery’s sieve from Parseval

6.1. Introduction

In this chapter, we propose (yet) another proof of the arithmetical form of
the large sieve inequality recalled below. Its advantage is that it remains very
close to the Parseval equality (in particular we do not use any duality) if we are
to believe in sensible behaviour of our quantities but still misses a factor 2 at
the end. This factor 2 is the one occuring in the Brun-Titchmarsh inequality;
improving on it would have major consequences, for instance on the class number
problem. The defect that transpires has already been observed by D. Goldston
in the case of the initial segment of the primes in [13]. Let us indicate to the
readers that P. Gallagher has already given in [12] (see Eq. (3’) therein) a proof
of the large sieve inequality by employing the Parseval identity as we do, but his
proof looses a factor π with respect, a loss that we avoid.

We are mainly concerned with the case when un ‰ 0 only when ℓ` kn is a
prime number for some integer ℓ P t1, ¨ ¨ ¨ , ku such that pℓ, kq “ 1. The modulus
k is only assumed to be non-negative and indeed, the case k “ 1 has been
decisive in designing the proofs. Then, for any prime p that is prime to k, the
class of n modulo p avoids the class ℓk´1 mod p or else we have ℓ ` kn “ p.
We say that punq is pk,Qq-prime-like if there exists ℓ as above such that ℓ` kn
is prime to every prime ď Q. This is a non-standard definition but it avoids
to much generality. The characteristic function of the primes between Q ` 1
and N is p1, Qq-prime-like. Given k ě 1 and c P t1, ¨ ¨ ¨ , ku prime to k, the
characteristic function of the primes congruent to ℓ and lying between Q and kN
is pk,Qq-prime-like, as is any subsequence of it.

Theorem 6.1

Let punq be a non-negative pk,Qq-prime like sequence. We have

GkpQq

1 `Q2{V

ż 8

´8

ˇ

ˇ

ˇ

ˇ

ÿ

|n´t|ďV

un

ˇ

ˇ

ˇ

ˇ

2
dt

4V 2
ď
ÿ

n

|un|2.

The readers may be interested in the expression of the LHS provided by (6.14).
On invoking Lemma 6.4, we may deduce Theorem C from this result.

[13] D. A. Goldston, 2000, “The major arcs approximation of an exponential sum over primes”.
[12] P. Gallagher, 1967, “The large sieve”.
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Corollary 6.2

Let punq be a non-negative pk,Qq-prime like sequence. We have

GkpQq

ˆ

1 ´
2
?
2Q

?
N

˙
ˇ

ˇ

ˇ

ˇ

ÿ

n

un

ˇ

ˇ

ˇ

ˇ

2

ď N
ÿ

n

|un|2.

From which the Brun-Titchmarsh inequality, i.e. Theorem A with 2 ` op1q,
follows readily. We use the next notation in this whole chapter.

Spαq “
ÿ

nďN

upnqepnαq, pepyq “ expp2iπyqq. (6.1)

This is more general than (2).

6.2. A large sieve inequality alternative

Let us start with a consequence of the Parseval equality that has a similar
flavour.

Lemma 6.3

For any Q ě 1, we have

ÿ

qďQ

ÿ

amod˚q

ż 1
2Q2

´ 1
2Q2

ˇ

ˇ

ˇ

ˇ

S

ˆ

a

q
` β

˙
ˇ

ˇ

ˇ

ˇ

2

dβ ď
ÿ

nďN

|un|2.

This inequality is immediate for anyone used to the Circle Method. Notice the
absence of the factor N `Q2 that appears in Theorem 4.3. The price to pay is
to have an integral around a{q. As a comparaison, let us mention the inequality

ÿ

qďQ

ÿ

amod˚q

ÿ

ℓPZ
2q|ℓ|ďQ

ˇ

ˇ

ˇ

ˇ

S

ˆ

a

q
`

ℓ

Q2

˙
ˇ

ˇ

ˇ

ˇ

2

ď
ÿ

nďN

|un|2pN `Q2q. (6.2)

proved in Theorem 1.8 of [34].

Proof. We use the Parseval identity together with the subsets

IQpa{qq “
a

q
`

„

´1

qpq `Qq
,

1

qpq `Qq

ȷ

, q ď Q.

[34] D. S. Ramana and O. Ramaré, 2025, Arithmetical aspects of the large sieve inequality –
II.
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6.2 Splitting the range 47

These subsets are disjoint as, with an obvious notation,
ˇ

ˇ

ˇ

ˇ

a

q
` β ´

ã

q̃
´ β̃

ˇ

ˇ

ˇ

ˇ

ą
|aq̃ ´ ãq|

qq̃
´

1

qpq `Qq
´

1

q̃pq̃ `Qq

ą
1

qq̃
´

1

qpq ` q̃q
´

1

q̃pq̃ ` qq
“ 0.

The Kloosterman arcs decomposition would also leads to a proof of our lemma.

6.3. Splitting the range

We prove in this preliminary section a lemma that will be used later on.

Lemma 6.4

When the function a is Riemann-integrable and supported on r´V, V s, and
pumqmďN are complex numbers, we have

ż 8

´8

ˇ

ˇ

ˇ

ÿ

m

umapt´mq

ˇ

ˇ

ˇ

2

dt “
|σ|2

N

ˆ

1 ´
2V

N

˙

ˇ

ˇ

ˇ

ÿ

m

um

ˇ

ˇ

ˇ

2

`

ż N`V

´V

ˇ

ˇ

ˇ

ˇ

ÿ

m

umapt´mq ´
σ
ř

m um
N

ˇ

ˇ

ˇ

ˇ

2

dt.

where σ “
şV

´V
aptqdt.

Figure 6.1: Domain |m´ n| ď V
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Proof. Let us set X “
ř

m um. We first find that

ż N`V

´V

ÿ

m

umapt´mqdt “
ÿ

m

um

ż N`V

´V

apt´mqdt “ σX.

Consequently, we find that

ż N`V

´V

ˇ

ˇ

ˇ

ˇ

ÿ

m

umapt´mq ´
σX

N

ˇ

ˇ

ˇ

ˇ

2

dt

“

ż N`V

´V

ˇ

ˇ

ˇ

ˇ

ÿ

mďV

umapt´mq

ˇ

ˇ

ˇ

ˇ

2

dt´2ℜσX
N

ż N`V

´V

ÿ

m

umapt´mqdt`
|σ|2pN ` 2V q

N2
|X|2

“

ż N`V

´V

ˇ

ˇ

ˇ

ˇ

ÿ

m

umapt´mq

ˇ

ˇ

ˇ

ˇ

2

dt´
|σ|2

N
|X|2 `

2V |σ|2|X|2

N2
.

The lemma follows readily.

6.4. Using the error term

Lemma 6.5

Let pumqmďN be a sequence of non-negative numbers. We have

N

4V 2p1 ´ 2V {Nq

ż 8

´8

ˇ

ˇ

ˇ

ÿ

|m´t|ďV

um

ˇ

ˇ

ˇ

2

dt

ě |Sp0q|2 `

ˇ

ˇ

ˇ

ˇ

Spβq ´
Sp0q

N

ż N`V

´V

epβtqdt` OpβV Sp0qq

ˇ

ˇ

ˇ

ˇ

2

.

Proof. Let us notice that Sp0q “
ř

m um “
ř

m |um|. We set

∆pN,V q “

ż N`V

´V

ˇ

ˇ

ˇ

ˇ

ÿ

|m´t|ďV

um ´
2V Sp0q

N

ˇ

ˇ

ˇ

ˇ

2

dt. (6.3)

We swiftly obtain:

∆pN,V q “

ż N`V

´V

ˇ

ˇ

ˇ

ˇ

ÿ

|m´t|ďV

um
`

eppm´ tqβq ` O˚p2πβV q
˘

´
2V Sp0q

N

ˇ

ˇ

ˇ

ˇ

2

dt

“

ż N`V

´V

ˇ

ˇ

ˇ

ˇ

ÿ

|m´t|ďV

um
`

epmβq ` O˚p2πβV q
˘

´
2V Sp0qepβtq

N

ˇ

ˇ

ˇ

ˇ

2

dt
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We may then use Cauchy’s inequality (in reverse) to infer that

pN ` 2V q∆pN,V q ě

ˇ

ˇ

ˇ

ˇ

ż N`V

´V

ˆ

ÿ

|m´t|ďV

um
`

epmβq ` O˚p2πβV q
˘

´
2V Sp0qepβtq

N

˙

dt

ˇ

ˇ

ˇ

ˇ

2

ě

ˇ

ˇ

ˇ

ˇ

2V
ÿ

m

um
`

epmβq ` O˚p2πβV q
˘

´
2V Sp0q

N

ż N`V

´V

epβtqdt

ˇ

ˇ

ˇ

ˇ

2

ě

ˇ

ˇ

ˇ

ˇ

2V Spβq ` O˚p2πβV 2Sp0qq ´
2V Sp0q

N

ż N`V

´V

epβtqdt

ˇ

ˇ

ˇ

ˇ

2

ě 4V 2

ˇ

ˇ

ˇ

ˇ

Spβq ´
Sp0q

N

ˆ
ż N`V

´V

epβtqdt` O˚p2πβV Nq

˙
ˇ

ˇ

ˇ

ˇ

2

.

We finally only have to plus this inequality in Lemma 6.4, and simplify the
expression to get the present lemma.

6.5. A family of Fourier transforms

Let us start with an easy lemma.

Lemma 6.6

Let us set a0ptq “ 11|t|ďV . When y P r0, 2V s, we find that

ż 8

´8

a0ptqa0pt´ yqdt “ maxp0, 2V ´ |y|q “

ż 2V

|y|

1dt.

We introduce a family of functions in (6.4) to clarify our process. The main case
will be a “ a0 as defined above. As it turns out, it is also the one that governs
the proof of Lemma 6.7.

Lemma 6.7

Let a be a non-negative even Rieman-integrable function in L2pRq X L1pRq

that is non-increasing on r0,8q. The function

pa ‹ aqpyq “

ż `8

´8

aptqapy ´ tqdt

is even and non-increasing on r0,8q.
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Proof. Let us start with the next stream of identities.

pa ‹ aqpyq “

ż `8

´8

aptqapt´ yqdt “

ż `8

´8

apt` yqaptqdt “

ż `8

´8

ap´t´ yqap´tqdt

“

ż `8

´8

app´yq ´ tqaptqdt “ pa ‹ aqp´yq.

This shows that the function pa ‹ aq is indeed even. When aptq “ 11|t|ďT , we have
pa‹aqpyq “ pT ´ |y|q` which is indeed non-increasing when y ě 0. This property
extends to linear combinations of similar functions, provided the coefficients are
non-negative. The proof is complete.

Lemma 6.8

Let a be a function as in Lemma 6.7 and let us define the non-negative
function b by

ş`8

´8
aptqapt´ yqdt “

ş8

|y|
bptqdt. For δ ą 0, we consider

D̂a,δpuq “

ż 8

0

Ĉr´λ,λs,δpuqbpλqdλ (6.4)

where Cr´λ,λs,δ is defined in Eq. (3.3). We have D̂a,δpuq “ 0 when |u| ě δ,

then D̂a,δpuq ď δ´1Apaq `Bpaq where Apaq “ }a}22, Bpaq “ }a}21 and

Da,δpyq ě

ż 8

|y|

bpλqdλ “

ż `8

´8

aptqapt´ yqdt. (6.5)

Proof. Most of this lemma is a rather trivial consequence of Lemma 3.1 and the
properties of the different players. D̂a,δpuq ď

ş8

0
pδ´1 ` 2λqbpλqdλ “ δ´1Apaq `

Bpaq. We find at first that Bpaq “ 2
ş8

0
λbpλqdλ. Let us express this quantity in

terms of a. Let us set

γpyq “

ż 8

y

bptqdt. (6.6)

We have

Bpaq “ 2

ż 8

0

λbpλqdλ “ ´2

ż 8

0

λγ1pλqdλ “ 2

ż 8

0

γpλqdλ

“

ż 8

0

ż 8

´8

aptqapt´ λqdt dλ`

ż 8

0

ż 8

´8

aptqapt` λqdt dλ “

ˆ
ż 8

´8

aptqdt

˙2

.

The lemma follows swiftly.
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6.6. Explicit expression for D̂a0,δpuq

When a “ a0, we may select b0ptq “ 11tď2V . We find that

Apa0q “ 2V, Bpa0q “ 4V 2. (6.7)

Lemma 6.9

Let δ ą 0 and V ě 0 be two parameters. When |t| ď δ, we define

D̂a0,δptq “ δ´1p1 ´ |δ´1t|q
sinp4πV tq

2πt
` Ĵpδ´1tq

sin2p2πV tq

pπtq2
.

and extend this definition by D̂a0,δptq “ 0 when |t| ě δ. We have

@t P R, D̂a0,δptq ď p2δ´1 ` 4V qV.

Proof. By (6.4), we find that

D̂a0,δptq “ δ´1p1 ´ |δ´1t|q

ż 2V

0

cosp2πλtqdλ`
Ĵpδ´1tq

πt

ż 2V

0

sinp2πλtqdλ

“ δ´1p1 ´ |δ´1t|q
sinp4πV tq

2πt
`
Ĵpδ´1tq

πt

1 ´ cosp4πV tq

2πt
.

“ δ´1p1 ´ |δ´1t|q
sinp4πV tq

2πt
` Ĵpδ´1tq

sin2p2πV tq

pπtq2
.

We readily deduce from this expression that

D̂a0rV s,δptq “ δ´2D̂a0rδV s,1pδ´1tq (6.8)

where a0rW s denotes the function a0 with the parameter V being equal to W .
Here is the expression for D̂a0rW s,1ptq, when 0 ď t ď 1:

D̂a0rW s,1ptq “ p1 ´ tq
sinp4πWtq

2πt
` Ĵptq

sin2p2πWtq

pπtq2

“ p1 ´ tq
sinp4πWtq

2πt
` p1 ´ tq cotpπtq

sin2p2πWtq

πt
`

sin2p2πWtq

π2t
.

The plot below may give the feeling that this function in non-negative but we
show that this is not the case in Figure 6.6. The proof is complete.
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0.96714

-1.7107e-05
-1 1

Figure 6.2: D̂a0rδV s,1puq{p2δV ` 4pδV q2q with δV “ 50

0.99967

-2.3016e-05
-0.1 0.1

Figure 6.3: D̂a0rδV s,1puq{p2δV ` 4pδV q2q with δV “ 50
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0.30087

-0.087686
0.49 0.51

Figure 6.4: D̂a0rδV s,1puq with δV “ 50

6.7. Base Camp

Proof of Theorem 6.1. Let us first notice, by using Theorem 1.2, that

ÿ

amod˚q

ż δ

´δ

ˇ

ˇ

ˇ

ˇ

S

ˆ

a

q
` β

˙
ˇ

ˇ

ˇ

ˇ

2

dβ ě
µ2pqq

φpqq

ż δ

´δ

ˇ

ˇSpβq
ˇ

ˇ

2
dβ.

Lemma 6.8 with δ “ 1{p2Q2q has the inequality:

11r´δ,δspuq ě
D̂a,δpuq

δ´1Apaq `Bpaq
.

This gives us
ż δ

´δ

ˇ

ˇSpβq
ˇ

ˇ

2
dβ ě

ż δ

´δ

ˇ

ˇSpβq
ˇ

ˇ

2 D̂a,δpβq

δ´1Apaq `Bpaq
dβ. (6.9)

The integral may be extended to β P R. We furthermore find that

ÿ

amod˚q

ż δ

´δ

ˇ

ˇ

ˇ

ˇ

S

ˆ

a

q
` β

˙
ˇ

ˇ

ˇ

ˇ

2

dβ ě
µ2pqq

φpqq

ż 8

´8

|Spβq|2
D̂a,δpβq

δ´1Apaq `Bpaq
dβ

ě
µ2pqq

φpqqpδ´1Apaq `Bpaqq

ÿ

m,n

umunDa,δpm´ nq.
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As punq is assumed to be non-negative, we may bound below Da,δpyq by
ş`8

´8
aptqapt´ yqdt, getting

ÿ

amod˚q

ż δ

´δ

ˇ

ˇ

ˇ

ˇ

S

ˆ

a

q
` β

˙
ˇ

ˇ

ˇ

ˇ

2

dβ ě
µ2pqq{φpqq

δ´1Apaq `Bpaq

ż 8

´8

ˇ

ˇ

ˇ

ÿ

m

umapt´mq

ˇ

ˇ

ˇ

2

dt. (6.10)

We conclude by appealing to Lemma 6.4 and by noticing that σ2 “ Bpaq. Our
theorem readily follows by specializing a to a0.

Now that this proof is over, the readers may go back to Section 3.2 and see
its relevance.

6.8. Proof of Corollary 6.2 and of (3.9)

We use Theorem 6.1 together with Lemma 6.4 to infer that

GkpQq

1 `Q2{V

ˆ

1 ´
2V

N

˙ˇ

ˇ

ˇ

ˇ

ÿ

n

un

ˇ

ˇ

ˇ

ˇ

2

ď N
ÿ

n

|un|2.

The parameter V needs to be optimized. On setting b “ 2Q2{N and w “ N{p2V q,
we readily check that the optimal value of w is given by

w “ 1 `
a

1 ` b´1. (6.11)

With this value, we find that

1

1 `Q2{V

ˆ

1 ´
2V

N

˙

“
1

1 ` bw

ˆ

1 ´
1

w

˙

“

?
1 ` b

p2 ` bq
?
b`

?
1 ` bp1 ` 2bq

.

We check that, when b ě 0, the next inequality holds true:
?
1 ` b

?
1 ` b` p2 ` bq

?
b` 2b

?
1 ` b

ě 1 ´ 2
?
b.

Our corollary follows swiftly from there, as well as the inequality (3.9).

6.9. Following Vaaler

The function Da0,δpyq is an upper bound for fpyq “ p2V ´ |y|q`. Rather
than the construction we followed, we could rely on Corollary 12 of [54]. Let us
start by noticing that the total variation Vf pyq of f on p´8, ys is given by

Vf pyq “ maxp4V, y ` 2V, 0q (6.12)

[54] J. Vaaler, 1985, “Some Extremal Functions in Fourier Analysis”.

May 4, 2026 Version 6



6.9 A technological remark 55

so that dVf pyq “ 11|y|ď2V “ b0p|y|q. The majorant proposed by Vaaler is thus
(recall the notation Fδpxq “ δF pδxq given at the beginning of Section 4 in [54],
so that F̂δptq “ F̂ pt{δq):

Mpyq “

ż 8

´8

fptqJδpy ´ tqdt` p2δq´1

ż 8

´8

dVf ptqKδpy ´ tqdt.

We directly get

M̂puq “ f̂puqĴpu{δq ` p1{2qydVf puqK̂pu{δq

“

ˆ

sin 2πV u

πu

˙2

Ĵpu{δq `
sin 4πV u

2πu
δ´1p1 ´ |u{δ|q`

which is precisely D̂a0,δpuq, as given in Lemma 6.9. The advantage of the
construction proposed by Vaaler is that we can dispense with our monotonicity
hypothesis on a, provided we introduce the total variation as above.

6.10. A technological remark

We readily find that
za ˚ apβq “ |âpβq|2 (6.13)

and

pa ˚ aqpyq “

ż 8

´8

|âpβq|2ep´yβqdβ.

We may therefore write

ż 8

´8

ˇ

ˇ

ˇ

ÿ

m

umapt´mq

ˇ

ˇ

ˇ

2

dt “

ż 8

´8

ˇ

ˇ

ˇ
Spβqâpβq|2dβ.

The differences with (6.9) is that the kernel |âpβq|2 is non-negative while it is
not the case of D̂a,δpβq, but the interval of integration is now infinite. When
a “ a0, we get

ż 8

´8

ˇ

ˇ

ˇ

ˇ

ÿ

|n´t|ďV

un

ˇ

ˇ

ˇ

ˇ

2
dt

4V 2
“

ż 8

´8

ˆ

sin 2πV β

2πV β

˙2

|Spβq|2dβ. (6.14)

We may change a.

Lemma 6.10

With a “ a
p˚kq

0 “ ak´1, the k-th convolution product of a0, we have

Bpakq ď p2V q2pk`1q and Apakq ď p2V q2k`1.
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Proof. We have directly Bpakq “ }ak}21 ď }a0}
2pk`1q

1 . For the L2-norm, we use
the inequality }f ˚ g}22 ď }f}22}g}21 repeatedly to reach our result.

On using Lemma 6.10, we obtain

ÿ

amod˚q

ż δ

´δ

ˇ

ˇ

ˇ

ˇ

S

ˆ

a

q
` β

˙
ˇ

ˇ

ˇ

ˇ

2

dβ ě
µ2pqq{φpqq

1 ` δ´1{p2V q

ż 8

´8

ˆ

sin 2πV β

2πV β

˙2pk`1q

|Spβq|2dβ.

These inequalities are in fact weaker as k increases as

ˆ

sin 2πV β

2πV β

˙2pk`1q

ď

ˆ

sin 2πV β

2πV β

˙2k

.

6.11. Computing Cr´λ,λs,δ, Ĉr´λ,λs,δ and D̂a0,δ

Here are some functions in Pari-GP that the readers may use to compute
the players occuring in this chapter.

\\ C:

{B(y) =

my(res = 0.0, maxm = 2000);

res = sum(m = 0, maxm, (sinc(Pi*(y-m)))^2);

res += sinc(Pi*y)^2*(1+2*Pi*y);

res += -sum(m = 1, maxm, (sinc(Pi*(y+m)))^2);

return(res);}

{myfun(lambda, x) = return(B(lambda-x)+B(x+lambda));}

\\ Jhat, Chat and Dhat:

{Jhat(u) =

if(abs(u) > 1,

return(0),

if(abs(u) > 0.01,

return(Pi*u*(1-abs(u))*cotan(Pi*u)+abs(u)),

return((1-abs(u))*cos(Pi*u)/sinc(Pi*u)+abs(u))));}

{Chat(lambda, u) =

if(abs(u) <= 0.00000000000001,

return(1+2*lambda),

return((1-abs(u))*cos(2*Pi*lambda*u)

+ sin(2*Pi*lambda*u)/u/Pi*Jhat(u)));}

{Dhat(deltaV, t) =
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my(res);

if(abs(t) > 1,

return(0),

res = (1-abs(t))*2*deltaV*sinc(4*Pi*deltaV*t);

res += Jhat(t)*4*deltaV^2*sinc(2*Pi*deltaV*t)^2;

return(res));}

{normalizedDhat(deltaV, t) =

return(Dhat(deltaV, t)/deltaV/(2+4*deltaV));}

\\ s = plothexport("svg", t=-0.1,0.1, normalizedDhat(50, t));

\\ write("Dhat-50-0dot1.svg", s)

\\ This gives a plot in svg format. To convert it in pdf-format:

\\ inkscape --export-type=pdf Dhat-50-0dot1.svg

6.12. Addendum: two conditional estimates

Here is a typical regularity estimate one can prove if we assume that the
factor 2 is indeed required.

Theorem 6.11

If

Sp0q “
2N

logN
` O

ˆ

log logN

logN

˙

for some infinite family N of N ’s, then, for any A ě 1, we have

Spβq “
2

logN

ż N

0

epβtqdt` OA

ˆ

Sp0q

d

log logN

logN

˙

for |β| ď plogNqA{N and N P N .

The approximation is rather weak, but the range in β is very large. This
approximation is immediate when |β| ď op1q{N .

Proof. We select V “ N{plogNqA`2 and Q2 “ V { logN in Theorem 6.1. We
then use Lemma 6.5. The result follows readily.

Let us end this section with a result that states that irregularity of disbribution
of the um’s in small intervals implies that the factor 2 can be diminished.
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Theorem 6.12

Let A ě 1 be given. Let us set U “
ř

m um and, for any ϵ1, ϵ2 ą 0 and
V P rN{ logNqA, N s:

T pV, ϵ1q “

"

t P r´V,N ` V s :

ˇ

ˇ

ˇ

ˇ

ÿ

|m´t|ďV

um ´
2V U

N

ˇ

ˇ

ˇ

ˇ

ě ϵ12V U{N

*

. (6.15)

If for every N P N , we can find a parameter V P rN{plogNqA, N s such
that measpT pV, ϵ1qq ą ϵ2N , then for those N ’s, we have

ÿ

m

um ď
p2 ` oAp1q ´ ϵ21ϵ2qN

logN
.

Though these two precise theorems are novel, they are in line with the Deuring-
Heilbronn phenomenom (though this phenomenom concerns only a very special
situation) and a result of a similar flavour can be readily infered from Theo-
rem 15.2 and 15.3 of [36].

[36] O. Ramaré, 2009, Arithmetical aspects of the large sieve inequality.
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7 An Enveloping sieve

We fix two real parameters z0 ď z and consider the sole case of prime numbers.
Let us set

P pz0q “
ź

păz0

p. (7.1)

It is easy to reproduce the analysis of [37, Section 3] as far as exact formulae are
concerned, but one gets easily sidetracked towards slightly different formulae.
The reader may for instance compare [40, Lemma 4.2] and [37, (4.1.14)]. Similar
material is also the topic of [36, Chapter 12]. So we present a complete analysis
in our special case. Here is the main end-product we shall use.

Theorem 7.1

Let z0 ď z be two parameters. There exists an upper bound βz0,z of the
characteristic function of those integers that do not have any prime factor
in the interval rz0, zq. The function βz0,z admits the expansion:

βz0,zpnq “
ÿ

qďz2,
q|P pzq{P pz0q

wqpz; z0qcqpnq

where cqpnq is the Ramanujan sum and where

wqpz; z0q “
µpqq

φpqqGpz; z0q

Grqspz; z0q

Gpz; z0q
,

with the definition

Grqspz; z0q “
ÿ

ℓďz{
?
q,

pℓ,qP pz0qq“1

µ2pℓq

φpℓq
ξqpz{ℓq (7.2)

and

ξqpyq “
ÿ

q1q2q3“q,
q1q3ďy,
q2q3ďy

µpq3qφ2pq3q

φpq3q
where φ2pq3q “

ź

p|q

pp´ 2q.

Notice that ξqpyq “ q{φpqq when y ě q and that |ξqpyq| ď 3ωpqq always.

Remark 1 The factor Grqspz; z0q{Gpz; z0q should be looked upon as a mild
perturbation. It can be shown to be equivalent to 1 as q goes to infinity, and, in

[37] O. Ramaré and I. Ruzsa, 2001, “Additive properties of dense subsets of sifted sequences”.
[40] O. Ramaré, 1995, “On Snirel’man’s constant”.



60 CHAPTER 7. AN ENVELOPING SIEVE

general, it only introduces technicalities.

Proof of Theorem 7.1. We split the proof in three steps. We follow closely
Section 3 of [37]. See also [36, Chapter 11].

Building the upper bound

The initial idea of the Selberg sieve is to consider the family

βz0,zpnq “

ˆ

ÿ

d:d|n,
pd,P pz0qq“1,

dďz

λd

˙2

(7.3)

for arbitrary real coefficients λd that are only constrained by the condition
λ1 “ 1. Indeed, for any such set of of coefficients, the resulting function is
non-negative and takes the value 1 at integers n that have no prime factors
dividing P pzq{P pz0q. After an optimization step that we skip, one reaches the
choice

λd “ 11pd,P pz0qq“1
µpdqdGdpz{d; z0q

φpdqGpz; z0q
(7.4)

where Gd is given by (4.3) (notice that, indeed, λ1 “ 1). From now onward, we
reserve the notation λd for this special choice. Though we shall not use it, notice
that Lemma 4.6 implies the bound |λd| ď 1.

We develop the square above and get

βz0,zpnq “
ÿ

d1,d2,
rd1,d2s|n

λd1λd2 “
ÿ

d1,d2

λd1λd2

rd1, d2s

ÿ

q|rd1,d2s

ÿ

amod˚q

epna{qq

“
ÿ

qďz2,
pq,P pz0qq“1

wqpz; z0qcqpnq

where

wqpz; z0q “
ÿ

q|rd1,d2s

λd1λd2

rd1, d2s
. (7.5)

Note that wqpz; z0q “ 0 when q does not divide P pzq{P pz0q, and in particular
when it is not squarefree. Let us assume now that q|P pzq{P pz0q.

Expliciting wqpz; z0q

We introduce the definition (7.4) of the λd’s and obtain

Gpz; z0q2wqpz; z0q “
ÿ

ℓ1,ℓ2ďz,
pℓ1ℓ2,P pz0qq“1

µ2pℓ1q

φpℓ1q

µ2pℓ2q

φpℓ2q

ÿ

q|rd1,d2s,
d1|ℓ1,d2|ℓ2

d1µpd1qd2µpd2q

rd1, d2s
.

[37] O. Ramaré and I. Ruzsa, 2001, “Additive properties of dense subsets of sifted sequences”.
[36] O. Ramaré, 2009, Arithmetical aspects of the large sieve inequality.
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The inner sum vanishes is ℓ1 has a prime factor prime to qℓ2, and similarly for
ℓ2. Furthermore, we need to have q|rℓ1, ℓ2s for the inner sum not to be empty.
Whence we may write ℓ1 “ q1q3ℓ and ℓ2 “ q2q3ℓ where pℓ, qq “ 1 and q “ q1q2q3.
The part of the inner sum corresponding to ℓ has value

ś

p|ℓpp´ 2 ` 1q “ φpℓq.
We have reached

Gpz; z0q2wqpz; z0q “
ÿ

ℓďz,
pℓ,qP pz0qq“1

µ2pℓq

φpℓq

ÿ

q1q2q3“q,
q1q3ℓďz,
q2q3ℓďz

1

φpqqφpq3q

ÿ

q|rd1,d2s,
d1|q1q3,
d2|q2q3

d1µpd1qd2µpd2q

rd1, d2s
.

In this last inner sum, we have necessarily d1 “ q1d
1
1 and d2 “ q2d

1
2, so q3 “

rd1
1, d

1
2s. We may thus write

Gpz; z0q2wqpz; z0q “
ÿ

ℓďz,
pℓ,qP pz0qq“1

µ2pℓq

φpℓq

ÿ

q1q2q3“q,
q1q3ℓďz,
q2q3ℓďz

µpqqµpq3q

φpqqφpq3q

ÿ

d1
1,d

1
2:

q3“rd1
1,d

1
2s

d1
1µpd1

1qd1
2µpd1

2q

rd1
1, d

1
2s

.

This last inner sum has value φ2pq3q, whence

Gpz; z0q2wqpz; z0q “
µpqq

φpqq

ÿ

ℓďz,
pℓ,qP pz0qq“1

µ2pℓq

φpℓq

ÿ

q1q2q3“q,
q1q3ℓďz,
q2q3ℓďz

µpq3qφ2pq3q

φpq3q

as announced. The size conditions are readily seen to imply that ℓ ď z{
?
q.

Lemma 7.2. When 4 ď z0 ď z, we have |wqpz; z0q| ď 6
log z0

?
q log z

.

Proof. We deduce from the definition the estimate |ξqpyq| ď 3ωpqq, and thus

|Gpz; z0qwqpz; z0q| ď 3ωpqq{φpqq. (7.6)

As z0 ą 3, we may assume that q is prime to 6, since otherwise wqpz; z0q “ 0.
We use Lemma 7.5 to get

|wqpz; z0q| ď
ź

pě5

max

ˆ

3
?
p

p´ 1
, 1

˙

1

Gpz; z0q
?
q

ď
2.23 ˆ eγ log 2z0

?
q log z

ď
2.23 ˆ eγ log z0

?
q log z

ˆ

1 `
log 2

log 4

˙

ď 6
log z0

?
q log z

It has been enough, in the Euler product, to consider the primes p “ 5 and p “ 7.
The lemma follows swiftly.
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7.1. Handling the G-functions

We define

Gdpy; z0q “
ÿ

ℓďy,
pℓ,dP pz0qq“1

µ2pℓq

φpℓq
, Gpy; z0q “ G1py; z0q. (7.7)

When z0 “ 2, these functions are classical in sieve theory (see for instance
Equation p1.3q of [19, Chapter 3] by H. Halberstam and H.E. Richert)and we
shall in fact reduce the analysis to this case. So we use the specific notation:

Gpyq “ Gpy; 2q “
ÿ

ℓďy

µ2pℓq

φpℓq
. (7.8)

Here are three lemmas we will combine for their evaluations.

Lemma 7.3. We have
ź

păz0

p

p´ 1
Gpz; z0q ě Gpzq.

Lemma 7.4. When z0 ě 2, we have
ź

păz0

p´ 1

p
ě

e´γ

logp2z0q
.

Lemma 7.5. When z0 ě 2, we have Gpz; z0q ě e´γ log z

logp2z0q
.

Proof of Lemma 7.3. Let us change the notation in Lemma 4.6 and use z1 rather
than z0. Then Lemma 7.3 follows from Lemma 4.6 with z1 “ 2 and d “ P pz0q,
and on recalling definition (7.8).

Proof of Lemma 7.4. In [44, Theorem 8] by J.B. Rosser & L. Schoenfeld, we find

the estimate
ź

păz0

p

p´ 1
ă eγ log z0

ˆ

1 `
1

2 log2 z0

˙

which is valid when z0 ą 286.

Hence, when z0 ą 286 we find that

eγ logp2z0q
ź

păz0

p´ 1

p
ě

ˆ

1 `
log 2

log z0

˙ˆ

1 `
1

2 log2 z0

˙´1

ě 1

[19] H. Halberstam and H. Richert, 1981, “Almost-primes in short intervals”.
[44] J. Rosser and L. Schoenfeld, 1962, “Approximate formulas for some functions of prime
numbers”.
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as log 2 ě 1{2. A direct inspection using Pari-GP [32] establishes the stated
inequality for the remaining values of z0.

Proof of Lemma 7.5. Though the proof that follows does not require it, let
us notice that the lemma is obvious when log z0 ě e´γ log z, as Gpz; z0q ě 1
(consider the contribution of the summand ℓ “ 1 in (7.7)). For the proof, simply
combine Lemma 7.3 together with Lemma 7.4.

[32], 2014, PARI/GP, version 2.7.0.
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8 Large Sieve for Primes

Theorem 8.1

Let X be a δ-well spaced subset of R{Z and N ě 1000. Let pupqpďN be a
sequence of complex numbers. We have

ÿ

xPX

ˇ

ˇ

ˇ

ˇ

ÿ

pďN

upepxpq

ˇ

ˇ

ˇ

ˇ

2

ď 280
N ` δ´1

logN
logp2|X |q

ÿ

pďN

|up|2.

Let us recall that a set X Ă R{Z is said to be δ-well spaced when minx‰x1PX |x´

x1|Z ě δ, where |y|Z “ minkPZ |y ´ k| denotes in a rather unusual manner the
distance to the nearest integer. In most applications, δ´1 is smaller than N .

B.J. Green & T. Tao’s result in [15] relates to a similar inequality though
with a larger dependence in |X | that the logp2|X |q we have here. We shall prove
this inequality in dual form in Theorem 8.2.

Though Theorem 8.1 is an L2-estimate, a fundamental maximal character is
hidden in the fact that the set X may be chosen freely.

8.1. The fundamental estimate

By a classical duality argument, the proof of Theorem 8.1 will be a straight-
forward consequence of the next inequality (see Theorem 6 of Chapter 7 in [26]
by H. L. Montgomery).

Theorem 8.2

Let N ě 1000. Let B be a δ-well spaced subset of R{Z. For any function f
on B, we have

ÿ

pďN

ˇ

ˇ

ˇ

ˇ

ÿ

bPB
fpbqepbpq

ˇ

ˇ

ˇ

ˇ

2

ď 280pN ` δ´1q}f}22
logp2}f}21{}f}22q

logN
.

where }f}qq “
ř

bPB |fpbq|q for any positive q.

Proof. Let us first notice that }f}21 ě }f}22. Let z “ N1{4 and

z0 “

ˆ

2
}f}21

}f}22

˙2

ě 4.

[15] B. Green and T. Tao, 2006, “Restriction theory of the Selberg sieve, with applications”.
[26] H. Montgomery, 1994, Ten lectures on the interface between analytic number theory and
harmonic analysis.
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We have z0 ď z when }f}21{}f}22 ď N1{8{2. When this condition is not met, we
use the dual of the usual large sieve inequality (see [27] by H.L. Montgomery) to
infer that

ÿ

pďN

ˇ

ˇ

ˇ

ˇ

ÿ

bPB
fpbqepbpq

ˇ

ˇ

ˇ

ˇ

2

ď pN ` δ´1q}f}22

ď pN ` δ´1q}f}22
logp2}f}21{}f}22q

logpN1{8q
.

This establishes our inequality in this case. Henceforth, we assume that z0 ď z.
We discard the small primes trivially:

ÿ

pďz

ˇ

ˇ

ˇ

ˇ

ÿ

bPB
fpbqepbpq

ˇ

ˇ

ˇ

ˇ

2

ď z}f}21 ď N3{8}f}22{
?
8

ď N
}f}22 logp2}f}21{}f}22q

logN

logN
?
8N5{8 log 2

ď
N

2880

}f}22 logp2}f}21{}f}22q

logN
.

Let us now define

W “
ÿ

zăpďN

ˇ

ˇ

ˇ

ˇ

ÿ

bPB
fpbqepbpq

ˇ

ˇ

ˇ

ˇ

2

. (8.1)

We bound above the characteristic function of those primes by our enveloping
sieve and further majorize the characteristic function of the interval r1, N s

by a function ψpuq “ Cr´N{2,N{2s,δ1pu ´ pN{2qq (see Theorem 3.1) of Fourier
transform supported by r´δ1, δ1s where δ1 “ minpδ, 1{p2z4qq, and which is such

that ψ̂p0q “ N ` δ´1
1 . This leads to

W ď
ÿ

qďz2,
pq,P pz0qq“1

wqpz; z0q
ÿ

amod˚q

ÿ

b1,b2

fpb1qfpb2q
ÿ

nPZ
eppb1 ´ b2qnqepan{qqψpnq.

We split this quantity according to whether q ă z0 or not:

W “ W pq ă z0q `W pq ě z0q.

When q ě z0, Poisson summation formula tells us that the inner sum is also
ř

mPZ ψ̂pb1 ´ b2 ´ pa{qq `mq. The sum over b1, b2 and n is thus

ď pN ` δ´1
1 q

ÿ

b1,b2

fpb1qfpb2q#
␣

pa{qq{}b1 ´ b2 ` a{q} ă δ1
(

.

[27] H. Montgomery, 1978, “The analytic principle of the large sieve”.
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Given pb1, b2q, at most one a{q may work, since 1{z4 ą 2δ1. By bounding above
wqpz; z0q by Lemma 7.2, we see that

W pq ě z0q ď 6pN ` δ´1
1 q

}f}21 log z0
?
z0 log z

ď
6

?
2

pN ` δ´1
1 q

}f}22 log z0
log z

. (8.2)

When wqpz; z0q ‰ 0, we have q|P pzq{P pz0q; on adding the condition q ă z0, only
q “ 1 remains. Since B is δ-well-spaced and w1pz; z0q “ 1{Gpz; z0q, Lemma 7.5
leads to

W pq ă z0q ď pN ` δ´1
1 q

eγ}f}22 log 2z0
log z

.

We check that pN ` δ´1
1 q ď N`4N

N pN ` δ´1q. We finally get

ÿ

pďN

ˇ

ˇ

ˇ

ˇ

ÿ

bPB
fpbqepbnq

ˇ

ˇ

ˇ

ˇ

2

ď

ˆ

1

2880
` 5 ˆ 2 ˆ 4 ˆ

ˆ

6
?
2

` eγ
ˆ

1 `
log 2

log z0

˙˙˙

ˆ pN ` δ´1q}f}22
logp2}f}21{}f}22q

logN
.

The proof of the theorem follows readily.

8.2. Proof of Theorem 8.1

Proof of Theorem 8.1. This is a classical argument of duality. We write

V “
ÿ

xPX

ˇ

ˇ

ˇ

ˇ

ÿ

pďN

upepxpq

ˇ

ˇ

ˇ

ˇ

2

“
ÿ

xPX

ÿ

pďN

upSpxqepxpq

where Spxq “
ř

1ďpďN upepxpq. On using the Cauchy-Schwarz inequality, we get

V 2 ď
ÿ

pďN

|up|2
ÿ

pďN

ˇ

ˇ

ˇ

ÿ

xPX
Spxqepxpq

ˇ

ˇ

ˇ

2

.

We invoke Theorem 8.2 and notice to control }S}21{}S}22 that

´

ÿ

xPX
|Spxq|

¯2

ď |X |
ÿ

xPX
|Spxq|2.

This leads to

V 2 ď 280
N ` δ´1

logN

ÿ

pďN

|up|2
ÿ

xPX
|Spxq|2 logp2|X |q.

On simplifying by
ř

xPX |Spxq|2 (after discussing whether it vanishes or not), we
get our estimate.
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8.3. Another proof for Farey fractions

Theorem 8.1 handles arbitrary subsets X , but an inequality valid only for
subsets of the Farey sequence is enough for Theorem 9.4. As it is simpler, let us
record it here. It relies on the next lemma.

Lemma 8.3

Let pupq?
NăpďN be a sequence of complex numbers. For any Q ď

?
N , we

have

ÿ

qďQ

ÿ

amod˚q

ˇ

ˇ

ˇ

ˇ

ÿ

p

upeppa{qq

ˇ

ˇ

ˇ

ˇ

2

“
ÿ

qďQ

q

φpqq
GqpQ{qq

ÿ

χmod˚q

ˇ

ˇ

ˇ

ˇ

ÿ

p

upχppq

ˇ

ˇ

ˇ

ˇ

2

where Gq is defined in (4.3) and “χ mod˚ q” means that χ runs through
primitives characters modulo q.

This identity is somehow contained in the paper [5] by E.Bombieri & H.Davenport.
A general version of it, valid for any sieve situation can be found in Theorem 4
of [37].

Proof. Let us define
Spc; qq “

ÿ

p”crqs

up.

We readily find that (see (2.2)), when q ă
?
N :

Spq; bq “
ÿ

d|q

ÿ

χmod˚d

ˆ

1

φpqq

ÿ

cmod q

Spq; cqχpcq

˙

χpbq

“
ÿ

d|q

ÿ

χmod˚d

ˆ

1

φpqq

ÿ

cmod˚q

Spq; cqχpcq

˙

χpbq,

the last line being valid because our sequence is supported on integers prime to q.
Since χpcq depends only on c modulo d, we may modify the above in the form

Spq; bq “
1

φpqq

ÿ

d|q

ÿ

χmod˚d

ˆ

ÿ

cmod˚q

Spd; cqχpcq

˙

χpbq,

“
1

φpqq

ÿ

d|q

ÿ

χmod˚d

Spχqχpbq,

say. Consequently, we find that

φpqq2
ÿ

bmod˚q

|Spq, bq|2 “ φpqq
ÿ

d|q

ÿ

χmod˚d

|Spχq|2.

[5] E. Bombieri and H. Davenport, 1968, “On the large sieve method”.
[37] O. Ramaré and I. Ruzsa, 2001, “Additive properties of dense subsets of sifted sequences”.
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Similarly, and setting Spa{qq “
ř

p upeppa{qq, we find that

q2
ÿ

bmod˚q

|Spq, bq|2 “ q
ÿ

d|q

ÿ

amod˚d

|Spa{dq|2.

A comparison of the two yields the identity

ÿ

d|q

ÿ

amod˚d

|Spa{dq|2 “
q

φpqq

ÿ

d|q

ÿ

χmod˚d

|Spχq|2.

On using the Moebius inversion formula, this implies that

ÿ

amod˚ℓ

|Spa{ℓq|2 “
ÿ

q|ℓ

µpℓ{qq
q

φpqq

ÿ

d|q

ÿ

χmod˚d

|Spχq|2

“
ÿ

d|ℓ

ÿ

d|q|ℓ

µpℓ{qq
q

φpqq

ÿ

χmod˚d

|Spχq|2.

The arithmetical coefficient may be computed by multiplicativity. We swiftly find
that, with the power of the prime p dividing ℓ being α while the one dividing d
is β ď α:

ÿ

pβ |q|pα

µppα{qq
q

φpqq
“

$

’

&

’

%

pα{φppαq when β “ α,

0 when β ă α and α ě 2,

1{pp´ 1q when β ă α and α “ 1.

The last case occurs only when β “ 0. When this contribution does not vanish,
we may therefore write ℓ “ dm where pm, dq “ 1 and µ2pmq “ 1 and the value
is d{pφpdqφpmqq. Let us now sum over ℓ. We find that

ÿ

ℓďQ

ÿ

amod˚ℓ

|Spa{ℓq|2 “
ÿ

dďQ

ÿ

mďQ{d
pm,dq“1

d

φpdq

µ2pmq

φpmq

ÿ

χmod˚d

|Spχq|2.

This is exactly what we claimed.

Please notice that the above proof does not use the value of the Gauss sums,
contrarily to the one of Bombieri & Davenport, which is one of the reasons it
may be extended to a larger setting.

We are now ready to prove our inequality.

Theorem 8.4

Let pupq?
NăpďN be a sequence of complex numbers. For any Q ď

?
N , we

have
ÿ

ℓďQ

ÿ

amod˚ℓ

|Spa{ℓq|2 ď 8
N logp20Qq

logN

ÿ

p

|up|2.
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Proof. When Q ě N1{4, we have p4 logQq{ logN ě 1 and the large sieve inequal-
ity gives us

ÿ

ℓďQ

ÿ

amod˚ℓ

|Spa{ℓq|2 ď pN `Q2q
ÿ

p

|up|2 ď 8
N logQ

logN

ÿ

p

|up|2

as required. When Q ď N1{4, we employ Lemma 8.3 to write:

ÿ

ℓďQ

ÿ

amod˚ℓ

|Spa{ℓq|2 “
ÿ

qďQ

q

φpqq
GqpQ{qq

ÿ

χmod˚q

ˇ

ˇ

ˇ

ˇ

ÿ

p

upχppq

ˇ

ˇ

ˇ

ˇ

2

“
ÿ

qďQ

q

φpqq

GqpQ{qq

Gqp
?
N{qq

Gqp
?
N{qq

ÿ

χmod˚q

ˇ

ˇ

ˇ

ˇ

ÿ

p

upχppq

ˇ

ˇ

ˇ

ˇ

2

ď max
qďQ

GqpQ{qq

Gqp
?
N{qq

ÿ

qď
?
N

q

φpqq
Gqp

?
N{qq

ÿ

χmod˚q

ˇ

ˇ

ˇ

ˇ

ÿ

p

upχppq

ˇ

ˇ

ˇ

ˇ

2

ď max
qďQ

GqpQ{qq

Gqp
?
N{qq

ÿ

ℓď
?
N

ÿ

amod˚ℓ

|Spa{ℓq|2.

We readily find, by using Lemma 4.6, that

max
qďQ

GqpQ{qq

Gqp
?
N{qq

ď
GpQq

logp
?
N{Qq

ď
logp20Qq

p1{4q logN

by Lemmas 4.5 and 4.7.
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9 Primes and Cusps

During their investigations on the primes, B. Green in [16] and B. Green & T. Tao
in [15] were led to consider the large values of the trigonometric polynomial built
on some dense subset of the primes. Let us start by a definition.

Definition 9.1

Let P˚ Ă r1, N s be a subset of the primes, and let A ě 1 be given. We
define the A-spectum of P˚ by

C pP˚, Aq “

"

α P R{Z :

ˇ

ˇ

ˇ

ˇ

ÿ

pPP˚

epαpq

ˇ

ˇ

ˇ

ˇ

ě |P˚|{A

*

(9.1)

where |P˚| denotes the cardinality of P˚. Each point in this A-spectrum is
called an A-cusp.

As the involved trigonometric polynomial is continuous, the set C pP˚, Aq is
closed, hence compact, and is more precisely a finite union of arcs. The word
spectrum is in accordance with several works, see e.g. Section 3.4 of [46] by
T. Sanders or Section 4.6 of the book [52] by T. Tao & V. Vu. The reader
should notice a common variation: the right-hand side is often N{A rather
than |P˚|{A as above.

On the number of cusps

Theorem D

There exist positive constants C1 and C2 such that the following holds.
Define DpP˚, Aq to be the maximal cardinality of a 1{N -well spaced subset
of C pP˚, Aq and K “ N{p|P˚| logNq. We have, for A ď

?
N ,

C1A
2

K logp2Aq
ď DpP˚, Aq ď C2A

2K logp2Aq.

Furthermore, we have

C1A ď

ż A

1

DpP˚, aq

a2
da,

ż A

1

DpP˚, aq

a3
da ď C2K logp2Aq.

[16] B. Green, 2005, “Roth’s theorem in the primes”.
[15] B. Green and T. Tao, 2006, “Restriction theory of the Selberg sieve, with applications”.
[46] T. Sanders, 2011, “On Roth’s theorem on progressions”.
[52] T. Tao and V. Vu, 2008, “John-type theorems for generalized arithmetic progressions and
iterated sumsets”.
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The last two inequalities tell us that DpP˚, Aq can neither remain of order
A2{ logp2Aq nor of order A2 logp2Aq.

9.1. Cusps are scarce

Given a subset P˚ Ă r
?
N,N s of the primes, of cardinality N{pK logNq,

B. Green & T. Tao proved in [15] that the cardinality of a 1{N -well spaced
subset of C pP˚, Aq is OεppA2Kq1`εq, for every positive ε. We are somewhat
more precise in the next result.

Theorem 9.2

Let X be a 1{N -well spaced subset such that

X Ă C pP˚, Aq “

"

α P R{Z :

ˇ

ˇ

ˇ

ˇ

ÿ

pPP˚

epαpq

ˇ

ˇ

ˇ

ˇ

ě |P˚|{A

*

.

With K “ N{p|P˚| logNq, the set X satisfies

|X | ď p4eγ ` op1qqA2K logp2Aq.

When N ě 104, such a set contains at most 19A2K logp2Aq points.

In particular, the measure of C pP˚, Aq is OpA2plogAq{Nq, as N grows.

Lemma 9.3

Let N ě 104 and X be a δ-well spaced subset of R{Z. Let pupqpďN be a
sequence of complex numbers. We have, for A ě 1,

#

"

x P X :

ˇ

ˇ

ˇ

ˇ

ÿ

pďN

upepxpq

ˇ

ˇ

ˇ

ˇ

ě V {A

*

ď 19A2 logp2Aq,

where V is defined by

V “

ˆ

N ` δ´1

logN

ÿ

pďN

|up|2
˙1{2

. (9.2)

The constant 19 may be replaced by 4eγ ` op1q “ 7.12 ¨ ¨ ¨ when N Ñ 8

and A Ñ 8.

We used the notation #S to denote the cardinality of the set S.

[15] B. Green and T. Tao, 2006, “Restriction theory of the Selberg sieve, with applications”.
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Proof of Lemma 9.3. This is a trivial application of Markov’s inequality.

Proof of Theorem 9.2. After the change of variable A ÞÑ A
a

Kp1 ` pNδq´1q,
Lemma 9.3 tells us that

#

"

x P X :

ˇ

ˇ

ˇ

ˇ

ÿ

pďN
pPP˚

epxpq

ˇ

ˇ

ˇ

ˇ

ě
N

AK logN

*

ď 19A2Kp1 ` pNδq´1q. (9.3)

Theorem 9.2 follows swiftly from there.

9.2. Getting many cusps

Theorem 9.4

Notation being as in Definition 9.1. Let N ě 104, A P r2,
?
N s, B P r1, As

and ξ P C pP˚, Bq be given. Define t˚pαq “ |T˚pαq|{T˚p0q. The set

F “
␣

ξ ` pa{qq : a mod˚ q, q ď A{B
(

X C pP˚, Aq

satisfies
|F | ě A2{p6800B4Z2K logAq,

where Z P r1{B, 1s is the maximum value of t˚pξ ` pa{qqq for ξ ` pa{qq P F .

It is simpler to grasp the relative scope of this result by first examining the next
corollary.

Corollary 9.5

Notation being as in Definition 9.1. Let N ě 104, and A P r2,
?
N s be given.

Define t˚pαq “ |T˚pαq|{T˚p0q. The set

F “
␣

pa{qq : a mod˚ q, q ď A
(

X C pP˚, Aq

satisfies
|F | ě A2{p6800K logAq.

Lemma 9.6

Notation being as in Definition 9.1, and assuming N ě 10, the following
holds:

ICTS, 2026 May 4, 2026
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• When α lies in C pP˚, Aq, so do ´α and 1
2 ` α.

• We have t 1
3 ,

1
2 ,

2
3 , 1u Ă C pP˚, 2q

• For every ξ P R{Z with T˚pξq ‰ 0 and every square-free positive
integer q ă

?
N such that φpqq ď AT˚p0q{|T˚pξq|, there exists a,

coprime with q, such that ξ ` pa{qq lies in C pP˚, Aq.

Proof. Let us recall that P˚ P r
?
N,N s, so that the elements of P˚ are prime

to the moduli 2, 3 and q appearing in the three claimed properties. The first
item is a consequence of the facts that (1) the characteristic function 11P˚ of P˚

is real valued and (2) that every member of P˚ is odd. Concerning the third
item, it is enough to notice the inequality

ÿ

amod˚q

ˇ

ˇ

ˇ

ˇ

ÿ

pPP˚

epppξ ` pa{qqq

ˇ

ˇ

ˇ

ˇ

ě

ˇ

ˇ

ˇ

ˇ

ÿ

amod˚q

ÿ

pPP˚

epppξ ` pa{qqq

ˇ

ˇ

ˇ

ˇ

“ µ2pqq|T˚pξq| (9.4)

with ξ “ 0, since cqppq “ µpqq where cqpnq denotes the value of the Ramanujan
sum at n. The second item follows from this same inequality applied to q “ 3,
on noticing that the absolute values of the involved trigonometric polynomial at
1{3 and 2{3 are the same.

The proof of Theorem 9.4 relies on extracting information from the stream
of inequalities (9.4), for varying q’s. We concentrate on the major case ξ “ 0.

Proof of Corollary 9.5. Let us set Q “ A{2 ě 1 and

Q “
␣

q : q ď Q,µ2pqq “ 1
(

. (9.5)

The non-negative variables t˚pa{qq are bounded above by 1 and satisfy by (9.4):

@q P Q,
ÿ

amod˚q

t˚pa{qq ě 1

as well as, by Theorem 9.2 and since the points in F are 1{N -well spaced,

@C ě 1, #
␣

a{q : q P Q, t˚pa{qq ě 1{C
(

ď 19KC2 log 2C.

Let us further introduce the variables

xpq, Cq “ #
␣

a ď q : pa, qq “ 1 & 1{C ą t˚pa{qq ě 1{pC ` 1q
(

.

We thus get

@q P Q,
ÿ

Cě1

1

C
xpq, Cq ě 1.

Let us assume momentarily that A is a positive integer and degrade the above
inequality into

ÿ

1ďCďA

1

C
xpq, Cq `

´

φpqq ´
ÿ

1ďCďA

xpq, Cq

¯ 1

A
ě 1,
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i.e., when q ď A{2,

ÿ

1ďCďA

ˆ

1

C
´

1

A

˙

xpq, Cq ě 1 ´
φpqq

A
ě 1{2.

We now sum over q P Q, getting, by Lemma 9.7 found in the final section, that

ÿ

1ďCďA

ˆ

1

C
´

1

A

˙

ÿ

qPQ
xpq, Cq ě A{4.

Let us set

XpCq “
ÿ

DďC

ÿ

qPQ
xpq,Dq, pXp0q “ 0q

which therefore satisfies

ÿ

1ďCďA

ˆ

1

C
´

1

A

˙

pXpCq ´XpC ´ 1qq ě
A

4
.

On reshuffling the left-hand side, we obtain:

ÿ

1ďCďA´1

XpCq

ˆ

1

C
´

1

C ` 1

˙

ě
A

4
.

The non-decreasing function C ÞÑ XpCq is therefore constrainted by the two
inequalities:

ÿ

1ďCďA´1

XpCq

CpC ` 1q
ě
A

4
, XpCq ď 19KpC ` 1q2 logp2C ` 2q. (9.6)

Let us split the first sum at C0 “ rθAs ď A. We deduce from the above that

19K logp2A` 2q
ÿ

1ďCďθA

C ` 1

C
`XpA´ 1q

ˆ

1

C0
´

1

A

˙

ě
A

4

and thus

38KθA logp2A` 2q `
XpAq

θA
ě
A

4
.

This calls for

θ´1 “

d

A2

XpAq
38K logp2A` 2q ě 1 (9.7)

and this choice leads to

2
a

XpAq38K logp2A` 2q ě A{4

This finally amounts to XpAq " A2

K logpA`1q
. This concludes the proof.
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Proof of Theorem D . The point-wise upper bound is proved in Theorem 9.2,
while the lower one comes from Corollary 9.5. A closer inspection of both proofs
discloses the integral inequalities that follow. The first one comes from (9.6)
while the second one comes from Theorem 8.1 through

ÿ

1ďaďA

DpP˚, aq ´DpP˚, a´ 1q

a2
! logp2Aq

on setting DpP˚, 0q “ 0. We leave the details to the readers.

9.3. Auxiliaries

Lemma 9.7. For any real number Q ě 1, we have
ÿ

qďQ

µ2pqq ě Q{2.

Be cautious: the lower bound of K. Rogers given in [43] is only valid for integer
values of Q, though this is not specified.

Proof. When Q ě 1664, this is a consequence of [6, Théorème 3] by H. Co-
hen & F. Dress which asserts that

ř

qďQ µ
2pqq “ 6π´2Q ` O˚p0.1333

?
Qq. A

straightforward numerical check concludes the proof.

[43] K. Rogers, 1964, “The Schnirelmann density of the squarefree integers”.
[6] H. Cohen and F. Dress, 1988, “Estimations numériques du reste de la fonction sommatoire
relative aux entiers sans facteur carré”.
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10 Two examples

10.1. Results

The case of the full sequence of primes

We may approximate the trigonometric polynomial T on the primes via a local
model, i.e. write

T pαq “
ÿ

pďN

eppαq “
1

V pz0q logN

ÿ

nďN
pn,P pz0qq“1

epnαq ` O
ˆ

N

z0 logN

˙

(10.1)

where z0 ď log logN is a parameter at our disposal and

P pz0q “
ź

păz0

p, V pz0q “
ź

păz0

ˆ

1 ´
1

p

˙

. (10.2)

Eq. (10.1) is proved in next section. As a consequence and when limiting our
study to A small, say A “ oplog logNq, we find that the set of A-cusps of T is a
union of arcs around points from ta{q : pa, qq “ 1, q|P pz0qu, for some z0 (chosen
for the error term in (10.1) to become ă N{pA logNq). Around a{q and when
q|P pz0q, say in α “ a

q ` β, we readily find in Lemma 10.1 that

|T pαq| ď min

ˆ

µ2pqqN

φpqq logN
,

P pz0q

|P pz0qβ|Z

˙

`O
ˆ

N

z0 logN

˙

.

Furthermore, on adapting the proof of P. Erdős from [10]∗, we readily find that

ÿ

φpqqďA

µ2pqqφpqq „
A2

2
. (10.3)

Gathering our results, we find that C pP X r1, N s, Aq is a union of about
pA2{2q arcs of length Op1{Nq.

˛ 1 ˛ This settles the question when A ď log logN . But what about larger
values of A? Figure 10.1 is built as follows: for each angle α, we plot a segment
between the center 0 and the point on the circle epαq, starting in 0 and of length

`

|T pαq|{T p0q
˘1{4

.

[10] P. Erdös, 1945, “Some remarks on Euler’s ϕ-function and some related problems”.
∗The result of Erdős does not seem to include the square-free condition on q. But it may

be there already, or in the later papers [8] by R. Dressler or [2] by P. Bateman.
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Figure 10.1: Plot of p|T pαq|T p0q´1q1{4. The dotted lines from the origin corre-
spond to rational angles with a denominator ď 10.

The smaller circle in yellow has radius 1{T p0q1{8. The reason for this doctoring
is that the yellow circle would have been too small without taking this fourth
power. Figure 10.1 exhibits the presence of very sharp cusps. We produced it by
using Sage, cf [45].

A subsequence exhibiting non-rational cusps

A part of the Farey sequence, namely the points with square-free denominators,
appears as cusps for the full sequence of primes. We found the presence of
this sequence in many numerical examples∗. Let us give an example where
non-rational cusps appear. We select

P˚
0 “

␣

p : tp
?
2u ď 1{2

(

where txu denotes the fractional part of the real number x. By detecting the
condition tp

?
2u ď 1{2 through Fourier analysis, we readily find that

T˚
0 pαq “

ÿ

pďN

tp
?
2uď1{2

eppαq “
1

V pz0q logN

ÿ

nďN
tn

?
2uď1{2

pn,P pz0qq“1

epnαq ` O
ˆ

N

z0 logN

˙

(10.4)

where z0 ď log logN and P pz0q “
ś

păz0
p as above. This is proved in next

section. Figure 10.2 also exhibits the presence of very sharp cusps.

[45] W. Stein et al., 2024, Sage Mathematics Software (Version 9.5).
∗We tried random subsequences of primes of relative density 1{2, then Ramanujan primes

and, finally we selected successively one prime out of two.

May 4, 2026 Version 6



10.1 Proofs 79

Figure 10.2: Plot of p|T˚
0 pαq|{T˚

0 p0qq1{4. The dotted segments from the origin
correspond to rational angles with a denominator ď 10: some new cusps (not
aligned with a dotted segment) arise.

10.2. Proofs

Let us start with a classical estimate.

Lemma 10.1

When N ě 2, α “ pa{qq ` β with a prime to q and |qβ| ď N{plogNqA, we
have

T pαq “
ÿ

pďN

eppαq “
µpqq

φpqq logN

ÿ

nďN

epnβq ` O
ˆ

N

plogNq2

˙

.

Proof. A fast track for this proof is to combine [55, Theorem 3.1] of the book of
R.C. Vaughan together with an obvious adaptation of [55, Lemma 3.1] in the
same book. Since we do not weigh the primes by log p, we have to limit our
saving to OpN{plogNq2q. A more detailled proof may be found in the book [42]
by M. Rassias, combining Theorem 2.3.3 and Theorem 2.3.12 therein. Let us also
mention that the book [11] by T. Estermann contains also the required proof,
by combining Theorem 58 therein together with Eq. (152), also therein.

[55] R. Vaughan, 1981, The Hardy-Littlewood method.
[42] M. T. Rassias, 2017, Goldbach’s problem.
[11] T. Estermann, 1952, Introduction to modern Prime Number Theory.
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Lemma 10.2

When α “ pa{qq ` β with a prime to q and |qβ| ď 1{p2P pz0qq, we have

ÿ

nďN
pn,P pz0qq“1

epnαq “
µpqqV pz0q

φpqq

ÿ

nďN

epnβq ` O
ˆ

qP pz0q `
N |β|P pz0q2

φpqq

˙

.

Proof. Let us use the shortcut M0 “ P pz0q. By detecting the coprimality
condition through the Moebius function, we readily find that

Lpαq “
ÿ

nďN
pn,P pz0qq“1

epnαq “
ÿ

d|M0

µpdq
ÿ

mďN{d

epdmαq

“
ÿ

d|M0

q|d

µpdq
ÿ

mďN{d

epdmαq ` O
ˆ

ÿ

d|M0

q∤d

1{|dα|Z

˙

.

In the error term, we have 1{|dα|Z ! q. In the main term (which may be non-zero
only when q|M0), we have epdmαq “ epdmβq for each summand, so we may
replace α by β in the main term. This quantity is therefore independant on a
on which we may average, getting

Lpαq “
µpqq

φpqq
Lpβq ` OpqM0q.

To proceed, we use the above with q “ 1 and notice that epdmβq´eppdm`kqβq !

|kβ|. Consequently, we obtain

d epdmβq “
ÿ

pd´1qmănďdm

epnβq ` Opd2|β|q.

We therefore find that

d
ÿ

nďN
d|n

epnβq “
ÿ

nďdrN{ds

epnβq ` OpdN |β|q

“
ÿ

nďN

epnβq ´
ÿ

drN{dsănďN

epnβq ` OpdN |β|q

“
ÿ

nďN

epnβq ` Opd` dN |β|q

from which we infer that Lpβq “ V pz0q
ř

nďN epnβq ` OpM0q
´1 ` N |β|M2

0 q,
ending the proof.

Proof of Eq. (10.1). We compare the expressions of Lemmas 10.1 and 10.2 to
get the result.
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Lemma 10.3

Let I Ă R{Z be an interval and χI be its indicator function. For each
positive integer H there exist coefficients aHphq and Ch for ´H ď h ď H
with |aHphq| ď minp|I|, 1{p|h|πqq and |Ch| ď 1 such that the trigonometric
polynomial

χ˚
I,Hptq “ |I| `

ÿ

0ă|h|ďH

aHphqephtq (10.5)

satisfies, for every t P R{Z,

|χIptq ´ χ˚
I,Hptq| ď

1

H ` 1

ÿ

|h|ďH

Ch

ˆ

1 ´
|h|

H ` 1

˙

ephtq. (10.6)

We also have |aHphq| ď minp|I|, 1{p|h| ` 1qq.

This is, up to a trivial change of notation, a specialisation of [54, Theorem 19]
by J. Vaaler, reproduced in [25, Lemma 6.2] by M. Madritsch & R. Tichy.

Proof of Eq. (10.4). We detect the condition tp
?
2u ď 1{2 in T˚

0 pαq by using
Lemma 10.3. We then employ the local model expansion (10.1) of T pαq to infer
the expression

T˚
0 pαq “

ÿ

pďN

tp
?
2uď1{2

eppαq “
p1{2q

V pz0q logN

ÿ

2ďnďN
pn,P pz0qq“1

epnαq

`
ÿ

|h|ďH
h odd

1

iπh

1

V pz0q logN

ÿ

2ďnďN
pn,P pz0qq“1

e
`

nph
?
2 ` αq

˘

` O
ˆˆ

1

H
`

1

z0

˙

N

logN

˙

.

(10.7)

We may then exchange the summations over h and n and use Lemma 10.3 in
a reverse manner, then select H “ z0. We reach in this manner the claimed
formula.

[54] J. Vaaler, 1985, “Some Extremal Functions in Fourier Analysis”.
[25] M. G. Madritsch and R. F. Tichy, 2019, “Multidimensional van der Corput sets and small
fractional parts of polynomials”.
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Notation

The notation used throughout these notes is standard ... in one way or the other!
Here is a guideline:

— epyq “ expp2iπyq.

— The use of the letter p for a variable always implies this variable is a prime
number.

— rd, d1s stands for the lcm and pd, d1q for the gcd of d and d1.

— |A| stands for the cardinality of the set A while 11A stands for its charac-
teristic function.

— 11 denotes a characteristic function in one way or another. For instance,
11Kd

is 1 if n P Kd and 0 otherwise, but we could also write it as 11nPKd
,

closer to what is often called the Dirac δ-symbol. We also use 11pn,dq“1 and
11q“q1 .

— P is the set of prime numbers.

— q}d means that q divides d in such a way that q and d{q are coprime. In
words we shall say that q divides d exactly.

— The squarefree kernel of the integer d “
ś

i p
αi
i is

ś

i pi, the product of all
prime factors of d.

— ωpdq is the number of prime factors of d, counted without multiplicity.

— φpdq is the Euler totient, i.e. the cardinality of the multiplicative group of
Z{dZ.

— τpdq is the number of positive divisors of d.

— τkpdq is the number of k-tuples of (positive) integers pd1, ¨ ¨ ¨ , dkq such that
d1 ¨ ¨ ¨ dk “ d, so that τ2 “ τ .

— µpdq is the Moebius function, that is 0 when d is divisible by a square ą 1
and otherwise p´1qr otherwise, where r is the number of prime factors of
d.

— cqpnq is the Ramanujan sum. It is the sum of epan{qq over all a modulo q
that are prime to q.

— Λpnq is van Mangoldt function: which is log p is n is a power of the prime
p and 0 otherwise.
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— The notation f “ OApgq means that there exists a constant B such that
|f | ď Bg but that this constant may depend on A. When we put in several
parameters as subscripts, it simply means the implied constant depends
on all of them.

— The notation f “ O˚pgq means that |f | ď g, that is a O-like notation, but
with an implied constant equal to 1.

— The notation f ‹ g denotes the arithmetic convolution of f and g, that is
to say the function h on positive integers such that hpdq “

ř

q|d fpqqgpd{qq.
exists for every real number x.

— U is the compact set pUdqd where, for each d, Ud is the set of invertible
elements modulo d.

— The letter ψ is used in two different context: either to denote the summatory
function of the van Mangoldt function, that is to say ψpxq “

ř

nďx Λpnq,
with the variation ψpx, χq “

ř

nďx χpnqΛpnq.

— We used the Chebyshev functions ϑ and ψ as well as their variations ϑpx;χq,
ϑpx; q, aq, ψpx, χq and ψpx; q, aq.
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matics. Birkhäuser, Basel, 1983, pp. 659–668. isbn: 3-7643-1288-2 (cit. on
p. 43).

[50] D. Slepian. “Prolate spheroidal wave functions, Fourier analysis, and
uncertainty - V: The discrete case”. English. In: Bell Syst. Tech. J. 57
(1978), pp. 1371–1430. issn: 0005-8580. doi: 10.1002/j.1538-7305.1978.
tb02104.x (cit. on p. 29).

[51] J. M. Steele. The Cauchy-Schwarz master class. AMS/MAA Problem Books
Series. An introduction to the art of mathematical inequalities. Mathe-
matical Association of America, Washington, DC; Cambridge University
Press, Cambridge, 2004, pp. x+306. isbn: 0-521-83775-8; 0-521-54677-X.
doi: 10.1017/CBO9780511817106 (cit. on p. 11).

[52] T. Tao and V. Vu. “John-type theorems for generalized arithmetic pro-
gressions and iterated sumsets”. In: Adv. Math. 219.2 (2008), pp. 428–449.
doi: 10.1016/j.aim.2008.05.002 (cit. on p. 71).

[53] E. Titchmarsh. “A divisor problem.” English. In: Rendiconti Palermo 54
(1930), pp. 414–429 (cit. on p. 4).

[54] J. Vaaler. “Some Extremal Functions in Fourier Analysis”. In: Bull. A. M.
S. 12 (1985), pp. 183–216 (cit. on pp. 25, 26, 54, 55, 81).

[55] R. Vaughan. The Hardy-Littlewood method. Vol. 80. Cambridge Tracts in
Mathematics. Cambridge: Cambridge University Press, 1981, pp. xi+172.
isbn: 0-521-23439-5 (cit. on p. 79).

[56] T. Yamada. Explicit improvements of the Brun-Titchmarsh theorem for
arbitrary intervals. 2023. arXiv: 2312.16090 [math.NT]. url: https:
//arxiv.org/abs/2312.16090 (cit. on p. 4).

May 4, 2026 Version 6

https://doi.org/10.4007/annals.2011.174.1.20
https://doi.org/10.1002/j.1538-7305.1978.tb02104.x
https://doi.org/10.1002/j.1538-7305.1978.tb02104.x
https://doi.org/10.1017/CBO9780511817106
https://doi.org/10.1016/j.aim.2008.05.002
https://arxiv.org/abs/2312.16090
https://arxiv.org/abs/2312.16090
https://arxiv.org/abs/2312.16090


Index

J q̃

d̃
, 17

Ld̃
q̃ , 17

Upq̃ Ñ dq, 19
Upq̃ Ñ d̃q, 17
∆q, 21
Mpq̃ Ñ dq, 19
Mpdq, 19
∇q, 21
cq, 22

Basquin J., 44
Bombieri, E., 70
Bombieri E., 35

Cohen, H., 78
Compact set

Consistent, 16
Johnsen-Gallagher condition, 9, 16
Multiplicative, 16

Čulanovskĭı, I. V., 4

Davenport, H., 70
Dress, F., 78
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We present in this series of lectures how one may sieve from the large sieve
inequality. We shall rapidly establish this inequality and derive Montgomery’s
bound, and in particular the Brun-Titchmarsh Theorem. The factor 2 that seems
to be a loss in this inequality will be shown to be linked with possible Siegel zeros.
We will proceed by proving (a variant of) this theorem by starting directly from
the Parseval identity on R{Z and follow a path that seems potentially optimal
but that will still lead to the same loss of a factor 2.

Thefore large values of the Fourier polynomial on the primes, say in some
interval, probably do not behave as expected and other phases may intervene.
In order to investigate this possibility, we prove a sharp large sieve inequality
for this trigonometric polynomial when evaluated on a small subset by using an
enveloping sieve. On calling loosely a cusp a point where our Fourier polynomial
takes a large value, a consequence of our inequality is that many rational points
are indeed cusps and that any other cusp is accompanied by a large stream of
rational translates that are also cusps.
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